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ON THE /p NORMS OF ALMOST CAUCHY-TOEPLITZ
MATRICES

D. Bozkurt

Abstract

In this study, we have given the definition of almost Cauchy-Toeplitz matrix. i.e.
its elements are t;; = a(i = j) and t;; = 1/(4 — j) (¢ # j) such that a is a real
number. We have found a lower and upper bounds for the £, norm of this matrix.
Furthermore, we have done the proof of the conjecture that were given by myself for
the spectral norm of this matrix.
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1. Introduction

In this study, we have given the definition of almost Cauchy-Toeplitz matrix (i.e.
its elements are t;; = a(i = j) and t;; = 1/(i — j) such that a is a real number).
It is called Cauchy and Toeplitz matrices as in the following forms:

Cr = [1/ (= —,yi)]in,jzl
where z; # y; for all 4,5 and
Tn = [tj—i]ijl
respectively. It is easy to check that an arbitrary Cauchy- Toeplitz matrix of order n is

of the form
1 n
Ty =|—7"——+ 1.1
" |:g+(z—]).hL,j:1 (1)

where g and h are some numbers. We assume that h # 0 and the quotient g/h & Z(Z
is the set of integers).

In [5], E. E. Tyrtyshnikov found a lower bound for the spectral norm of Cauchy-
Toeplitz matrix such that A =1 and g = 1/2. He had computed that with ¢ = 10~% for
n = 40,60,100 then numbers of singular values p1, > p2n > ... > pnn of the matrix T),
satisfying the condition p;, > m — ¢ are equal to 6,7,8 respectively.
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A few years ago these matrices attracted the attention of C. Moler, who had
experimentally discovered that most of their singular values are clustered near . Recently
S. Parter gave an explanation of this phenomenon [3].

In [1], we had generalized the bounds that E. E. Tyrtyshnikov had found. i. e. we
had established that

nm nm
VT <l T < YT

Id |hl
where h # 0,g/h is not integer, s, > 0 and s, = O(1/n).
In Section 2 we have given the definition of almost Cauchy-Toeplitz matrix. We
have found a lower and an upper bounds for the ¢, norm of this matrix. Furthermore,
we have done the proof of the conjecture that we had given in [2] for the spectral norm
of this matrix.

(1.2)

2. The ¢, Norms of the almost Cauchy-Toeplitz Matrices

Let A be any nxn matrix. The ¢, norm of the matrix A is

1/p

A= > lagl” (2.1)

2,7=1

where p > 1. We can write the equation (2.1) in the following form:

n 1/1’ n l/p
Al= | layl”| = [Z(Hu ei [I” + || azies |IP +... 4 [ anie; |IP) (2.2)
i,j=1 i=1

where e; (1 <i < n) are the standard basis of R".

Definition The matriz A, is called almost Cauchy- Toeplitz matriz if

a,1=j

i—j>
where a € R (R s the set of the real numbers) and 1 <1i,j <n.
In [2] we had shown that the following theorem is valid p > 2.

Theorem 2.1.[2] Let the matriz A, be as in (2.3). Then
lalP — o <n7VP || Ay 1< {/Jal? + 2((p)
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is valid where ((p) is Riemann’s zeta function, a, > 0,a, = O(1/n) and p > 2.

Proof. From (2.2), we have

1/p

n [0 1/p
FA = | > layl’| = {Z(Iaul” i [P +Hazil? || e I + ...+ lanil” || e ,H”)} :
i=1

,J=1

Since e; are the standard basis of R™ for all i(1 < ¢ < n), its norms are equal to 1.

Then, we obtain
P 1 p 1 py /P
nlal? + 2 +(n=3)|=| +...+
3 n—1

n—1 k 1/p
Z n —
k=1

Il

N | =

I An llp

n—1)+(n-2) [

Hence

n—1 n—1 1/p
1 1
| A |lp= [n|a|p + 2nk§: e 2; T ] : (2.4)
=1 =1

Multiplying the equation (2.4) with n~1/P  then

n—1 1 9 n—1 1 1/p
-1/ — _—— = T :
n | An = [!alp 2 Ta k] =9
k=1 k=1
From (2.5)
n—1 1 ) n—1 1 1/p
. —-1/p . p —_— = — .
Tim ™ | Ay = T [lal EOIEDY k]
k=1 k=1
Since

> q 152 1
Z W ¢(p) ve lim - Z 71 =0
k=1 k=1

then we obtain

n VPN Ay < {/TalP + 2(p). (2.6)
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from (2.5). Thus , we have found upper bound for 4,.
From (2.5) we have

2 n—1 1 1/p
-1
n”VP | A > [Ial”—gkz‘k}fl] (2.7)
=1

If we get

282 1
= 2 kp1T
k=1
in (2.7), a, > 0 and
Qn
lim —% < 2¢(p—1).
A T S P

Then a, = O(1/n). Hence

WP A [l /laP —an (2.8)

Thus, the proof of the theorem is completed from (2.6) and (2.8). O

Theorem 2.2. Let the matriz A, be as in (2.3). Then

lal + o(n) <" || An [[p< la] + v +logn + O(1/n), (p=1)

_ 2p
la] < n P A, ||p< §/|a|p+2pT_—1, (1<p<2)

9alP + C(p) < n7 VP || An [l,< {/lalP +2¢(p) (2.9)

are valid where ((p) is Riemann’s zeta-function and v is Euler’s constant.

The lower bound in (2.9) is better than the lower bound in Theorem 2.1.

Proof. Let us do three steps the proof of theorem.
Step 1. Let p = 1. From (2.5) we obtained

— n—1 2(n—1
A i = o] #2301 L - 2
= la|+2335 5 -2+2 ¢ (2.10)
n—1
< lal+23 5 i+ 2
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Since 2 — 0 and Y_;_, + =~ +logn+ O(1/n) for the sufficient large n, then

n~ | A, 1< la| + v +logn + O(1/n). (2.11)
We have
1
P A a2 el + )1
k=2
from the first equation of (2.10). Taking
1
Qp = Z E7
k=2
then a,, = o(n) (i.e. lim ay,/n =0). We have
n~' || An [l1> |al + o(n) (2.12)

Step 2. Let 1 < p < 2. We obtain

n—1 1 1/p
P Ay s [|a1p+2Z k_]
k=1

from (2.5). Since

according to p-test for the series, we find

_ 2r
VP Ay ||p< {/lal” + w11 (2.13)

From (2.5) we have

2n—1 1 1/p
-1/ _ =z _—
WV g [Ial” nkE:kp_l] -
=1

Then since

we obtain
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n~'/P | An [[p= lal- (2.14)

Step 3. Let p > 2. Since the proof of the right side of the inequality (2.9) was done
Theorem 2.1, here we will do the proof of the left side of the inequality (2.9). We have

n—1 1 2 n—1 1 n—1 1
DAl 2l
k=1 k=1 k=1

from the equation (2.5) as n — oo. Then

1/p
n—1/p | A, | [|a’p+zkp] )

Since

Z%—C(p

k=1

we have

nVP Y A [lp> /el + ((p). (2.15)

The proof of the Theorem 2.2 is completed from (2.11), (2.12), (2.13), (2.14) and (2.15).
O

Conjecture 2.1[2] Let the matriz A, be as in (2.8). Then

| Ap ||2< Va2 + 72

where || - ||o is the spectral norm of the matriz A, .

Proof. Let H, = H} = i(A, — al) with spectral radius r(H,) where I is the unit
matrix of order n. Then A, is normal matrix with spectrum

o(A,)=4a+ir: A€ o(H,)},
and hence
| Ay lla=r{An) = Va2 +r(Hp)?.

Lot s consider the symumetric matrix
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- 1o HT
H”_f{Hn 0 }

The matrix H,, is permutation-similar to the block Toeplitz matrix H,, as in the following
form:

O = OO
OO = O
|
—

c = O O

After all the odd rows have been multiplied by the imaginary unit ¢ and the even ones by
—1, the result is Hermitian Toeplitz matrix T, = [t;— J]fj;(l) Let f(z) be a real- valued
function and u = [ug, u1, ... ,uzn_l]T. Then we have

1 [7 . _ 2
(Thu,u) = Dy / up + ure® 4 ...+ ug,_e'En 1z f(z)dz,

-7

1 [7 . . 2
(u,u) = 2—/ g +ure™ + ... 4 ugy_ 1@ VT gy
™ —T

[4, pp. 63] and

= = max ___(Tnu,u)
| H 1= T o= may | 2

u#0

< (2.16)

[5, pp- 9 and 3, pp. 120]. Let T,(f) be a Hermitian Toeplitz form. If a and b are
arbitrary real numbers, the eigenvalue associated with the function a + bf(x) will be
a+ b\ [4, pp. 64]. So, we have

Il Ay [|2=r(An) < Va2 + n2.

Thus, the proof of the conjecture is completed. O
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ALMOST CAUCHY-TOEPLITZ MATRISLERINIiN ¢, NORMLARI

ézet

Bu calismada, Almost Cauchy-Toeplitz matris tanimini yaptik (yani a herhangi
bir reel say1 olmak iizere elemanlar: t;; = a(z = j) ve t;; = 1/(i — 7)(i # j) seklinde
olan matris). Bu matrisin £, normu igin bir alt ve iist simir bulduk. Ayrica bu
matrisin spektral normuyla ilgili bir konjektiiriin ispatim yaptik.
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