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Optimal reconstruction of statesin qutrits system
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Based on the mutually unbiased measurements, an optimal tomograpéiesfor the single-qutrit states
and two-quitrit states is presented explicitly. Because the mutually-unbieses based state reconstruction
process is free of information waste, we call our scheme the optimalTme is to say, by optimal we mean
the number of required conditional operations reaches the minimum itomagraphic scheme for the states
of qutrits system. We will pay our special attention on how to realize thosereiff mutually unbiased mea-
surements, i.e. how to decompose each transformation that conaebtsneitually unbiased basis with the
standard computational basis. We found that all those transformationbecdecomposed into several basic
implementable single- and two-qutrit unitary operations. This will help theexgental scientists to realize the
most economical reconstruction of quantum states in qutrits system.

PACS numbers: 03.65.Wj, 03.65.Ta, 03.65.Ud, 03.67.Mn

I. INTRODUCTION measurement results will not be independent of each other,

there may be redundancy in the these results in the preyiousl

The quantum state of a system is a fundamental conceb\sed quantum tomography process [12]. This will cause a re-
in quantum mechanics, because a quantum state can be qources waste. If we can totally remove th|s redundancy, the
scribed by a density matrix, which contains all the informa-r?CC)nStrUCt.Ion process will become an optimal one. S(.) to de-
tion we can obtain about that system. A main task for im-Sign an optimal set of measurements for totally removing the

plementing quantum computation is to reconstruct the denr_edundancy 1S 9f fundamental significance. )
sity matrix of an unknown state. Quantum state reconstruc- Mutually unbiased bases (MUBs) have been used in a va-
tion [1,[2], or quantum state tomography, are a set of usefuliety of topics in quantum mechani¢s [13+15, [17-36]. MUBS
tools to reconstruct the density matrix of an unknown state@re defined by the property that the squared overlap between
The technique was first developed by Stokes to determin@ Vector in one b?.SIS and all basis vgctors in the ot_her bases
the polarization state of a light beafd [3]. Recently, Mini- @€ equal. That is to say the detection over a particular ba-
mal qubit tomography process has been proposeddigéek SIS state does not give away any |nformat|.0n _abo_ut the state
et al, where only four measurement probabilities are neededf it is measured in another basis. Ivanovic first introduced
for fully determining a single qubit state, rather than the s the concept of MUBs to the problem of quantum state deter-
probabilities in the standard proceduré [4]. But the imple-mination [13], and proved the existence of such bases in the
mentation of this tomography process requires measuremeRfime-dimension system by an explicit construction. Some
of N-particle correlation5[5]. The statistical reconstian of ~ times later it had been shown by Wootters and Fields that
biphotons states based on mutually complementary measurBl€asurements in this special class of bases, i.e. mutually u
ments has been proposed by Bogdaetat[6,[7]. Ivanovet al bla_sed measurements (MUM_S) pr(_)wde a minimal as well_as
investigated a method to determine an unknown mixed qutriePtimal way of complete specification of an unknown density
state from nine independent fluorescence sigfals[8]. Morevmatrix [14]. They proved that the maximal numbers of MUBs
et al paid attention to experimental problem of realization ofiS d + 1 in prime-dimension system. This result also applies
the optimal protocol for polarization ququarts state toraeg {0 the prime-power-dimension system.
phy [9]. In 2009, Taguchét al developed the single scan to- MUBs have a special role in determining quantum states,
mography of spatial three-dimensional (qutrits) statedas  not only forming a minimal set of measurement bases but
the effect of realistic measurement operators from the rexpealso providing an optimal way for determining a quantum
imental resultﬂO]. Alleviet al studied the implementation state [16]. Recently an optimal tomographic reconstruc
of a reconstruction scheme for determining the Wigner function scheme was proposed by Klime¥ al for the case of
tion and the density matrix for coherent and thermal stayes bdetermining a state of multiqubit quantum system based on
on/off single photon avalanche photodetectors[11]. MUMSs via trapped iond [37]. However, the use of three-level
In order to obtain the full information about the system weSYystems instead of two-level systems has been proven to be
need to perform a series of measurements on a large nurfilore secure against a symmetric attack on a quantum key dis-

ber of identical prepared copies of the system. Because tHgbution protocol, where the measurement bases are MUBs
,[39]. Quantum tomography in high dimensional (qudit)

systems has been proposed and the number of required mea-

surements ig2” — 1 with d being the dimension of the qu-
*Electronic address: yanfeil599@163.com dit system andh being the number of the quitglz]- As
TCorresponding Author  Electronic address: mingyang@aliced shown before, this tomography process is not an optimal one,
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and there is a big redundancy among the measurement resultberew = exp(2wi/p) and theTr in Eq.[d) is defined as
there. To remove this redundancy, we will propose an optimal ) o

tomography process for qutrits states. This optimal quantu Tro=0+0°+67 +-.- 467 . (2)
tomography process is the MUBs-based qutrits states tomog-

raphy, and the number of required measurements is greatijhe set of mutually unbiased projectors can be given by
reduced. Ad-dimensional quantum system is represented by ) ()

a positive semidefinite Hermitian matrixwith unit trace in P = a7 ){a;, . 3)
d-dimensional Hilbert space, which is specified &% — 1

real parameters. A nondegenerate measurement performéds worth noticing thata;”) contains the computational ba-
on such a system provides— 1 independent probabilities. SisB’. Here

So it shows that in general one requires at least 1 dif- 1

ferent orthogonal measurements for fully determining an un TT(P}S)P,E”) = E(l — O + 501 (4)
known p. In qutrit system, fom-qutrit tomography it only

needs3” 4+ 1 measurements. Through analysis, one can find’hen the measurement probabilities given by

that the tomography process for qubit system can not be gen-

eralized to qudit system in a trivial way. The MUBs-based wy) =Tr(Pp) (5)
tomography process for qubit system proposed by Kliretov _ )

al can not be directly applied to qutrit systeml[37]. This is be-cOmPpletely determine the density operator of an unkndwn
cause that the entanglement feature of the MUBs of qubit syslimensional system [13];

tem is totally different from that of qutrit system. So, wdlwi
study the physical implementation of an optimal tomogrephi
scheme for the case of determining the states of qutrit syste

including single-qutrit states and two-qutrit states,doben side the computational basi2® — {[0), 1), [2)}, in the fol-

the MUMS' . _ lowing form:
This paper is arranged as follows. In the next section we

p=xd_sil,Ipln . (6)

For instance, in a qutrit system, there are three MUBs be-

introduce the MUBs in al-dimensional systemd( = p" 1. 1, 1
(p # 2)) and show how to reconstruct an unknown state by B+ {lag ") = %(|0> +1)+12)),
MUMs. Herep is a prime number. In sectidhwe briefly re- o 1
view the general method to reconstruct a qutrit state, wihere lay ) = —3(|0> + w[l) + w"2)),
number of measurementsd§sHowever we will show that the 1
MU_Bs-based qutrit tomography only needmeasurements, |a§1)> = —(|0) + w*[1) + w|2))}; (7
which means the number of measurements is reduced. Reduc- 3
tion for single qutrit case is not obvious, so in sectibwe
will extend one-qutrit case to two-qutrit case. We find thoat f ) @) 1
the two-qutirt system the number of measurements is by B* : {lay") = —3(W|0> + 1) +12)),
for determining all the elements of the density operatdreat 1
than3* — 1 = 80 measurements of the scheme proposed in |a§2)) = —(|0) +w|1) + |2)),
Ref. [12]. It means a great reduction of the experimental-com 13
plexity. So we conclude that the optimal measurements on the @y~ (1o 1 )1 8
unknown qutrit states are the MUMs. The last section is the a5 3(| )+ +w2D); ®
conclusion.
3 1 *
B {lag”) = <= (@10} + 1) + |2)),
Il. MUTUALLY UNBIASED BASESAND MUTUALLY (3) 1 y
UNBIASED MEASUREMENTS lay™) = —3(|0> +w*(1) +12)),
@), _ 1 *
As shown by Wootters, Fields [14] and Klappenecker, Rot- lay”) = —3(|0> + (1) +w*(2))}, 9)

teler [19], in finite field language, the first MUB ind&a= p"
(p # 2)-dimensional quantum system is the standard basissherew = exp(27i/3).
BY given by the vecto(a,(co))l = 01, k,l € F »n, where the
superscript denotes the basisthe vector in the basig,the
component and ,- is the field withp™ elements. The other

d MUBs are denote®” which consists of vector@a,(f))l de-

1. RECONSTRUCTION PROCESSFOR AN ARBITRARY
SINGLE QUTRIT STATE

fined by[L4]: An unknown single qutrit state can be expressed as [12, 40]:
r 1 2 1
(a’l(c))l = ﬁwﬂ( PHkl) vkl e Fpr,r#0, (1) p= §E§:07'j/\j» (10)



TABLE [: The transformations connecting the MUBs with the stan- TABLE II: The decompositions of MUBs for two qutrits system
dard computational basis for a qutrit system based on Fourier trangased on Fourier transformations, two-level phase operations and

forms and the phase operations. controlled-NOT gatesX;-) [44] with the first particle as source and
the second one as target. The subscript denotestlthparticles,
Basis Transformation i=1,2.
2 e Basi D iti
1 asis ecompositions
° i 2 FT'RF;'R
4 F71R71 1 1479 2
3 FI' X F 'Ry Y
4 FI'X1oRi X12Fy "Ry !
-1 —1p—1
where the) . are the SU(3) generators ang is an identity S FlflxﬁxlleQARl
operator @ﬁ]. The general method to reconstruct the qutrit 6 4 L lRl I R_21
state is to measure the expectation values of\tlugerators 7 Fi X12X00F, R
[12], wherer; = ()\,) = Tr[p),]. Thus one will find that the 8 FU'R{ X12F; 'Ry
number of required measurement8.isiowever, if we choose 9 FI R Xyt

the MUMs to determine the quitrit state, the number of needed
MUMs is only 4 rather thar8 of Ref. [12]. The four opti-
mal set of MUBs have been presented by EdS[(I7,8,9) plus the
standard computational basis in the preceding sectionh Ea
of the three MUBSs in Eq$.1[4[8,9) is related with the standarq\tﬂ
computational basis by a unitary transformation. Thegestra
formations have been listed in Table.l. Hefe denotes the
Fourier transformation:

One can find that there will be ontf? +1 =32 +1 = 10
UMs to be done, which is much less thae of Ref. [12].
means that the operations and time needed for the whole
state determination is great reduced. The decompositmns f
all the MUBs of two-qutrit system have been listed in Ta-
ble. . In general, the fidelity of single logic gates can be
12 greater thar99%, but nonlocal gates have a relatively lower
Flj) = — Zemp(zmzj/g)m,j =0,1,2, (11)  fidelity. As shown in the Refﬂ3], the fidelity of a practical
V3 =0 CNOT gate can reach a value up to 0.926 for trapped ions
system in Lab. Klimowet al have introduced the concept of

and Rk denotes a phase operation: the physical complexity of each set of MUBs as a function
of the number of nonlocal gates needed for implementing the
R = 0){0] + w[1)(1] 4+ w|2)(2]. (12)  MuMs [37]. Here the fidelity value of the CNOT gates for

. con _ qubits systems also can be used to evaluate the physical com-
If there aren quirits, the number of MUM ig™ 4 1, which plexity of the MUBs of qutrits systems. Why we can say so

i 2n — i i . . - .
Isfflabllt\a/lss tharg 1 Itn Ref. m’d 1 l;hat Ids tot_say t?ﬁ US€ s pecause of the following point. Although the systems in-
ot S can repreésent a considerable reduction In th€ 0peig, e g here are three-state ones, all the operations used in
ations and time required for performing the full state deier

. reconstruction process can be decomposed into effective tw
nation @]' state operations. So the complexity of the current tomdgrap
scheme is proportional to the number of the nonlocal gates
used(C « 9), which is a very important value in experimental

IV. RECONSTRUCTION PROCESSFOR AN ARBITRARY NI
realization.

TWO-QUTRIT STATE

Now if we further extend one-quitrit case to two-qutrit case,

. ) V. CONCLUSION
the density matrix can be expressed as:

We have explicitly presented an optimal tomographic
scheme for the single-qutrit states and two-qutrit stateet
on the MUMSs. Because the MUBs based state reconstruction
wherer;, = (A, ® A, ). If we use the general method in Ref. process is free of information waste, the minimal number of
[12] to fully determine the statel>” —1 = 3* —1 = 80 mea-  required conditional operations are needed. So we call our
surements will be needed. So much measurements will ingutrits tomographic scheme the optimal one. Here, we explic
evitably introduce redundant information of the state,alhi itly decompose each measurement into several basic single-
is obviously a resource waste. So here we will take advanand two-qutrit operations. Furthermore, all these basic op
tage of the MUMSs to reconstruct the two-qutrit state. It iserations have been proven implementablé [42]. The physi-
easy to find that the nine elements pf (finite field) are  cal complexity of a set of MUBs also has been calculated,
{0,0,20,1,1 + o, 1 4+ 20,2,2 + «,2 + 2a} by using the  which is an important threshold in experiment. We hope these
irreducible polynomial®? + 6 + 2 = 0 [14]. Here we use decompositions can help the experimental scientists tie rea
the representatiofj0), |«), |2«) - - - |24 2«) } as the standard  ize the most economical reconstruction of quantum states in
basis. qutrits system in Lab.

1
=2 k=0TjkA; @ A, (13)
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