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Abstract. Using the Green function matrix, self adjoint eigenvalue problems governed by
degenerate systems of differential equations and homogeneous linear boundary conditions
can be replaced — like the case of scalar equations — by an eigenvalue problem for a system of
Fredholm integral equations with the Green function matrix as a kernel. We have determined
the Green function matrix for simply supported and fixed circular arches provided that the
arch is also subjected to a hydrostatic follower load. In the knowledge of the Green function
matrix, the self adjoint eigenvalue problem giving the natural frequencies of the vibrations
as a function of the follower load can be replaced by an eigenvalue problem described by
a system of Fredholm integral equations. The latter is reduced to an algebraic eigenvalue
problem and the first eigenvalues are computed by applying the QZ algorithm. The results
computed show how the load affects the first natural frequencies of the arches.

Keywords: Circular arch, natural frequencies, stability, hydrostatic follower load, Green
function matrix, eigenvalue problem

1. Introduction

There is a classical definition for the Green function of ordinary linear inhomogeneous
differential equations associated with homogeneous boundary conditions [1]. The
definition has been generalized — see paper [2] for details — for a degenerate system
of linear differential equations by keeping up the structure of the definition given in
[1]. It is also well known that in the knowledge of the corresponding Green function
eigenvalue problems for the differential equation can be replaced by an eigenvalue
problem for a Fredholm integral equation with the Green function as a kernel. The
latter can effectively be solved by various algorithms — see [3] for details.

There are a lot of works on eigenvalue problems associated with the free vibration
and stability of circular arches. Without trying to achieve completeness we should
mention the book by Federhoffer [5], and the papers [6,7]. For further references the
reader is referred to the papers mentioned. To the author’s knowledge the issue how
the load affects the vibration of the arch has not been investigated yet. With regard
to this fact the main objectives of the present paper are as follows:

— to determine the Green function matrices for simply supported and fixed circular
arches subjected to a constant hydrostatic follower load;
— to reduce the eigenvalue problem giving the natural frequencies of the free
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vibrations as a function of the hydrostatic follower load to an eigenvalue problem
for a system of Fredholm integral equations with the Green function matrix as
a kernel and

— to compute and analyse the first natural frequencies as functions of the follower

load.
The paper is organized into four sections. Section 2 is devoted to some preliminaries

with an emphasis on the definition of the Green function matrix. Section 3 presents
the governing equations for the two problems and gives the corresponding Green
functions. Section 4 is a brief summary of the solution algorithm and some solutions
can also be found there. The last section is a summary of the results.

2. The Green function matrix
Consider the degenerate system of differential equations
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where n > k > s > 0, [ is the number of unknown functions (the size of y), j is the

14
size of yo and the matrices P and r” = [r?| r] | are continuous for = € [a,b]; a < b.

n k
The matrices P33y and P are assumed to be invertible if = € [a, b].

The system of ODEs (2.1) is associated with linear homogeneous boundary condi-
tions

UM(Y) = Z_: [Auuy(y) (a) + Buuy(y) (b)] =
v=0
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where ¢ = 1,...,n; and for v < k the constant matrices A,, and B,, fulfill the

conditions

11 21 11 21
A,=A,=B,=B,,=0.
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Solution to the boundary value problem (2.1),(2.2) is sought in the form

b
y(z) = / Gz, E)r(€)de (2.3)

in which G(z, ) is the Green function matrix [3,4].

If there exists the Green function matrix for the BVP (2.1), (2.2) then the vector
(2.3) satisfies the differential equation (2.1) and the boundary conditions (2.2) [3,4].

As regards a proof of existence for the Green function matrix we refer to [4].

Let the system of differential equations read
Kly] = Ay (2.4)

in which Kly] is given by (2.1) and X is the eigenvalue sought. The ODEs (2.4)
are associated with the linear homogeneous boundary conditions (2.2). These are
assumed to be independent of .

Recalling (2.3) the eigenvalue problem (2.4), (2.2) can be replaced by an eigenvalue
problem for the system of integral equations

b
y(@) = A / Gz, )y (€)de. (2.5)

On the basis of [3] a procedure for the numerical solution of the above problem (2.5)
has been presented in [4].

3. Vibration of circular arches subjected to a hydrostatic follower load

The arch with radius R is symmetric with respect to the plane of its center line. The
cross sectional area and the second moment of inertia with respect to the centroidal
axis perpendicular to the plane of the arch are denoted by A and I, respectively. The
angle coordinate ¢ changes in the interval [—1, 1], the central angle ¥ subtended by
the arch is equal to 2. The Young modulus of elasticity is denoted by E.

Vibrations of circular arches subjected to a constant follower load are governed by
the differential equation

el =[5 1 [0 ][ ot (W]

e [ R I [ A YR A TS

Here (...)"™ = d™ /dp(™ U and V are the amplitudes of the tangential and normal
displacements,
AR?

M=—— m=M -1 (3.2)
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€o is the axial strain on the center line of the circular arch (this value is constant
and uniquely determined constant by the current volume of the load). Neglecting the
vibrations, i.e., setting A to 0 we obtain an ODE

U +20@ £ UG —mey (W + U@ ) =0 (3.3)

which — provided that it is associated with appropriate boundary conditions — gives
the critical load. Setting ¢ to 0 we get a system of ODEs for the free vibrations of
the arch [4].

It can be proved that the first critical axial strain (for the first buckling mode) [2]
is of the form:

E0crit = —% [(&%)2 - 1] <0 (3.4)
where
s1=1 (3.5)
for a simply supported arch and

So = So (19) ~
N 0.034365582079% — 0.011021405589 + 1.431758411 if e (0;1.7]
1 0.176088655502 — 0.5259986022¢ + 1.899253872 it e (1.7,3.14]
(3.6)
for a fixed arch.

The corresponding hydrostatic follower load can be obtained from the equations

where
1)
C9/m+ g (9)
and
glzgﬁ—&—tanﬁ {gtanﬁ—g} , 92219—194_25;%~ (3.8)

There are no closed form solutions giving the natural frequencies of the free vibration
of the arches.

Depending on the supports applied, the system of ODEs (3.1) is associated with
the following boundary conditions:
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Simple supported arch [i = 1] :

U(-9)=0 UW) =0
W(—19) =0 W) =0 (3.9)
W@ (—9) =0 W@ (@) =0
Fixed arch [1 = 2] :
U(-9)=0 UW) =0
W(=9) = W) = (3.10)
WM (—9) =0 WM (@) =0

Each of the eigenvalue problems (3.1),(3.9) and (3.1), (3.10) is self adjoint and positive
definite if ¢g < 0. The corresponding Green function matrix assumes the form

4
Gp,¥) = > Y;(¢) [A; () £ B;(1)] (3.11)
(2x2) =1

where the sign is {positive}[negative] if {p < ¢} > 9] and

v [ 52 0] el
(3.12)
Y. | ©os (kp) (M —me,)p v, |~ sin (kp) 1
37| ksin (ky) —m Y7 kcos(kg) O
are solutions of the homogenous K[y,eo] = 0 with
k> =1+ g9 — Mey, (3.13)
and
A, A B, B
A= 0 TR B, =| ;" P j=1,....,4 (3.14)
Ao Ag B21 B

are functions of the angle coordinate 1. The equation systems giving the unknowns

1 2 3 3 4 4
a = By, b= By, ¢ = By, d = By, e = By, f =By 1=1,2

can be set up from the second property of the Green function matrix — see the def-

1 4
inition in [4]. The functions B11(¢),. .., Baa(1); 9 € [—9,¥] are independent of the
boundary conditions.
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The first system of equations (i = 1):

cos®)  —siny cos (ki) (M —meo)v  —sin(ky) 1
sin cos ksin (ki) —-m kcos(ky) 0
—siny —cosy —ksin (k) M —me, —kcos(ky) 0
costp  —sinty k2 cos (k) 0 —k%sin (k) 0
—siny  —cosy —k3sin (ki) 0 —k3cos (ky)) 0
—cosyp siny  —k*cos (ki) 0 k*sin (ky) 0
We have found the following solutions:
1 1  siney 2 1 cos®
sin
c=Bu=smn_m ‘TPuTgp
4 cos ki) 4 1 P
c=bn=gmaop [-Pa-—3Famon
The second system of equations (i = 2):
cost)  —siney cos(k) (M —mey,)p —sin(ky) 1
sin ¢ cos ksin(kv) —-m kcos(ky) 0
—siny —cosyp —ksin(ky) M —me, —kcos(ky) 0
costyp  —sing k2 cos(ky) 0 —k?sin (ky) 0
—siny  —cosyp  —k3sin(ky) 0 —k3cos (ky) 0
—cosy  siny  —k*cos(ky) 0 ktsin (ky) 0
We have found the following solutions:
1 cos 2 sin )
B Y gy ) b=Bu=—saTm
3 cos kv 3
02312:7—2]{2(1_]{2) d:BQQZO
4 _ 4 1
c=Be=gmn oyttt f=Be =g

S0 Q0 o

S0 QU0 R

\C_“/ooo§’|~c>o

A
@
-

(3.16)

(3.18)

Taking into account that the Green function matrix should meet boundary conditions
(3.9) (3.10) one can find the functions

as well.

1
A1 (), ..

4
A (1);

w € [_197 19]
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Simply supported arch (i = 1):

cos?  sind cos (k) —(M — me,)V sin (k) 1
cost  —sind cos (k) (M —me,)d —sin(k9) 1
—sind  cos¥  —ksin (kv) —m kcos(kv) O
sin ¢ cos ¢ k sin (k) —m kcos(kv) O
sind  —cosd  k3sin (k) 0 —k3cos (k9) 0
—sind  —cos?¥ —k3sin (kv) 0 —k3cos (k9) 0

—acos? — bsind — ccos (k) + d(M — me, )9 — esin (k9) — f
acos® — bsint + ccos (k) + d(M — me, ) — esin (k9) + f
asin® — beos ¥ + cksin (k) + dm — ek cos (k)
o asin® + beos ¥ + cksin (k) — dm + ek cos (kv)
—asiny + beos — ck3 sin (kv) + ek cos (kv)
—asin® — beos ¥ — ck?sin (k) — ek cos (k1)

Solving the equations (3.19) we have

}112- = % [(1 - k2) bcosI + dk2m]

2

Ay = % {kcoskd [—k*mcos? + 9 (1 — k*) (M — me,) sin?] —
3

—msinkdsind}a — kTm [c + f coskd)

3 1 )
Ah‘ = —m [dm —ek (]. —k ) COSk'l?:I
jlgi = % [a(1—k?)coskd +c(1—k?)costd+ f (1 — k?) cos kv cos ]
jlh- = % {am + ¢ [k9 (1 — k?) (M — me,) sin kd cos U+
+m (k;3 sin k1 sin ¢ + cos kﬁcosﬁ)] + fmcosﬂ}
4 1 T oy
As; = F ko) C {bk (1 k )smkﬂ+ek (1 k )smt?}Jr
1 9 y .
+ md [k (1 — k?) (M — me,) (sinkd'sind)) —
-m (k3 sin kv cos ¥ — cos ki sin 19)]
where

Cc = (1 — k2) sin v

(3.20)

D = 9k (1-k?) (M —me,) cos ki cos ¥ + mk® cos kv sin ) — m sin kv cos 9.
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Fixed arch (i = 2):

Ay
cos?  sin? cos (k)  —(M —me,)?  sin (k) 1 ?1 A
costy —sind  cos (k) (M —mey)d  —sin(kd) 1 5
—sind  cos?  —ksin (k9) —m kcos(k9) O Ay |
sind  cos?¥  ksin (k) -m kcos(k9) 0 ;’1 N
cos?  sind  k%cos (kv) 0 k%sin (k9) 0 L
cos? —sind k% cos (kv) 0 —k%sin (k9) 0 Ay

221‘ 1

—acos® — bsiny — ccos (k) + d(M — me,)¥ — esin (k) — f
acos® — bsint + ccos (k) + d(M — me, ) — esin (k9) + f
asin® — beos ¥ + cksin (k) + dm — ek cos (k) (3.21)
B asin® + bcos? + cksin (k) — dm + ek cos (k) ’
—acos? — bsin — ck? cos (k) — ek? sin (k1)
acosV — bsin g + ck? cos (k1) — ek? sin (k1)

Solving the equation system (3.21) we have:

1 1
D [ek? + b (k cos k¥ cos ¥ + sin ¥ sin k) — dmk cos kv]

flu = —éa [m (1 — k2) sin kv cos 99—

—0k (M — me,) (ksin ¥ sin k¥ + cos k) cos )]
3
Ay = kaD [b+ ek (ksin 9 sin k9 + cos kv cos ) — dm cos V]
1

3121' =-c [a (1 —k?)sinkd + ck (1 — k?) sind—

—fk (ksin kv cos ¥ — cos kv sin9)) (3.22)

Ay — —%c e (M — me,) (k cos 9 cos ki + sin ki sin 9)] —

— % [a (M —me,) 9+ em(1 — k%) cos k9 sind) 4+ m f sin ]
Aoy = [ (1~ k2) cos k) + ¢ (1 — 2) cos ] ~

- kLDd k9 (M — me,) (sin ko cos 9 — ksind cos ko) —

—-m (1 - kz) cos kv cos 19]
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where
C = m(l—k?) (sindsinkd) + 9k (M — me,) (ksin kv cos ) — sin 1 cos ko))
D = kcosk?dsind — sin kv cos .

In the knowledge of the above functions we can substitute in the formula (3.11) to
get the Green function matrix.

The eigenvalues A = A[gg(p)] and the natural frequencies o = a[gg(p)] — each as
a function of the follower load p — can then be obtained by solving the eigenvalue
problem

¥(p) = A / G, c0)y (W)dtp - (3.23)

The numerical solution was found by reducing the eigenvalue problem (3.23) to an
algebraic eigenvalue problem and solving the latter by the QZ algorithm - see [3,4]
for details.

The functions A1 /A1 free = A1/ A1 frec(€0/€0erit) and a%/a%free = a%/a%free (p/perit)
have proved to be linear for the central angles considered. Here \; and «1; are the
first eigenvalues and the natural freqencies computed for a value of £g while A free
and a;free are also the eigenvalue and the corresponding natural freqency for the
same circular arch if it is free of loads (g9 = 0).

4. Conclusions

Using the Green function matrix, self adjoint eigenvalue problems, which are governed
by a degenerate system of differential equations and homogeneous linear boundary
conditions, can be replaced by an eigenvalue problem for a system of Fredholm integral
equations with the Green function matrix as kernel.

We have determined the Green function matrix for simply supported and fixed
circular arches subjected to hydrostatic and constant follower loads. In the knowledge
of the Green function matrix the self adjoint eigenvalue problem giving the natural
frequencies of the free vibrations as a function of the hydrostatic follower load has
been replaced by an eigenvalue problem described by a system of Fredholm integral
equations. The latter is reduced to an algebraic eigenvalue problem and the first
eigenvalues as functions of the load are computed by using the QZ algorithm.

The results are shown in Figures 1 and 2.

The variable along the longitudinal axis is the quotient

P _ =0 (4.1)
DPerit E0crit

where €gerit and perir are given by the equation (3.4) and (3.7).
Figures 1 and 2 represent the quotient
)\1 Oé%

= 4.2
)\lfree a%free ( )
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for simply supported and fixed arches respectively. A\; and «; are the eigenvalues and
the corresponding circular frequencies computed under the assumption that the

Table 1
Simply supported arch(® Fixed arch®
Y m SymbOI 50/50(:7"7,'15 )\I/Alfree 50/505rit )\I/Alfree

0.1153 0.8847 0.2229 0.7821
0.346 0.654 0.4457 0.562
0,4 35000 ° 0.5767 0.4233 0.6686 0.3392
0.8074 0.1926 0.8914 0.1133
0.2271 0.7729 0.1206 0.7821
0.4543 0.5457 0.3619 0.562
0,6 60000 + 0.6814 0.3185 0.7237 0.3392
0.9086 0.0913 0.965 0.1133
0.0008 0.99 0.2057 0.8022
0.3328 0.667 0.4104 0.6014
0.8 120000 % 0.6657 0.3339 0.615 0.3969
0.9985 0.009 0.8197 0.1881
0.1082 0.8918 0.1027 0.9056

(1)
1 240;1?(? - 0.4329 0.567 0.3068 0.7136
3600002 0.7576 0.2423 0.5102 0.5163
0.8658 0.1339 0.9183 0.1001

7“1/7‘1free |

]
0.8 d A

0.6

04

0.2

0 0.2 04 0.6 0.8 1

8O/EOcrit

Figure 1.
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€o/€oeri

Figure 2.

arch is subjected to a follower load p which produces the axial strain €g. Aqfpee and
a1 free are also the eigenvalue and corresponding circular frequency for the same but
unloaded arches.

Computations were carried out for m = 20000; 35000; 60000; 120000; 240000; 360000
provided that o € [0.1;3]. Some numerical results are presented in Table 1.

Figures 1 and 2 represent the quotient Aj/\; free as a function of the quotient
€0/€oerit- 1t is clear from Figures 1 and 2 that

A1 £0
=1- 4.3
)\lfree E0crit ( )

for both cases, i.e., this result is the same for both support arrangements. We remark
that the agreement of (4.3) with the results computed - see Figure 2 - is not as good
for the fixed arch as for the simple supported arch. The reason for this is probably the
fact that the solution for sy (3.8) is also an approximation obtained by the method
of least squares [2]. It is also worthy of mention that function (4.3) is independent of
m.
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