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Abstract. This paper presents a reciprocal theorem for steady-state heat conduction prob-
lems. Some examples illustrate the applications of the reciprocal relation formulated. The
method applied is based on the analogy which exists between linear elasticity and heat
conduction.
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1. Introduction

Consider a 3D solid body B occupying a closed and limited region V' for which the
steady-state heat condition is defined. The set of inner points V is denoted by V and
the set of points on the boundary of V is denoted by 0V, V =V UJV. Point P of V
is indicated by the vector OP = p = re; +ye, + ze, in a given orthogonal Cartesian
coordinate system Ozyz with the unit vectors e;, e,, e.. The volume element in V'
is denoted by dv and the surface element defined on dV is da.

The temperature difference field [7, 1] in the body V is denoted by T = T(z, v, 2).
Following Wojnar [7]and the thermal intensity vector field is introduced by the defi-
nition

t=-VT, (1)

where 5 5 5
=€+ € 2
\Y 8xe + 8yey+ 8ze (2)

is the gradient operator [4, 5]. The field equations of the steady-state heat conduction
problem are the heat balance equation [1, 6]

-V-q+R=0, inV (3)
and the Fourier law of heat conduction [6, 7], which takes the form
q=K-t, (4)

and the thermal intensity vector-temperature difference field relation (1). In equa-
tions (3), (4) the dot denotes the scalar product according to Malvern [5] and Lurje [4]

(©2005 MiskoLC UNIVERSITY PRESS



176 1. Ecsedi, K. Dluhi

and in equation (4) K = K(z, y, z) is the heat conductivity tensor field, which is sym-
metric and positive definit [1, 7]. The distributed heat source in B is denoted by
R = R(z,y,z). On the boundary surface OV the heat flux ¢ is defined at every
regular points of 9V as

q:q(I,y,Z)'Il (x,y,z)eé)V, (5)

where n is the outward unit normal vector to 9B at point (x,y, z).

We say that an ordered array s = [T, t,q| is an admissible state if T, t and q are
sufficiently smooth in V' and they satisfy equations (1) and (4). The admissible state
corresponds to internal heat source R and boundary surface heat flux ¢ if equations (3)
and (5) are satisfied. The ordered array of R and ¢ is denoted by p as p = [R, q].

2. Reciprocal theorem

Theorem 1. Let s = [T,t,q] and § = [T, t,q] be two admissible states of the station-
ary heat conduction in body B corresponding to the internal heat sources and surface
heat fluzes p = [R,q] and p = [R, §], respectively, then we have

/t~€1dv:/f~qd’u
1% 1%

:7/ qua+/TRdv:f/ quaJr/TRdv. (6)
ov \%4 ov \%4

Proof. The validity of equation (6) follows from the equations

/t~€1dv:/t~K~Edv,/f~qdv:/f~K~tdv,
1% 1% 1% v
/E~K~tdv:/t~K~Edv,
v v

/E~K~tdv:/61~tdv:7/61~VTdv:
v \% v
:*/V'(QT)CI’U*F/TV'QCI’U:*/ n~61Tda+/TRdv:
\% \% v v

:7/ quer/TRdv. (8)
ov \4

Here, the rule for derivation of a product function and the divergence theorem have
been used. g

3. Energy theorems

In [7], Wojnar introduced the thermal energy U corresponding to a continuous
thermal intensity field t defined on V' by

U{t}:%/vt~K~tdv. 9)
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Theorem 2. Let s = [T,t,q] and 5 = [T,t,q] be admissible states corresponding
to internal heat sources and boundary surface heat fluzes p = [R,q] and p = [R,q],
respectively. Then

U{t} <U{t} (10)
provided
f/ T((ij)daJr/T(RfR)deO, (11)
ov 14
—/ q(T—T)da—i—/R(T—T)dsz. (12)
ov 14

Thus, if OV1 and OVa are complementary surface segments of OV (OV = V3 UV,
Vi NOVa = {0}), then we have

T=T on 0V
g=0 on OVyp = U{t} < U{t}, (13)
R=0 in %

or
T=0 on 0V
g=q on V2§ = U{t} <U{t}. (14)
R=R in V

Proof. From the definition of thermal energy U it follows that
U{t) =U{t+ (t —t)} :U{t}+U{E—t}+/ t-K-(t—t)dv. (15)
1%

On the other hand the application of Theorem 1 to the admissible states s = [T}, t, q]
and §=[T=T-T,t=t—t,q=q—q] were p=[R=R— R,§=q— q] yields

/Vt~K~(’Eft)dv:f/avT((ij)daJr/VT(RfR)dv
:7/6Vq(T7T) da+/R(T7T) dv. (16)

1%
We have
Uft—t} >0, (17)

since K is a positive definite symmetric tensor field. From equations (15), (16) and
inequality relation (17) we immediately obtain the statements formulated in Theo-
rem 2. O
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Theorem 3. If the admissible states s = [T,t,q| and 5 = [T,t,q] corresponding to
p=[R,q] and p = [R, q| satisfy the following conditions

R=R iV, (18)
T = arbitrary constant on OVq , (19)
g=q on dVa (20)

where OV1 and OVa are complementary surface segments of OV such that OV = 0Vy U
OV and OV; N OVy = {0}, then

U{t} <U{t}. (21)

Proof. We have, according to the global heat balance equation,

/qdaz/Rdv—/ g da, /ddaz/Rdv—/ q da . (22)
oy v OV i v Vs

From equations (18), (20) and (22) it follows that
| (a-ada=0. (23)
ovy
By the use of equations (20) and (23) we can write

/WT(EJ'—q)da:T/Wl(d—q)daJr/ T(G—q) da=0. (24)

oVa

Substitution of equations (20) and (24) into relation (11) we obtain that the statement
formulated in Theorem 3 is a direct consequence of Theorem 2. ]

4. Mean heat flux vector

We define the mean heat flux vector (q) corresponding to an admissible state
s=|T,t,q] and p = [R, q] as

<q>=%/quv- (25)

Theorem 4. The mean heat flux vector of the admissible state corresponding to
internal heat source field R and surface heat fluz q can be expressed as

<q>=%(/aquda—/vadv) . (26)

Proof. Be
T=a-p (27)
in equation (6) where « is a constant vector. A simple computation gives
R=-V- K-« inV, (28)
j=-n-K-« on 9V , (29)

/ qua/TRdva~</ pqda/dev) , (30)
oV v oV %
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/ T(jdaf/T]:Zdv:f/ Tn~K~ada+/TV~K~adv
1% 1% 1% %
:f/ Tn~K~ada+/ Tn~K~adv+/a~K~tdv
v ov 14

:a~/quv. (31)

In the derivation of equation (31) we have used the rule of differentiation of product
function, divergence theorem and equation (4). Combination of equation (30) with
equation (31) gives the formula of mean heat flux vector.

We note that formula (26) can be derived only by the use of equations (3) and (5).
It is not necessary for q = q(z,y, z) in (26) to be the solution of a heat conductance
problem [2]. If g = q(z,y, 2) is a solution of a steady-state heat conduction problem,
then it satisfies

VxR-q=0 inV (32)

where R is the inverse tensor of K (the thermal resistivity tensor [7, 1] R - K = 1,
1 is the unit tensor). The cross between two vectors in equation (32) denotes their
vectorial product according to Lurje [4] and Malvern [5]. Compatibility conditions
for q given by (32) are obtained from equations (1), (4). O

5. Heat conduction on non-homogeneous curved beam

Consider a curved beam (Figure 1) which is an incomplete torus in the 3D space.
A torus-like body is generated by the rotation of a plane figure about axis z whose
inner and boundary points are taken from the sets A and 0A, respectively. The
domain A = AU JA is bounded and called the cross-section of curved beam. The
curved beam occupies the region V =V UdV; V = {(r,¢,2)|(r,2) € 4,0 < ¢ < a},
OV = Ay U Ay U A;, A, = {(r,p,2)|(rz) € A o =¢; (i=1,2) ¢ =0,
w2 = a}, Az = {(r,p,2)|(r,2) € 0A 0 < ¢ < a}, which is referred to a given
cylindrical coordinate system Oryz. Unit vectors of the cylindrical coordinate system
Orpz are e, = e, cosp + ey siny, e, = e, x e, and e,. The polar coordinates r and
¢ are defined as r = \/x2 + y2, tan p = y/x. The incomplete torus-like body (curved
beam) is isotropic and p-homogeneous. This means that

K=k(rz1, (33)

where k = k(r,z) is the thermal conductivity of curved beam (incomplete torus,
0 < a < 2m), which may depend upon the cross-sectional coordinates r and z. The
following boundary-value problem of the steady-state heat conduction is analysed:
T(r,0,z) = 91(r, 2) on A; (91(r, 2) is given function on A;) , (34)
T(r,a, z) = 9a(r, 2) on As (92(r, 2) is given function on As) , (35)
q-n=gqgs(r,p,z) on Az (g3(r, v, ) is given function on Ajz) , (36)
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Figure 1. Incomplete non-homogeneous torus (curved beam)

furthermore R = R(r, ¢, z) is specified in V. Our aim is to obtain the values of heat
flux resultants Q1 and Q2 which are defined as

le/ q~n1da:f/ q-e, da, (37)
Al Al
QQ:/ q~n2da:/ q-e,da. (38)
A2 A2
Here, we note (Figure 1) n =n; = —e, on A;, n =ny = e, on Ay and n = n3 on As,

n3 - e, = 0. The global heat balance equation for the incomplete torus is formulated
as

Q1+ Q2+Q3—Q,=0, (39)

Q3/AS(13 da/oa (?{)Arq;; da> dy (40)
Qy/0a</AerA) de . (41)

In equation (40), o is the arc-length defined on the boundary curve of A. The first
equation, which we will use to determine the heat flux resultants (1 and @2, is
equation (39) and the second one will be derived from the reciprocal relation (6). Let
the state s = [T, t, q] be the solution of the heat conduction problem of the curved
beam specified by boundary conditions (34), (35), (36) with the prescribed internal
heat source R = R(r, ¢, z). The second state of steady heat conduction for the curved

where
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beam shown in Figure 1 is given by the following equations

- - A
T=Cp, t:fgecp, q=-C (T’Z)eq,,
r r

- A

R=V-q=0, q:fc*@eq,-n on A=A UAyUAs,
where C' is a constant different from zero. It is very easy to show that

/ Tq da — / TR AV = C(I, — I + aQy) , (42)
v \%

/ T(jda—/TRdV
oV 14

- _C (/A A, 2) Oo(r, 2) da — /A A, 2) 01 (r, z) da) . (43)

Here,

L = / pqs da = / 7{ rogs do dp (44)
As 0o Joa

Igz/(deVz/ 7{ roR da dy . (45)
1% 0o Joa

Substitution of equations (42) and (43) into reciprocal relation (6) yields

Qgl(/AzMﬂg(r,z)da/Almﬂl(r,z)da)Jru. (46)

(0% r r (0%

Formula (46) gives the value of heat flux resultant Q2 without knowing the solution
of the corresponding 3D heat conduction problem of the incomplete torus.

6. Mean temperature
Let B be a homogeneous solid sphere. The domain V occupied by B is
V ={p=uwe, +ye, +ze, |p>— 0> <0},

where p is the radius of the bounding spherical surface. The following boundary value
problem of heat conduction is considered:

R(z,y,z) = R(p) is prescribed in V', (47a)
T(x,y,2z) =Hx,y,2z) ondV (¥ x,y,z) is given function on V).  (47b)

It is obvious that equation (47b) formulates a Dirichlet’s type boundary condition.
The position vector of a point on the spherical surface 9V is denoted by g. Our
purpose is to compute the mean value of the temperature field of a solid sphere without
knowing the solution of the boundary value problem determined by the prescriptions
mentioned above. We use the reciprocal relation (6). The first admissible state is the
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solution of the heat conduction problem specified by equations (47a) and (47b). The
second admissible state is given by the following equations

T:%(QQ*ZJQ), t=Cp onV, (48)
q=CK-p onV, (49)
G=Ck(g) ondV R=CK; inV. (50)
Here,
Mo = 25°€  Gefinedon oV, K —K-1, (51)
o

K7 is the first scalar invariant of the conductivity tensor and the double dot denotes
the double dot product of K and 1 according to Malvern [5] and Lurje [4], and we
note that K is constant tensor. Substitution of the fields of two chosen admissible
states into formula (6) gives the result

(T>=W3193U k(o) ¥ da+—/ dV—g/pQR(p)dV}. (52)

In equation (52), the mean temperature field (') in the sphere is defined as

1) = 1o [ TR) V. (53)

4o
7. Conclusions

In this paper, a reciprocal theorem is formulated by the use of the analogy which
exists between linear elasticity and heat conduction. The formalism of applied analogy
follows Wojnar’s approach [7]. The theorems proven are analogous to those obtained
in linear elasticity theory by Gurtin [3].
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