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Abstract
R. Feng, and H. Wu recently established a certain mean-value formula
for the z-coordinates of the n-division points on an elliptic curve given in
Weierstrass form (A mean value formula for elliptic curves, 2010, available
at http://eprint.iacr.org/2009/586.pdf ). We prove a similar result for
both the x and y-coordinates on a twisted Edwards elliptic curve.

1 Introduction

Let K be a field of characteristic greater than 3. Let E : y> = 2% + Az + B
be an elliptic curve defined over K, and @ = (zg,yq) # oo a point on E.
Let P; = (x;,v;) be the n? points such that [n]P; = Q, where n € Z, (n,char
(K))=1. The P; are known as the n-division points of Q. In [3], Feng and Wu

showed that ,
1 n
3 Z T = xQ. (1)
i=1

This shows the mean value of the z-coordinates of the n-division points of )
is equal to z¢. In this paper we establish a similar formula for elliptic curves in
twisted Edwards form. We are able to give the mean value for both the z and
y-coordinates of the n-division points. Our main result is given in Theorem 1.

Theorem 1 Let Q # (0,1) be a point on a twisted Edwards curve. Let P; =
(wi,yi) be the n? points such that [n]P; = Q.
If n is odd, then
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If n is even, then
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This paper is organized as follows. In section 2 we review twisted Edwards
curves, and in section 3 we look at their division polynomials. The twisted
Edwards division polynomials, introduced in [4], [5], are an analogue to the
classical division polynomials and a key ingredient of the proof of Theorem 1.
We prove Thereom 1 in section 4. Section 5 concludes with a look at some open
questions.

2 Twisted Edwards curves

H. Edwards recently proposed a new parameterization for elliptic curves [2].
These Edwards curves are of the form

Ey: 2 +y? =1+ da?y?,

with d # 1,d € K. In [1], Bernstein et al. generalized this definition to twisted
Edwards curves. These curves are given by the equation

Eua: az?® +y? =1+ dz?y?,

where a and d are distinct, non-zero elements of K. Edwards curves are simply
twisted Edwards curves with @ = 1. The addition law for points on E, 4 is given
by:

Tiy2 + T2y1  Y1Y2 — AT1T2 )
1+ dzizoyiys’ 1 — deyzoyiys/
If a is a square and d is not a square in K, then the addition law is complete.
This means that the addition formula is valid for all points, with no exceptions.
The addition law for Weierstrass curves is not complete, which is one of the
advantages of Edwards curves. The additive identity on E, 4 is the point (0, 1),
and the inverse of the point (z,y) is (—z,y).

There is a birational transformation from FE, 4 to change it to a curve in
Weierstrass form. The map

(z1,91) + (72,92) = (

o (z,y) — ((Ba—d)+(a—5d)y (a—d)(1+y)>

12(1 —y) §odz(l-y)
maps the curve E, 4 to the curve
a® + l4ad + d2x B a® — 33a%d — 33ad? + &°
48 864 '
This map holds for all points (x,y), with (1 —y) # 0. For these points, we

have ¢(0,1) = oo, and ¢(0, —1) +d ).

E:y? =23 -

3 Division polynomials for twisted Edwards curves

We will need the following results from [4], [5], concerning division polynomials
for twisted Edwards curves. These are the analogue of the classical division



polynomials associated to Weierstrass curves. In fact, the twisted Edwards
division polynomials are the image of the classical division polynomials under
the birational transformation given in the last section. Standard facts about
the classical division polynomials can be found in [6] or [7].

Theorem 2 Let (z,y) be a point on the twisted Edwards curve E, q, with
(z,y) # (0,41). Then for positive integers n > 1 we have

o ¢n($7y)¢n($vy) ¢n(x7y)7w%(z7y)
i) = (M one ) T )
where
¢0(x7y) = O,
¢1($,Z/) = 13
_(a=d)(y+1)
~ (a—d)*(—dy* — 2dy® + 2ay + a)
¢3(3371U) - (2(17y))4 )
_ 2(a—d)%y(1 +y)(a — dy*)
T M
Vo1 (2,y) = Vg (@, )R (2, y) — Y1 (z, )i (z,y) for k > 2,
bon(,) = 20D ()02 (,9) — 2,y (0 0) for k2 3,
’(/}2(-7;7?})
and
4+ yvi(ey) A (@y)Pas(2,y)
¢n(x7y)_ 1_y - a_dJr )
2’(/}2n(xay>

wn(z,y) = (a— d)pn(z,y)

It is a bit of a misnomer to refer to v, (x,y) as a division polynomial since
it is not a polynomial. However, their behavior is largely shaped by a certain
polynomial zzn(y) in their numerator. In [4], [5], Hitt, Moloney, and McGuire
showed that f

M if n is odd
dnle,y) = { GO |

(@=d)* 7 g )

TRy T-2/2 if n is even.

The first few 1, (y) are

Yo(y) =0,
lzl(y) = 17
ba(y) =y +1,



P3(y) = —dy* — 2dy® + 2ay + a,
1;4(;(/) = —2dy® — 2dy® + ...,
Ps(y) = dPy'? —2d%yM + .

Note that 1/~1n(y) is a polynomial in y, and not . There is a recurrence
relation they satisfy, which we will use below. Hitt, Moloney, and McGuire
proved a formula for their first coefficient, and we will establish a formula for
the second leading coefficient. As we will see, the second leading coefficient
directly determines the mean value of the n-division points.

Proposition 1 We have

7 2 2 k+1 2 _
Poppr(y) = dFTRI2((—1)kyH T2k o {2 J R L (2)
and } , , . .
Doy = d2* —1—|3k%/2] by =1 + by =) 4 (3)
where

k/y, ifk=0 mod4
1, ifk=1 mod4
—k/y, ifk=2 mod4
-1, if k=3 mod 4.

by

Proof As the result for the leading coefficient was shown in [4], [5], all that
remains to be seen is that the second leading coefficient is as claimed. There
are several cases to be considered, depending on k mod 4, since the recurrence
relation for the Jjn(y) depends on n mod 4. We prove the lemma for the case
when k£ = 0 mod 4, and leave the other cases, which can be similarly treated.
The proof is by induction. Looking at the first few 1, it can be seen the result
is true for n = 0,1,2,3,4 and 5.

We begin with the case of n odd, n = 2k + 1. For £ = 0 mod 4, then the
recurrence relation given in [4], [5] is

M D Ga R) — D )30

Por1(y) =

Theorem 8.1 of [5] shows that when n is even, then y + 1 evenly divides into
¥ (y), so the first term is a polynomial in y. Examining degrees, we see that the

degree of %J)kwﬁ in y is 2k 4+ 2k — 2, while the degree of 1/~)k_11/~12+1

is 2k% + 2k. As we are only concerned with the first two leading coefficients, we
can ignore the first term. Let j = k/2 € Z, since k is even. By the induction



hypothesis, we have

Vp 1P = @D/ (2720 g VJ g2 2l @Bt 2420742 ) {

2

_ 7d2j2+2](7y8]2+4j —(2 \;;J _6 L‘P;J )y8j2+4j71 +.)

2 2 kE+1 2 _
_ qPHRI2( 2K 12k o { : J R N

This proves 2. Note that in the last lines, we used the fact that 2 L%J —6 L#J =
-2 L%J This is easy to see by writing j = 2i, as

j j4+1 2i 2 +1
212 —6|1—| =2|=| -
HEe s RUFIRUE
=2i —6i
= —4i

We now show 3. Again let k = 2j = 4i and define e; = 2j% — 1 — {3]’2/2]
The recurrence from [4], [5] shows that when k& = 0 mod 4,

Gael0) = L Grsa) ) = s )

By the induction hypothesis and the results for 1;2;%1, we see that

€j

77/121«@) = Yyt 1

(—yP T 2 2y R )2

_ dej71+j2+j(cj_1y2j274j+1 _|_Cj_1y2j274j 4 m)(yzfﬂj _9 { .

Looking at the degrees (in y) of the terms of the binomial, we see they are both
equal to 652 + 1, so we cannot ignore either. Observe that

3<j+1)2J
2
=352 435 +1—[6i>+6i +3/2]
=352 +3j+1-3/252 =35 -1
= [34%/2].

ej+1+j2—j=3j2+3j+1—{

i+l

g1
2

J y2j2+2j71 + )3

(B 4 by ) (@ gy I gy )

J y2j2+2j71 + )2)



Similarly, it is easy to check that ej_1 + j2 4+ j = [35%/2] and e; + [35%/2] =
2j2 — 1. Also e(k) = e(2j) = 852 — 1 — |652| = 2j2 — 1. Using this to further
simplify, we find

e
d®s ' 2]-271

o (y) = e U by 2 4 )dl3i /2

Jj+1

(b1 = b 1)y 1+ (b1 — by +4 EJ bj+1 +4 { J by )

From the definition of b; we see that 4|2 ]b; 1 +4[ 2 |b;_; =0, so

7 de®) 2j%—1 2j%—2 65°+1 65°
Par(y) | (bjy +bjy + .. (2b 41y + 20 11y™ +...)
de®) 5 5
= m(ijijrlySJ + 4bjbj+1y8j 1 + )

Recall that if we know y + 1 divides a polynomial of the form ay” + by" ' + ...,
then their quotient is ay™ ' + (b —a)y" =2 + .... So

~ .2 -2
bor(y) = A (2b;b541y% " 4 2b5b5419% 2 4 )
_ de(k)(bky2k2—1 +bky2k2—2 +..)
as desired. As mentioned before, the cases k = 1,2,3 mod 4 can be similarly
handled, and we omit the details. O
The following is an easy consequence.

Corollary 1 We have

Gors1(y) = V31 () — Yo (D2r+1(y) + V311 (1)
(a— d)3(k2+k)dk2+k
= AR R)~1(] — )4k FR)+1

2 2
(y(2k+1) + yQ(—l)k(Qk‘ + 1)y4(k k) 4 ),
and

D21(, ) — V3 (2. ) — o (G2r(2,9) + v (2,y) )

_ p (a— )3 —1g" ky, Ak 4k2—1

Proof Using the previous lemma, and looking only at the leading coefficients
we see

B (a_d)S/Z(k2+k)d(k2+k)/2 b 202 4) k41 k)1
Yort1(7,y) = (2(1= y) 2R ((—1) y -2 — | v +...>,




and consequently

9 _ (a— d)3(k2+k)d(k2+k) A 4E) R A BT I
¢2k+1($7y) = 2 _y))4(k2+k) (y —(-1)"4 5 y —|->

Also,

(a— )3 /2] g2 1= (3872
2(2(1 —y))?* 1

where by, is as defined above. Thus,

Yap(x,y) = (bky%z_1 by 2 4 ),

(a — d)3R>+R+1gk*+k k+1 2 .
Yok (x, y)hors2(z,y) = QAR 1 (] = )T TR) 1 ((71)’c+1 D] (TR g TR 1)+_“).

2
By definition, ¢ 1(2,9) = 75005141 (2,) — 2g¥ar(z, y)varsa(2,y). So
2 2

Lty (a—d) H%am 4R e

1—y (2(1 —y))tk*+4k
4 (a—d)BF/2lge®
Ca—d z(2(1—y))2ET
(a — d)3G+1)?/2] ge(k+1)
(21 — y))2kHDT (bk+1y

b21+1(2,y) (—1)*4 V ;‘ 1J AR )

(bey? 1 4 by 2.

2(k+1)2-1 + bk+1y2(k+1)2*2...)

(a _ d)3k2+3kdk2+k

_ 4k? +ak+1 k
T QARTHAR(]  y)aR7 AR (y + (1= (=174

(a _ d)3k2+3kdk2+k S|
o 24k2+4k—3(1 — y)4k2+4’€+1 ((=1) LT

k+1
2

J)y4k2+4k + )

J)(y4k2+4k +yrk2+4k—1) )

(a _ d)3k2+3kdk2+k

_ 4k%+4k+1 k
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J y ARy )
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Ak +4k+1 k A2 14k
24k +ak (] — )4k +ak+1 (y +(=1)"(2k + 1)y )+ ).

In the last line, we used the identity 1+ (—1)*4 L%J = (=1)*(2k +1). This is
easily seen to be true by considering k to be even, then odd. Hence

2 (a — d)g(k2+k)dk2+k 4(k%+k)+1 4(k>+k)
Pak41(%,y) —Yigp 1 (2,y) = SAED-1(] =)Ao (y +0y —1—...)7

and

2 (a— d)3(k2+k)dk2+k k 4(k2+k)
Gort1 (2, y)+ 3,41 (2, y) = QAT TR 1(1 — )A0P TR 1 ((—1) (2k+1)y +)

The corollary for odd n is clear from these last two lines. We omit the
analagous calculation to show the result for even n. O



4 Mean Value Theorem
We now state and prove our mean-value theorem for twisted Edwards curves.

Theorem 1 Let Q # (0,1) be a point on the Edwards curve E,q. Let P; =
(wi,y;) be the n? points such that [n]P; = Q.
If n is odd, then

2

1 & (_1)(n—1)/2

w2 Zyz =, Yo (5)
i=1

If n is even, then

1 7L2 1 7L2
S T =0=5 yi
=1 =1

Proof For odd n, the approach is similar to that used by Feng and Wu in
[3]. From the above results about twisted Edwards division polynomials, we see
[n](z,y) = Q if and only if

qbn(x,y)z/)n(x,y) ¢n(l‘7y) — %(z,y) (e
( wn(z,y) " () — 1/}%(337y)) = (2Q,Yq)-

In other words,

¢n(x7y) - wi(xvy) - yQ(qﬁn(x,y) - ¢Z($»y)) = 0.

As seen in Proposition 1, for odd n this is equivalent to

2

T (—1)(” 1)/2nyQy Ly =0,

(we need not worry about when y = 1 since @ # (0,1)). This polynomial has
as roots the n? y;. So it must also be equal to the polynomial

H(y_yi)-

i=1

Comparing the y"z’l coefficients of these two equal polynomials, the result for
the y-coordinates follows immediately.

The result for the z-coordinates could be established by rewriting the di-
vision polynomials in terms of x, however we prefer the following approach.
Define a map ® : Eyq — Ey 4/ by ®(z,y) = (Var,y). Using the addition
law it is easily verified that @ is a homomorphism. So if [n](z,y) = (zg,yq)



then [n](vaz,y) = [n]®(z,y) = ®([n](z,y)) = ®(Q) = (Vazq,yq) on Ei 4/a.
Observe also that (v/az,y) = (—y,vax) + (1,0) on £y 4/q.
By what we just noted the (y/ax;,y;) are the n? points on E1,4/q which

satisty [n]P = (v/azo, yo). So then
(Vazq,yq) = [n((yi, —vaz;) + (=1,0)) = [n](yi, —vazi) + [n](~1,0).
It is not hard to see that for odd n,
[n)(=1,0) = ((-1)"*D72,0)

on Fy ,/4. Rewriting, we see that

[ (yi, —vaz:) = (Vazq, yo)+((=1)""D7%,0) = (=1) "~V yq, Va(~1)" D 2aq).

By our result for the y-coordinates, we then have

Z \[xz— )n /2 (ﬁ(_l)(n+1)/2xQ)'

The result for the z-coordinates follows immediately.

We now show that if n is even, then Zil y; = 0. Assuming this, by repeat-
ing our argument to swap the x and y-coordinates it follows that Zil z; =0 as
well. We could use Corollary 1 again to see Z:il y; = 0, but we will a different
technique.

Lemma 1 Let Py, P>, P3, and Py be the 4 distinct points on E, q such that
[2]P; = Q, where Q # (0,1). Then

4 4
Yon=0=3 s
i=1 1=1

Proof The points of order 4 on E, 4 are the identity (0, 1), the point (0, —1)
of order 2, and the points (f’ 0) and (—ﬁ, 0). From this it is clear that the x
and y-coordinates both sum to zero. m]

We now show how combine mean value results for n-division points and
m-~division points to obtain one for the mn-division points.

Prop051t10n 2 Fiz m and n. Suppose we have that " 1xp = cpmxq and

Zz 1yp, = dmyQ for some constants ¢, , dy, which depend only on m, whenever
the P;, i = 1,2,...,m? are points such that [m|P = Q, for some Q # (0,1).
Similarly, suppose we have that Zi:l TR, = epxs and Zil Yr, = [fnys for
some constants e, f, which depend only on n, where the R;, i = 1,2, ...,n% are
points such that [n]R = S, for some S # (0,1).

Then given (mn)? points Ty, Ts, ..., T(mny2 on Eqq such that [mn)T; = U for

some U # (0,1). Then Z( mn)® TT, = CmenTy and Z( mn)® yr, = dm fnyu.



Proof Consider the set of points {[m]T1, [m|Ts, ..., M]T(;mn)2 }. Each element
[m]T; satisfies [n]([m]T;) = U. So this set must be equal to the same set of
n? points V that satisfy [n]V = U. Call this set {Vi, V5,...,V,2}. For each V;,
there must be m? elements of the 7; which satisfy [m]T; = V. This partitions
our original set of the (mn)? points T} into n? subsets of m? points. Then by
assumption, we have

(mn)? n?
E xrT; = E CmIv; = Cmenly,
i=1 i=1

and

(mn)? n?
Z yr, = Z dmy% = dmfnyU~
i=1 i=1

O

For example, fix an elliptic curve and suppose we know the mean value of
the z-coordinates of the 3-division points, or Z?:l x; = 3xq. Similary if know
the same for the 5-division points, 21221 x; = dxq, then by Proposition 2 we
know the mean value for the 15-division points. It will be ZZ‘? z; = (152q).

Combining Proposition 2 and Lemma 1 we can conclude by induction that
whenever n = 2F we have Zil zp, =0 = Zil yp,. The earlier results (4)
and (5) for odd n can now be combined with Lemma 1 and Proposition 2 which
shows our mean value theorem is true whenever n is even.

O

We remark that Theorem 1 was proved for points @ # (0,1). When @ = (0,1)

then we claim Zf; z;=0= Z:il y; = 0. Let P; be the n? points which satisfy

[n]P; = (0,1). If P; is one of our n? points, then —P; is also. The only time
2

P, = — P, are the points (0,£1). Then clearly >_" , 2; = 0. Then we repeat our

trick of switching the x and y coordinates to get the same result for the sum of

the ;.

5 Conclusion

Feng and Wu proved a mean value theorem for the z-coordinates of the division
points on an elliptic curve in Weierstrass form. In this paper we showed similar
results hold for both the z and y-coordinates on twisted Edwards curves.

Based on numerical examples, we conjecture the following mean value for-
mula for the y-coordinate of the n-division points on an elliptic curve in Weier-
strass form. If (z;,y;), for i = 1,..,n?, are the points such that [n]P = Q # o
on E:y? =234+ Az + B, then

5> i =me. ()



We have been unable to prove this in general, although Wu [8] has proved it for
n = 2. Feng and Wu’s technique of using division polynomials fails in general as
the polynomial satisfied by the n? y-coordinates is a polynomial in x and y, not

just y. Thus we cannot set it equal to H:il(y —y;). However, by Proposition
2, the result (6) is true for n a power of 2. Thus to prove it in general requires
establishing the case where n is an odd prime. This is an open problem. It would
be interesting to see if mean value theorems can be found for other models of
elliptic curves, such as Hessian curves or Jacobi intersections.
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