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Abstract. The present paper investigates the properties of the second harmonics of mono-
chromatic symmetrical normal waves. The analytical representations for nonharmonic dis-
tortion of normal waves with a free propagation direction in the plane of a cubic anisotropic
monocrystal germanium layer have been obtained. The intensity of the second harmon-
ics and the wave motion forms have been analyzed for nonelastic equivalent propagation
directions.
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1. Introduction

In the present paper nonlinear effects, which appear when stationary stress waves
spread in elastic mediums, have been investigated. One of the widely used conceptions
of such a study is the determination of the so-called higher orders harmonics, which
describe nonlinear, i.e., nonharmonic effects. This conception is effectively used to
investigate nonlinear elastic waves with low intensity, and on its base a great number of
fundamental scientific and applied results are obtained. The most important features
of this conception can be found in papers [1-3]. The procedure we apply is based on
the representation of the elastic wave displacements in a series in terms of the acoustic
Mach number, which can be regarded as a small parameter.

We obtain appropriate equations for the different members of the series from the
nonlinear equations of dynamics written in terms of displacements. The solutions
to these equations are referred to as second, third and fourth order harmonics, re-
spectively. By applying this approach we want to determine the second harmonics of
monochromatic elastic waves, which belong to one of the wave motions mode for the
waveguide considered, or the compound second harmonics of linear waves. The latter
belong to two different waveguide modes. In the second case, the question about the
normal waves’ three-phonon interaction deserves special attention.



68 K. Kurennaya and V. Storozhev

Works [1-9] are devoted to the solution methods and provide a number of results
for the propagation of the second harmonics of elastic waves in anisotropic bodies. In
these works a geometrically nonlinear model is selected and the effect of the propaga-
tion medium on the equations of motion is also clarified. The issues of how to obtain
the solutions, how to describe the second harmonics and the basic physical-mechanical
effects for the nonlinear wave phenomena have all been analyzed both theoretically
and experimentally. In the above works the second harmonics of longitudinal and shift
bulk waves in isotropic mediums, the second harmonics of compound monochromatic
waves in crystalline mediums in a number of crystal systems have been obtained.
The questions about three-phonon interaction of bulk elastic waves in anisotropic
and isotropic mediums have also been considered. In paper [10] the second harmonics
are found for Relay-type surface waves in an isotropic medium.

There are only a few works devoted to the problem of how to obtain and analyze
the second harmonics of normal waves in waveguides of different geometry with cross-
section dimension, restricted at least on one coordinate. For example, in paper [11]
the analysis of nonharmonic effects for the propagation of flexure elastic waves in a
thin isotropic lamina is considered.

2. The model and basic equations of the wave process

Indicial notations are employed in a Cartesian coordinate system throughout this
paper. In accordance with the general rules of indicial notations summation over
repeated indices is implied and subscripts preceded by a colon denote differentiation
with respect to the corresponding coordinate. Latin indices range over the integers
1, 2 and 3.

Nonlinear elastic wave propagation has been investigated in an arbitrary direction
in the plane of the waveguide. The volume V under consideration is given by

V={-00 < 21,22 < 00, |x3| < h}, (2.1)

where z1, x2 and x3 are non-dimensional coordinates.

The body under consideration is homogenous and anisotropic. The problem is
a dynamic one. Components ¢;; of the Lagrange deformation tensor in terms of
displacements u; are given by the equation

1
gij = 5 (uij + g0+ wgun) (22)
It is assumed that the elastic potential has the form
1 1
U= S CigkEijER T § CiiklmnEijERIEmn (2.3)

in which ¢;j.; and ¢;jrimn are the tensors of elastic constants. The second Piola—
Kirchoff stress tensor o, can be divided into two parts:

0q = OU/O(ujq) = o'V + o™ (2.4)

jaq jq
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where

o (n) _ 1 1
Ojq = CjqikUiks O g = 5CjqikULiUlk + CpqikUjplik + 5 Ciqiklm Ui kUl m- (2.5)

The density and elastic properties of the O" class monocrystal cubic system layer
under consideration are characterized by the following second and third order nonzero
elastic constants:

P = ppx; C11 = Ca2 = €33 = C11Cx;
Cl2 = C13 = Co1 = C23 = C31 = (32 = C12Cx;
C44 = C55 = Cg6 = C44Cx; C111 = C222 = (333 = C111Cx;
C112 = C113 = C122 = C133 = C223 = C233 = C112Cx;
C144 = C255 = C366 = C144Cx; C123 = C123Cs; €456 = C456Cx;

C155 = C166 = C244 = C266 = €344 = C355 = C155Cx,

where the values of the normalizing parameters are ¢, = 1019 Pa, p, = 103 kg/m3.

The elastic potential in quadratic and cubic terms of u; ; for the monocrystal layer
has the form

U= 5enYgoy ui s+ 560 Zz,l:L kot Uit
a4 Zi,l:l, k<t Wk, 1ULE + C12 22,5:1, k< Uk, EULL T
+343 Zz,l=17 kot Uk KUL, + 502 Zi,l:l, oott Uk UL |
+A6 Zz,z,m:L ket m, 1<m Wl Wk,m (Wm + Um 1) +
+%A1 Zi:l ui,k + 3As Zi,l:l,k;ﬁl Uk,kuzl +
+%A7 Zz,z,m:L k#£lL,m, l#m Uk,kuﬁm + (2'7)
+C144 Zi,l,m:l, ktlm, <m Yk kULmUm,l +
+A4 22,1:1, k<l Wk, kUk,1ULE T
+ Zi,l,m:l, k#£lm, I#m Wk, IWk,mUm,] +

3
+C456 Zl,m:Z, 1#£m U1,1UL,mUm,1,

where

Ay =3cii+cii; Da=cio+2cu+ciss; Az = ci1 + ciss; (2.8)
Ay =caa+c155; As=ciz+cri2; D¢ = Caa + cass; A7 = ci2 + Craa.

The equations of motion in terms of displacements are obtained from the equation of
motion

Tij,j = Polli (2.9)
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and have the form

poil; — Ag(ugj + Uk, ki) — caa(Uju + Ujpk) — C11Uj 55 =
= Alu]"juj"jj + A2(2uj'vluj'7[j + QUijUjkj + umujﬂ + Ujd"u,j’kk)‘i’
+As(wg jus,j; + Wk, Uk, 55 + U0+ Wy + Uk g5 kk + Uj Wk Kk )+

FAL(2ug jujy + ugiug g+ 2k g kg + UG UK G UL UL+ Uk Uk k)T

+ A5 (uguj 5 + Uk g i)+
+ A0 (g Uy + Ui kU1 Uk U+ U U )+ (2.10)

+ A0 (wk, kU, + U kG )+

+ A6 (ke j Uk, 11 + 2k, 105 11 + U U1+ 2Ug UG 1k + Wi iUk + UL UL EE)F
FA7 (ke kU500 + WU k)

(A + Ag) (wr gy + g iy + g kg + e kUk,kg)+

+(Ag + A7) (ug kU kj + Uk Uk 1j + W)k Uk + Wi ukk)  (=1,3),

where
L, 7=23 3, j=12%
- k= (2.11)
2, j=1; 2, j3=23;
Ag = ci2 +caa; Dg = craa + cas6; D10 = 123 + C144- (2.12)

Our main objective is to find the analytical representations for second harmonics of
normal three-partial waves. More precisely we would like to determine what forms
the linear three-partial waves’ second harmonics have and to investigate the intensity
levels of the second harmonics.

3. Analytical solution of a homogeneous problem for linear waves

After giving the elastic displacements u; as a sum of the linear harmonic terms ul!)

J
and its inharmonic distortion u'™ — the latter is proportional to the acoustic Mach

J
number of the first degree — we can determine the expressions for ug-l) and ug-n) from
the first and the second boundary value problems:
pO’U/;l) - strkugl}c =0,
(3.1)

l
(CSSTkU£«}€)x3::th = Oa
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.. l l l l
poity™ — cjamullyy, = ciamti gup, + cpan (W uln+

G oo
PR ) + Cdiktm gy

(3.2)
(1
(CBdikUETLk))zg,:ih = _(%CBdikU§72U5’2+
n (1
+deikué’i,ul(‘7])€ + %CBdiklmug,l)cUl(ﬂ)n)m;;::th-

Partial displacement functions of the linear normal waves, which propagate in the
waveguide plain in an arbitrary direction characterized by the angle ¢ and the vector

n, can be represented in a complex exponential form

u;l)($1,x2,1'3,t) = fj(x3) exp{—i(wt — k(niz1 +n2x2))} (5 =1,3), (3.3)

where
fj(z3) is the complex amplitude function;
w is the circular frequency of the wave;
k is a non-dimensional normalized wave number;
n1 = cos @ and ne = sin ¢ are the components of the wave vector n.

Equations for the amplitude functions f;(z3) are obtained from (3.1):

V(xs) + A fi(xs) + Arafa(zs) + Aisfi(zs) =0,
Ao fi(xs) + f3 (x3) + Az fo(x3) + A2z f3(x3) =0, (3.4)

Az fi(xs) + Asafo(xs) + f5 (x3) + Asz fa(xs) = 0;
(in1 fa(w3) + f1(23))zs=+n = 0,

(in2f3(x3) + f3(23))zg=tn = 0, (3.5)

(c12i(na fi(z3) + nafa(ws)) + c11f3(23))zs=2n = 0.

In the above equations A;; are the elements of the Christoffel matrix for the cubic

medium:
A = (9% — k% (c1an? + caun?)) /cua,

Agg = (9% — k*(caani + c11n3))/cau,
Azz = (92 — cyak?(n? +n2))/cya,
Apg = Ay = —k2n1n2A8/044,
A1z = Az1 = —ikni Ag/caa,

A23 = A32 = —ikn2A8/044.
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Here Q2 = pw?R2/C, (Cy. = h m) is the non-dimensional frequency parameter.

The characteristic equation for the equation system (3.4) takes the form

N+ A Ap Ags
A12 )\2 + A22 A23 =0. (37)
A3 Aas A+ Ass

We will assume such a material for the layer that the characteristic equation (3.7) has
three different roots A1, A2, A3 with nonzero real parts. Then the solution to problem
(3.4)-(3.5) can be represented as

3
fi(zs) = Z Bim exp(Amx3). (3.8)
m=1
The relations between the coefficients §;,,, (7 = 2,3) and (1, follow from equation
(3.7) and are
— Qjm

Dy,

ﬂjm 51m (] =1, 3)a (39)

where
Qum = Dy = (A2, + Ag2) (A2, + Ass) — A3,

Qom = A13A23 — A12(>\,2n + Ass), (3.10)

Qam = A124s3 — A13(A\2, + Ago).

Substitution of representation (3.8) into the boundary conditions (3.5) results in a
system of linear algebraic equations for the constants 81, (m = 1,3)

B (fu1, b2, frs)" = 0. (3.11)
The elements of the coefficient matrix B are
By =1 eXP(hAm)(Q:st;Ll + Am);

Bam = ing exp(hAn) (Qam Dt + Am); (3.12)

Bsm = exp(hAn,) (ici2(n1 + n2Qam DY) + c11AmQ3m D;t) - (m = 1,3).

The coefficients (31,, can be expressed from equations (3.11) as

Gm

where
G1 =M = ByyB33 — B3B3,

Go = By3B31 — B2 Bss, (3.14)

G3 = By1 B3y — B2 B3y,
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and g,,, are arbitrary integration constants.

Equation (3.11) has non-trivial solutions if
detB =0. (3.15)

Vanishing of the above determinant yields a transcendental equation for €2 and k, i.e.,
for the spectrum.

Finally, the complex displacement functions for the normal symmetrical linear
waves which propagate in the waveguide plane in an arbitrary direction (n1,n2) and
belong to the mode ¢, are
(l)(

Ujq X1, T2, T3, t) = [ - Zm 1 D gqujmq mqﬁjmq exp()\qu3)} X

(3.16)

x exp(—i(wt — kg(niz1 +n2x2))) (4 =1,3).

4. Analytical solution of a heterogeneous problem for a nonharmonic
distortion

After determining the amplitude functions of linear waves, it becomes possible to
obtain the analytical representations for the nonharmonic distortion u( ") from (3.2):
L(n) (n) 9% (wh—
Poljq Cﬂdzkuzq dk = Zl m=1 Mjimq €xp(—2i(w
(4.1)
—kqg(niz1 + n2w2)) + (Aig + Amg)z3);

(CaairtUly ) as=mth = 3t ey Njtma XP(—2i(wt— w2
4.2

—kg(niz1 + naxa)) + (Mg + Amg)zs)  (j=1,3).

In these relations the constants fijimq (j = 1,2) can be written as

Hjlmg = ]l]mZk ;253 (n A1 + 30} A2) — (A + ANigAmg + Afg) Do) +
+al™ ik, 2k2nk (n3 (284 + As) + njAs) —
1 (A, A6 + Aighmg (346 + A7) + A2, A7)] +
Fapt ik [2k2n (n2 (200 + As) +n3As) —
=1k (AL AT + Nighmg (386 + A7) + A2, A¢)] +
+ayd ikgn[2k2(n2 Az +n3 (204 + As)) —

—)\IQQA'; - QAIquq(AG + A7) - A?nqu] +
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agpytikqn; [2k7 (nF Ag + n} (20 + Ar))
—)\IQqA4 - 2)\lq)\mq(A4 + A5) — )‘?nqu)] +

+alm k2[(n2(Ag + 205) + 0} (A + 2A7)) \ig +

+3(nF A + 1 A6)Amg — MgAmg(Nig + Amq) As] +

+a§7§3nk§ [3(n?A4 +n2Ag) Ay + (n?(A;; +2A5) +

Jrni(Aﬁ + 2A7)))‘mq - Alq}‘mcz()‘lq + Amq)AS] +
+a§€’r’:lnq3lk2n1n2 [/\lq(AQ + 2A10) + 3>\qu9] +

gt k2nina[3higAg + Amg (Ao + 2A10)] -

If j = 3 we have

paimg = 2058 ikgna k3 (07 Ag + n3 (246 + Ar)) —
—A7y A5 — AigAmg (304 + As) — A2 Ayl +
+20150 ikgma [K2(n3As + n3 (206 + A7) —
i Ad = AigAmg (304 + Ag) = A7, As] +
+2ay % ikgnalkZ(n3As + +nf (286 + A7) —
A As = Nighmg (304 + Ag) — A2, Ag] +
+2alt ikgnalk7 (n3 A3 +n} (246 + Ar)) —
A2 A4 — Nighmg(3A4 + Ag) — A2, As] +
+a i, (Mg + Ama) [k (n} (284 + As) +
13 (206 + A7) — NigAmgAs] +
+alist (Mg + Amg) [k (07 (206 + A7) +
+13(2A4 + As)) — AighmgQAs] +
+(aypd, + ayiy ) (g + Amq)kaning (2089 4+ Arg) +

a8 (g + Amg) (3k2 (03 + n3) Az — Nighmg A1)

(4.3)

(4.4)
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The constants njimq (j = 1,2) in the boundary conditions (4.2) are
Njtmq = ( é?ylz%l + aﬁ%%)[’fﬁ(mmﬁs +nEA6) — NighmgAa]+
+(af’€an3l + ai%%)kgm(ﬂj& + noAg)—
— (@ A+ alyh n N6 + agpylng Aa)iky (Mg + Amg) -

a]llm

If 7 = 3 we have
Maimg = a1y, (K23 A5 + n3A7) = MigAmeAs]+
+alyat, (k203 (As + Az) = NighmgAs]+
+(al17:1qzz + alfféfn)kﬁm(clzsnl + craam2)+
+alt [k2(n2 +n3)Ag — NighmgA1]—

—al™ kg (NgQs + AmgAa) — a8 ik (A\igAs + Mg Qs ) —

(4.5)

lmq .
ikq(craani Mg + +caseNiAmg) — ajmmllkq(c456nk/\lq + 1441 Amg) -

l2m%l7’ x k (nl)\lqA5 + 77@)\qu4) al;ginikq(ng)\lqul + nl)\qug,).

In equations (4.3)-(4.5)

l _
adT;Sqr = _(QMqQququ) 1glqg’qulqqudequrqﬁdpqﬁqu;

ni, j:27
ng =
na, .7: L.

Problem (4.1) has the analytical solution of the following structure:
(n) [Zl m=1 Yiltmq €XP((Aig + Amq)23)+
+ 31 (Vy2mg + Vjama3) exp(2Amgrs)+
+ 321 (Viamag + VismaT1 + Yjoma2) €XP(2Amgs)] X
x exp(—2i(wt — kq(n1z1 + noxa))).

The coefficients vj1;mq are determined from the linear equation system

L(l’m) . (’Ylllmqa’Y21lmqv’731lmq)T = (,ullmqv H2lmgq; ,U'3lmq)T (l 7£

(4.7)

(4.8)

m),  (4.10)
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where the elements of the matrix L™ are
Lgll’;n) = 4]{?2 (cun% + C44TL%) — C44()\lq + )\mq)2 - 4Q2;
Lélé;n) = 4k§(044n% + clln%) — C44()\lq + )\mq)2 — 492;

Lglé;n) = 4kZcaa(nd +n3) — ci1(Mig + Amg)? — 40%;
L™ = L™ a2y A

L(ll?;;n) = L:(%ll’;n) = —2ikqn1(Nig + Amg) As;

(4.11)

LG = LG = —2ikgna (g + Amg) As.

The coefficients vjomiq (j = 1,3) are obtained as

Yi2mq = ’712mqZ](‘fn),q(P7(aQt;)_17 (412)

where

2 2 m,m m,m m,m
Z§77)Lq = mf; = L(22q )Lg3q )_ (L(23q ))2;

2 m,m m,m
Zénzq = [Lg?;d )(Nmeq + Xtmg — ngq )'712mq)_

—L5™ (3mmg + X2mg — L0 ™ Y12mg) Y izng: (4.13)

Zéir)Lq = [ng;,m} (N3mmq + X2mq — L(lgi1’7n)’yl2mq)7

— LS5 ™ (i2mima + X1mq — Liss ™ V12m0) izeng-

The coefficients Lg%’m) are defined in the same way as in equation (4.11); Y124 are
arbitrary integration constants;

X1img = 2ikqn2733qu8 + 4C44’723mq)\mq;

(4.14)
Xomq = 2ikq(n1713mq + M2Y23mq) A8 + 4€11733mgAmg-
The coefficients v;3mq (j = 1,3) have the structure
Vi3mq = 713mqu('i3q(P7$?(3)_17 (4.15)
where
243, ~ P83 - 26,
Z5 = L L™ - L L), (4.16)

2mgq 13q 23q 12¢q 33q ’
(3) _ 7 (m,m)y(m,m) (m,m) r (m,m)
Z3mq - L12q L23q - L13q L22q )
and 7Yi3mq are arbitrary integration constants. The coefficients Vjumq (j = 2,3) are

Vidmq = 714mqZ](‘ff)Lq(P7(‘r?<;)717 (417)
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where
4 4 2
40, - Pl - 28,
4 m,m m,m
Zé’n’)bq = [Li(’,3q )(Vlmq - L§2q )714mq)_
_L(m’m) _ L(m7m) —1 . (4 18)
23q (Vamg 13¢q '714mq)]'714mqv :
4 m,m m,m
Z?(ﬂgbq = [Lg2q )(V2mq - ngq )7147qu)_
_Légzm)(”lmq - Lg%m)”YMmq)]Vﬂlmqv

where the constants v, (s = 1,2) have the structure

Vimg = 2ik¢1(“1’716mq + n2’yl5mq)A8+
+4ikq(n1725ch44 + n2726chll) + 2736mq)\qu87 (419)

Vomg = 4ikqCa4(N1Y35mq + N2Y36mq) + 2Amg(Y15mg + Y26mq) As.
The representations for the coefficients v;smq (s =5, 6) are
Vjsmq = 718mqZ;jrzq(P7s"fq))71’
(4.20)
s s 2 s 3 .
2= P = 0y 20, = 20, (G=29)
The coefficients 1514 (s = 5,6) are arbitrary integration constants. The coefficients
Vismq (8 = 5,6, m = 2,3) assume the forms
Yis2q = (di1¢d22q — d%Qq)il(dZanlsq — d12¢025q);
(4.21)
Yis3g = (d11gdazg — digg) ™ (d11g02sq — d214b15q),
where
O15¢ = —i eXP(Qh/\lq)(kqnl%slq + /\1q’71slq)_

—ikqni [exp(2hA2q)Y3s2q + €xXP(2hA34) V3534 )5

O25q = —C12kq exp(2hA1g)(n17V1519 + N2Y251¢) —
(4.22)

_Cl2kqn2 [eXp(2hA2q)7232q + eXp(2h>\3q)73$3q}+
+i011[>\1q GXp(Qh)\lq)’}/gslq + )\2q exp(2h)\2q)’)/352q+

+/\3q eXp(2h)\3q)7353q]§
and
dqu = )\(1‘+1)q exp(2h)‘(7‘+1)q>;
(4.23)

d2rq = C12kqn1 eXp(2h)‘(T+1)q) (T =1, 2)
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Finally, the constants 71454 (s = 1,3) are obtained from the linear equations system

H - (71419, 71429 7143¢)7 = (&1gs &2g E39) T (4.24)

where the matrix H is defined as

Hyjq = 2caa exp(2hjq) (ikgna Z5) (P ™+ Xy );

Hajq = 2c40 exp(2hX;q) (Pfy)) "M (ikqna Zi5) + Njo Z85);

3jq
(4.25)
H3jq = QeXp(Qh)\jq)(ichlg(’nl + Z;;l()](PJ(;))_an)_F
1) p4)y - ‘
tenZyy (P (1=T13).
The elements &;, (j = 1,3) of the right side (4.24) are
g = Zimzl(njlmq — 2icaakqn¥31img—
—ca4( Mg + Amg)Vjtimg) €xp((Mig + Amg)h) (1 =1,2);
(4.26)

§3¢ = Zim:l(ni’)lmq — 2ic12(N1Y11img + N2V21img) —

_011’731lmq)(/\lq + /\mq) exp(()\lq + )\mq)h)'

Finally, we have obtained closed analytical representations for the second harmonics
of normal three-partial waves. These solutions allow us to carry out a detailed analysis
of the nonlinear effects for the anisotropic waveguide considered.

5. Numerical results

Numerical computations have been made for the cubic system monocrystal germa-
nium layer for waves propagating in the plain Oz;x2 along the nonelastoequivalent
direction of the crystal, characterized by the angle ¢ = 15°.

The analysis of some nonlinear effects for waves which belong to two low linear
modes with zero locking frequency has been performed.

For a germanium monocrystal the density and the second and third order nonzero
normalized elastic constants have the following values:

p=>5,32; 11 =12,92; 10 =4,79; c44 =6,70;
cin = —7,10; ez =—3,89;  ciaa = —2,3; (5.1)
c155 = —2,92;  c123 = —0,18; 456 = —0,53.

The evaluation of the correlation between the longitudinal and cross horizontal
components in the second harmonics of monochromatic normal waves with different
frequencies Q1 = Q4 = 6.92, Q5 = Q5 = 9.23, Q3 = Qg = 11.53 has been obtained.
The points j in Figure 1 correspond to the waves with frequencies ; (they have
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Figure 1. Linear waves spectrum for monocrystal germanium layer
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Figure 2. Displacements u; distributions for x3 = 1/2

been analyzed). These correlations are compared with the correlations between the
longitudinal and cross horizontal components in the linear waves.

The longitudinal and cross horizontal components of the normal waves considered
are calculated by using the formulas

U = uq coS  + ug sin;  up = —uq sin @ + ug €os @, (5.2)

where uq, ug are the displacements in linear waves or the second harmonics of linear
waves; @ is the angle between the wave propagation direction in the middle waveguide
plane and Oz is a coordinate direction.

In Figure 2 the wave functions u!, u}' for the waveguide section {|z1| < 4h, x5 =
0, 23 = h} and h = 1/2 and at time ¢ = 1 are depicted. Computations have been
made for those waves which belong to the linear spectrum second mode; the curves j
correspond to the waves j in Figure 1. The analogous distributions for the waveguide
section {|z1| < 4h, 2 = 0, x3 = 0} are presented in Figure 3. The values u}, ul' are

obtained as

ub = Re[ul” /92]; uP = 10°Re[u(™ /Q2]; Q2 = pQ2/p... (5.3)
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Figure 4. Displacements w; distributions for z3 = 1/2

In Figures 4 and 5 the wave functions ul, u? are shown for the different waveguide
sections x3 = 1/2 and 23 = 0. Here

up = Relu” /92); up = 10°Re[w /02); 02 = pQ2/p.. (5.4)

Both for linear waves and for their second harmonics the increasing of frequency
leads to an increasing of the displacement maximum. For linear waves and for a non-
harmonic distortion the increase in frequency and the changeability of the coordinate
3 have little influence on u; and u. In case of u; the more intensive displacements
appear in the waveguide area x3 = 0 for linear waves, but the second harmonics are
more vividly expressed on the layer surface while 23 = 1/2. For u; the displacements
in linear waves have higher levels on the layer surface x3 = 1/2, but the characteristics
for the second harmonics are almost equal.

The graphs in Figure 6 show the distributions of the ratio u} /u}* for the waves which
correspond to points 1 and 4 in Figure 1, that is for waves with similar frequencies,
but belonging to different linear spectrum modes. Computations have been made for
the waveguide area {|z1| < 2h, |x2| < 2h, 23 = 0}. It was found that in linear waves
the first mode is the pseudotransverse mode, and the second is pseudolongitudinal.
From the correlations obtained it is clear that in both cases the second harmonics are
the pseudolongitudinal waves, that is the component uj' is dominant; for the case of
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Q, frequency the dependence is monotonic, and for 24 frequency case the dependence
is not continuous.

(n
l

Figure 7. Frequency dependencies of u ) for 1 =0

In Figure 7 the dependencies uy on frequency for the waveguide section {|z;| <
4h, x5 = 0, |z3] < h} are shown. The first figure corresponds to frequency €, the
second to frequency €25. From the given data it follows that an increase in the first
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mode leads to a decrease in the maximum of u}. The displacements themselves are
almost constant.

6. Conclusions

The method presented in the paper allows us to analyze the nonlinear normal wave
propagation in an arbitrary direction in the plane of anisotropic elastic layer waveguides.
We have obtained and analyzed how the frequencies depend on the displacement
characteristics, what the distributions for the amplitude characteristics of the linear
normal waves are and what second harmonics they have. The data, obtained by
this method, could be helpful while using a new class of nonlinear devices for signal
information study.

The paper was presented at the 9th International Conference on Numerical Meth-
ods in Continuum Mechanics, Zilina, Slovakia, 9-12 September 2003 and its shortened
version was published in the Conference CD Proceedings.
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