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Gravity in presence of fermions as a SU(2) gauge theory

Francesco Cianfrani1, Giovanni Montani123∗
1ICRA-International Center for Relativistic Astrophysics, Dipartimento di Fisica (G9),
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The Hamiltonian formulation of the Holst action in the presence of a massless fermion field with
a nonminimal Lagrangian is performed without any restriction on the local Lorentz frame. It is
outlined that the phase-space structure does not resemble that one of a background-independent
Lorentz gauge theory, as some additional constraints are present. Proper phase-space coordinates are
introduced, such that SU(2) connections can be defined, and the vanishing of conjugate momenta to
boost variables is predicted. Finally, it is demonstrated that for a particular value of the nonminimal
parameter, the kinematics coincides with that one of a background-independent SU(2) gauge theory,
and the Immirzi parameter becomes the coupling constant of such an interaction between fermions
and the gravitational field.
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1. INTRODUCTION

The main achievements concerning the formulation of a
background-independent quantum theory have been ob-
tained by the loop quantum gravity (LQG) approach [1]
using techniques proper of lattice gauge theories. This is
possible because the Gauss constraints of a SU(2) Yang-
Mills gauge theory arise in the Hamiltonian formulation
[2]. The standard quantization procedure is based on
fixing the local Lorentz frame according with the time-
gauge condition. Then, a proper representation of the
holonomy-flux algebra is developed via the GNS con-
struction [3], and a unique 3-diffeomorphism invariant
measure is selected out [4]. In this scheme the kinemati-
cal Hilbert space can be defined and an impressive result
is the prediction of discrete spectra for geometrical oper-
ators [5].

In a previous work [6] it has been outlined that the
SU(2) gauge structure can be recovered also without any
restriction on the local Lorentz frame. In fact, as soon as
proper phase-space coordinates are chosen, boost param-
eters become nondynamical and the constraints coincide
with the SU(2) Gauss ones, together with the vanish-
ing behavior of the super-momentum and of the super-
Hamiltonian. The significance of this result overcomes
the quantum gravity issue and sheds new light on the na-
ture of gravity as a background-independent gauge the-
ory. Furthermore, such a feature can also offer a new
perspective to the interaction with elementary particles.
For this reason, the work [6] has been extended to in-
clude a nonminimally coupled scalar field [7], an Immirzi
field [8] while here spinor matter is addressed. The latter
case is particularly interesting because spinors are sensi-
tive to boost transformations and they enter the SU(2)
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Gauss constraints when the time gauge holds [9, 10].

In particular, in this work the Hamiltonian formula-
tion of gravity in presence of a massless spinor field with a
nonminimal action is developed (see [11, 12] for a second-
order analysis of the nonminimal fermion Lagrangian).
The set of Hamiltonian constraints is analyzed and its
second-class character is recognized. Then, a proper
parametrization is given for the constraint hypersurfaces,
which generalizes that one discussed for the vacuum case
in [6]. The adopted parametrization allows to infer, via
a canonical transformation on initial phase-space coor-
dinates, SU(2) connections and boost variables χa, to-
gether with their conjugated momenta. By a redefinition
of spinors, which formally coincides with a boost trans-
formation, conjugate momenta to χa are constrained to
vanish. Hence, boost parameters turn out to be nondy-
namical also in the presence of a spinor field.

As soon as the super-momentum and the super-
Hamiltonian are concerned, we point out the peculiar
case in which the parameter characterizing the nonmin-
imal spinor Lagrangian is equal to the Immirzi param-
eter. Hence, the resulting expression for the interaction
between the spinor and the geometry coincides with that
of a SU(2) gauge theory, a part from the presence of
4-fermion terms into the super-Hamiltonian. Therefore,
for a specific expression of the nonminimal action, the
kinematics of the fermion-gravity system coincides with
that predicted in a background-independent SU(2) gauge
theory, whose associated spinor current is the “boosted”
axial one.

The manuscript is organized as follows: in Sec. 2,
the Hamiltonian structure is presented, and the set of
constraints is recognized as being second class. Then, in
Sec. 3, the reduction to a first-class set takes place by
restricting to a specific hypersurfaces of the phase-space.
The analysis of constraints on such an hypersurfaces is
performed in Sec. 4, and the emergence of SU(2) Gauss
constraints is outlined. Hence, boost parameters turn out
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to be nondynamical in Sec. 5 by a proper redefinition of
the spinor fields, while in Sec. 6 the expressions of the
super-Hamiltonian and of the super-momentum in the
adopted set of variables are analyzed. Brief concluding
remarks follows in Sec. 7.
In the following the signature adopted will be

(+,−,−,−). Capital Latin letters A,B,C, . . . and lower-
case Latin letters a, b, c, . . . will denote four-dimensional
and three-dimensional tangent space indexes, respec-
tively. The latter will be raised by ηab = diag[−1,−1,−1]
(so χ2 = ηabχaχb will be a negative quantity). The
space-time indexes will be µ, ν, ρ, . . . for the full four-
dimensional manifold, while we will use i, j, k, . . . for the
three-dimensional spatial hypersurfaces.

2. HAMILTONIAN FORMULATION

Let us consider a space-time manifold endowed with
a metric tensor gµν . We set the local Lorentz frame by
virtue of the 4-bein vectors eAµ and of the spin connections

ωABµ . We denote eAµ as follows:

e0µ = (N,−χaEai ), eaµ = (N iEai , E
a
i ). (1)

Here, χa determine the velocity components of the lo-
cal Lorentz frame with respect to the spatial manifold
in a 3+1 representation. We will work with arbitrary
χa space-time functions, such that no restriction on the
Lorentz frame holds.
A massless spinor field is introduced, and the associ-

ated Lagrangian density is developed by extending the
Dirac formalism to a curved space-time [13]. This proce-
dure implies the replacement of partial derivatives with
covariant ones, i.e.

Dµψ = ∂µψ − i

2
ωABµΣABψ, ΣAB =

i

4
[γA, γB], (2)

ΣAB being Lorentz group generators.
We describe the gravitational sector by virtue of the

Holst Lagrangian formulation[14]. We demonstrated in
[6] that such a picture allows us to infer the phase-space
structure proper of a SU(2) gauge theory in vacuum.
The resulting dynamical system can be described by the
following action (in units 8πG = ~c = 1):

S =

∫ √−g
[
eµAe

ν
BR

AB
µν − 1

2γ
eµAe

ν
Bǫ

AB
CDR

CD
µν +

+
i

2
(ψ̄γµADµψ −Dµψ̄Aγ

µψ)

]
d4x, (3)

where the expression for RABµν reads

RABµν = ∂[µω
AB
ν] − ωAC[µω

CB
ν] , (4)

while the matrix A contains the parameter α giving the
nonminimal term as follows:

A = 1+ iαγ5. (5)

Here, γ denotes the Immirzi parameter, which is a funda-
mental quantum ambiguity arising in vacuum LQG [15].
In the presence of spinors, such an ambiguity is promoted
to be a classical feature, since it determines the amount
of the 4-fermions interaction term arising after the II Car-
tan structure equations have been solved [16].
We take ωABµ, ψ and ψ̄ as configuration variables and

conjugate momenta are given by the following expres-
sions:

γπtAB = 0,(6)

γπiAB = πiAB − 1

2γ
ǫCDABπ

i
CD, (πiAB =

√
−get[AeiB]),(7)

Π̄ =
i

2

√−gψ̄γAAetA, Π = − i

2

√−getAAγAψ,(8)

respectively. Therefore, ωABt are not dynamical vari-
ables, and in the following we will treat them as La-
grangian multipliers. Furthermore, the conditions (8) do
not commute among each other, and they can be solved
by writing explicitly Π and Π̄ in terms of ψ and ψ̄, at the
same time using the following commutation relation:

[ψ, ψ̄] = − i√
h
√
1 + χ2

(γ0 + χaγ
a). (9)

There are six further conditions coming from the defini-
tions of conjugate momenta, i.e.

Cij = ǫABCDπ
(i
ABπ

j)
CD = 0. (10)

As soon as a Legendre transformation is performed and
the Lagrangian multipliers λAB, λij and ηij , are intro-
duced, the Hamiltonian in a 3+1 representation for the
metric tensor can be written as

H =

∫ [
ÑH + Ñ iHi + λABGAB + λijC

ij + ηijD
ij

]
d3x,

(11)

Ñ and Ñ i being the lapse function and the shift vector,

respectively. Since Ñ and Ñ i are nondynamical, the ex-
pression above turns out to be a linear combination of
constraints and the full Hamiltonian vanishes. In partic-
ular, the constraints are

• the super-Hamiltonian one, whose expression is

H =
1√
h

(
δCDAB − 1

2γ
ǫCDAB

)
πiCFπ

jF
DR

AB
ij +

+
i√
h
πiAB(Π̄ΣABDiψ −Diψ̄Σ

ABΠ) = 0, (12)

hij and h being the spatial metric tensor and the
associated determinant, respectively;

• the super-momentum ones, i.e.

Hi =

(
δCDAB − 1

2γ
ǫCDAB

)
πjCDR

AB
ij +

+Π̄Diψ +Diψ̄Π = 0; (13)
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• the Gauss constraints of the local Lorentz group,
which take the following form:

GAB = ∂i
γπiAB − 2ω C

[A i
γπi|C|B] −

−i(Π̄ΣABψ − ψ̄ΣABΠ) = 0; (14)

• Cij = 0 and the associated secondary ones

Dij = ǫABCDπkAFπ
(i|F |
B Dkπ

j)
CD +

γ2

2(γ2 + 1)

(
ǫABCD −

− 2

γ
δABCD

)
π
(i
ABπ

j)
FG(Π̄ΣFGΣCDψ + ψ̄ΣCDΣFGΠ) = 0.(15)

Hence, the super-Hamiltonian and the super-momentum
vanish and this feature is due to the invariance of the ac-
tion (3) under 4-diffeomorphisms. Furthermore, the pres-
ence of the Gauss constraints associated to the Lorentz
group makes this formulation close to the analogous one
for a Yang-Mills gauge theory. However, the additional
conditions (10) and (15) make the whole set of constraints
second class, which means that some variables are redun-
dant, and a nontrivial symplectic structure is induced on
the constraint hypersurfaces. We will see in the next sec-
tions that as soon as a proper set of variables is adopted,
by which we can avoid (10) and (15), the Gauss con-
straints of a SU(2) gauge theory will be obtained.

3. ANALYSIS OF Cij = 0 AND Dij = 0

The hypersurfaces defined by conditions (10) and (15)
can be parametrized by fixing ωabi and π

i
ab. In the follow-

ing we will denote πi0a by πia and introduce their inverses
πbj . The 3-metric of the spatial manifold is given by the
following expression

hij = − 1

π
T−1
ab π

a
i π

b
j , T−1

ab = ηab + χaχb, (16)

π being the determinant of πai . We can associate to πia
the quantity πω b

a i, defined as follows

πω b
a i =

1

π1/2
πbl

3∇i(π
1/2πla), (17)

3∇i being the covariant derivatives associated to hij .
A proper solution to constraints (10) and (15) is the

following one

πiab = 2χ[aπ
i
b],(18)

ω b
a i =

πω c
a iT

−1b
c + χaω

0b
i + χb(ω 0

a i − ∂iχa) +
ψω b

a i,(19)

where ψω b
a i is the modification with respect to the vac-

uum case and it reads

ψωabi = +
1

4

γ(γ − α)

γ2 + 1
√
i+ χ2

ǫabcπ
c
i (J

0 + χdJ
d)−

−1

2

γ(1 + αγ)

γ2 + 1
πciT

−1[a
c ηb]d(Jd − χdJ

0), (20)

JA being JA =
√
hψ̄γ5γ

Aψ.
By virtue of such a modification the boost constraints

are not independent conditions anymore, since by substi-
tuting the expressions (18) and (19) into GAB we find

G0a = χbGab. (21)

The possibility to avoid the boost constraints, once the
rotational ones hold, will allow us to define a set of canon-
ical coordinates on the hypersurfaces Cij = Dij = 0. At
the same time, χa will be promoted to be configuration
variables, such that the arbitrariness of the local Lorentz
frame is preserved.

4. ANALYSIS OF THE GAUSS CONSTRAINTS

OF THE LORENTZ GROUP

As soon as we replace πiab and ωabi by the expressions
(18) and (19), we remove the constraints (10) and (15)
from the set of phase-space constraints, and the boost
ones become redundant conditions. However, because
the original constraints are second class, a nontrivial sym-
plectic structure is induced, and it is the starting point
to select out a proper set of phase-space variables.
The first couple of conjugate variables is inferred by

setting densitized 3-bein vectors of the spatial metric,
π̃ia, as momenta, as in the standard formulation of LQG
[1]. In particular the expressions of π̃ia in terms of πia
read as follows:

π̃ia = Sbaπ
i
b, Sab =

√
1 + χ2δab +

1−
√
1 + χ2

χ2
χaχb.

(22)
The associated canonical conjugate variables are given
by

Ãai = S−1a
b

(
(1 + χ2)T bc (ω0ci +

πDiχc)−

− 1

2γ
ǫbcd(

πωcfiT
−1d
f + ψωcdi) +

+
2 + χ2 − 2

√
1 + χ2

2γχ2
ǫbcd∂iχcχd

)
, (23)

where πDiχc = ∂iχc − πω b
c iχb − 1

1+χ2

ψω b
c iχb.

The expressions (23) are the generalization of
Ashtekar-Barbero-Immirzi variables [2] to a generic lo-
cal Lorentz frame in presence of spinor fields. It is worth

noting how the spinor enters the definitions of Ãai , even
though the latter is a quantity characterizing the geome-
try. This feature is a consequence of the significant mod-
ification such a matter field provides to the space-time
structure: the introduction of torsion.
Other phase-space variables are χa themselves and the

conjugate momenta πa.
The constraints Gab = 0 can now be written in the

new set of coordinates, and they can be shown to be
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equivalent to the following expression

∂iπ̃
i
a + γǫ c

ab Ã
b
i π̃
i
c = − γ

2
√
1 + χ2

Sba(Jb − χbJ0). (24)

It is impressive that the conditions above reduce to the
usual Gauss constraints of a SU(2) gauge theory, when
the spinor fields are absent. However, the source term is
made up of two commuting variables, boost parameters
and spinors.

5. THE “BOOSTED” SPINOR AND THE

NONEVOLUTIONARY CHARACTER OF χa

Other conditions are inferred by imposing
that the transformation {ωABi , γπiAB , ψ, ψ̄} →
{Ãai , π̃ia, χa, πa, ψ, ψ̄} is canonical, i.e.

1

2
γπiAB∂tω

AB
i + Π̄∂tψ + ∂tψ̄Π =

= π̃ia∂tÃ
a
i + πa∂tχa + Π̄∂tψ + ∂tψ̄Π. (25)

Such a requirement fixes πa as follows

πa = −i1−
√
1 + χ2

χ2
χb(Π̄Σ b

a ψ − ψ̄Σ b
a Π). (26)

Unlike the vacuum case [6], πa do not vanish. Hence
the variables χa are dynamical. However, this feature
just reflects the fact that spinor fields are sensitive to χa
changes. In fact, a nondynamical term can be defined
and it involves a combination of πa and spinor variables.
This can be seen by performing the following redefinition:

ψ = eiχ
aΣ0aψ∗. (27)

By writing Π̄∂tψ + ∂tψ̄Π in terms of ψ∗ and ψ̄∗, a con-

tribution i
1−

√
1+χ2

χ2 χb(Π̄Σ b
a ψ − ψ̄Σ b

a Π)∂tχa is added to

the full symplectic form (25), such that the new conju-
gate momenta to χa are constrained to vanish. Hence,
the choice of ψ∗ and ψ̄∗ as phase-space variables makes
χa nondynamical.
The redefinition (27) acts on spinor variables as a boost

to the Lorentz frame where the time gauge holds. In
fact, any spinor quantity in terms of ψ∗ looks like the
quantity evaluated in the time gauge, such that there is
no dependence on χa. For instance, the commutation
relations between ψ∗ and ψ̄∗ read

[ψ∗, ψ̄∗] = − i√
h
γ0, (28)

which coincides with the expressions that the Poisson
brackets (9) take in the time gauge. Similarly, the source
term into the constraints (24) becomes the SU(2) cur-
rents one finds for χa = 0.
Hence, as soon as the spinor fields are written in terms

of the proper components ψ∗, living in the time-gauged

Lorentz frame, the Gauss constraints of the local Lorentz
group and the conditions (10) and (15) reduce to the
following system:

∂iπ̃
i
a + γǫ c

ab Ã
b
i π̃
i
c = −γ

2
J∗
a , πa = 0, (29)

where J∗
A =

√
hψ̄∗γAγ5ψ

∗ is the axial component of the
fermion current.
Therefore, without fixing the local Lorentz frame and

for any value of α, the Gauss constraints of a SU(2) gauge
theory are inferred, whose source is the boosted axial cur-
rent, while boost parameters are nondynamical.

6. THE SUPER-MOMENTUM AND THE

SUPER-HAMILTONIAN CONSTRAINTS

In the adopted set of variables the super-momentum
constraints take the following expressions

Hi = π̃jaF
a
ij +

i

2

√
h(ψ̄∗γ0A∂iψ

∗ − ∂iψ̄
∗Aγ0ψ∗) +

+
α

2
Ãai J

∗
a +

α− γ

4γ
ǫabcω̃

bc
i J

∗
a − (α− γ)2

4(γ2 + 1)
J∗
0J

∗
a π̃

a
i , (30)

where F aij = ∂[iÃ
a
j] + γǫabcÃ

b
i Ã

c
j is the field strength of

the SU(2) connection Ãai , while ω̃
ab
i are spin connections

associated to π̃ia, i.e.

ω̃abi = π̃bj
3∇iπ̃

j
cη
ac. (31)

By avoiding a term proportional to the Gauss constraints
(29), the super-Hamiltonian can be written as

H =
π̃iaπ̃

j
b

2
√
h
ǫ c
ab F̃

c
ij −

(γ2 + 1)

γ2
√
h
π̃iaπ̃

j
b

(
∂[iω̃

ab
j] − ω̃ac[iω̃

b
c j]

)
−

− i

2
π̃ia

(
ψ̄∗γaA∂iψ

∗ − ∂iψ̄
∗Aγaψ∗

)
+

+
α

2
√
h
π̃iaÃ

a
i J

∗
0 − αγ

2
√
h
π̃iaǫ

ab
cÃ

c
iJ

∗
b +

α− γ

4γ
√
h
ǫabcπ̃

i
aω̃

bc
i J

∗
0 −

− 3

16
√
h

(γ − α)2

γ2 + 1
(J∗

0 )
2 − (1 + αγ)(4γ2 − 3αγ + 1)

16(γ2 + 1)
√
h

J∗
c J

∗c.(32)

It is worth noting that the interaction between the spinor

fields and Ãai is exactly the one for a SU(2) gauge theory
having the axial current as the source. However, in gen-
eral the similarity with a Yang-Mills model is weakened
by the presence of terms containing ω̃abi , so momenta π̃ia.
For instance these terms are present in two relevant

cases: the minimal one (α = 0) and the nonminimal one,
which reproduces the Einstein-Cartan theory (α = 1/γ)
[11].
A significant simplification for Hi and H occurs by

fixing the nonminimal parameter equal to the Immirzi
parameter, i.e.

α = γ. (33)
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In fact, in this case one finds a “pure” SU(2) interaction
between the geometry and the spinor, since the expres-
sions (30), (32) can be rewritten as

Hi = HG
i +

i

2

√
h(ψ̄∗γ0A(A)Diψ

∗ − (A)Diψ̄
∗Aγ0ψ∗),(34)

H = HG − i

2
π̃ia

(
ψ̄∗γaA(A)Diψ

∗ − (A)Diψ̄
∗Aγaψ∗

)
−

−1 + γ2

16
√
h
AJc

AJc.(35)

where (A)Diψ = ∂iψ− i
2γÃ

a
i Taψ and the gauge generator

is Ta = ǫ bc
a Σbc. The Immirzi parameter finds a natu-

ral interpretation as the coupling constant of this SU(2)
interaction.
The only differences with a SU(2) gauge theory à-la

Yang-Mills are given by

• the free part of the gravitational super-Hamiltonian
HG;

• the presence of the 4-fermion terms, which makes
the theory perturbative nonrenormalizable.

Therefore, the case γ = α can be regarded as outstand-
ing because the kinematics of the gravity-fermion system
is that of a background-independent SU(2) gauge theory
and for the interpretation that γ finds in this scheme.

7. CONCLUSIONS

We analyzed the phase-space of gravity in the presence
of a massless spinor field described by a nonminimal ac-
tion in a generic local Lorentz frame. We pointed out that

Hamiltonian constraints belong to a second-class set. In
order to identify physical degrees of freedom, a proper
parametrization was chosen, which enabled us to solve
some constraints and to select SU(2) connections and
boost parameters as configuration variables. By means
of a proper redefinition of the spinor fields, it was shown
that conjugate momenta to boost parameters vanish, so
χa did not have an evolutionary character. Hence, the
final set of constraints was formed by the Gauss condi-
tions of the SU(2) group, the super-momentum and the
super-Hamiltonian constraints. This result allows to ap-
ply the LQG quantization procedure even in presence of
spinors, independently of whether or not we fix the local
Lorentz frame, along the lines of [9, 10].

We also demonstrated that fixing the nonminimal pa-
rameter α equal to the Immirzi one, the interaction be-
tween gravity and the spinor fields becomes that of a
background-independent SU(2) gauge theory and the as-
sociated gauge transformations are generated by rota-
tions. This feature makes the whole Hamiltonian formu-
lation closer to the one of other fundamental interactions
than could be expected from the Lagrangian symmetries
only. Furthermore, the Immirzi parameter can be viewed
as the coupling constant of such an interaction.
In view of the emergence of 4-fermions interaction

terms, which provide us with perturbative nonrenormal-
izable contributions, a natural framework in which ana-
lyzing the proposed scenario is a path-integral formula-
tion. In this respect, the reduction we performed of the
full local Lorentz invariance to the SU(2) one is promis-
ing for the definition of a well-grounded measure and the
interpretation of the issues of our work in the context of
spin-foam models [17] is an exciting perspective.
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