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A NOTE ON DOUBLE SEQUENCES OF FUZZY
NUMBERS

E. Savas

Abstract

In this paper we introduce double convergent sequences of fuzzy numbers and
we also study the space of double convergent sequences of fuzzy numbers.

1. Introduction

The concept of fuzzy sets was first introduced by Zadeh [4] and subsequently several
authours including Zadeh have discussed various aspects of the theory and applications
of fuzzy sets. Convexity in fuzzy linear spaces over any valued field was introduced and
discussed by Nanda [2].

In this paper we introduce double convergent sequences of fuzzy numbers and we
also study the space of double convergent sequences of fuzzy numbers.

2. Let D denote the set of all closed bounded intervals A = [4, A] on the real line R
where A and A denote the end points of A. For A, B € D we define,

A<Bif A<Band A< B,
d(A, B) = max(J]A — B|,|A - B|).

It is not hard to see that d defines a metric on D and d(A, B) is called the distance
between the intervals A and B. Also, it is easy to see that < defined above is a partial
order relation in D.

A fuzzy number is a fuzzy subset of the real line R which is bounded convex and
normal. Let L(R) denote the set of all fuzzy numbers which are upper semicontinuous
and have compact support. In other words if X € L(R) then for any « € [0,1], X¢ is
compact set in R, where,

xo _ t: X(t)>a ifae(0,1],
Tl t: X(t)>0 fa=0.

Define a map d : L(R)zL(R) — R by the rule
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d(X,Y)= sup d(X°,Y?*).

0<a<1

It is straighforward to see that d is a metric in L(R). For X,Y € L(R) define,

X <Y iff X* <Y* for any a € [0,1].

A subset E of L(R) is said to be bounded above if there exists a fuzzy number C, called
an upper bounded of E, such that X < C for every X € E. C is called the least upper
bound (Lu.b. or sup) of E. If C is an upper bound and is the smallest of all upper
bounds. A lower bound and the gratest lower bound (g.l.b or inf) are defined similarly.
FE is said to be bounded if it is both bounded above and bounded below.

3. Main Results

We now introduce double sequences of fuzzy numbers.

Definition 1. A double sequence X = (X,n) of fuzzy numbers is a function X from
N x N (N is the set of all positive integers) into L(R). The fuzzy number X,,, denotes
the value of the function at a point (m,n)€ N x N and is called the (m,n)- term of the
double sequence.

Definition 2. A double sequence X = (Xmn) of fuzzy numbers is said to be convergent
in Prinsheim’s sense if there exists a fuzzy number Xy such that X,,, converges to Xy
as both m and n tend to oo, indepently of one another:

limen = XO (31)

It is almost trivial that X = (Xy;un) converges in Pringsheim’s sense if and only if for
every € > 0 there ezists an integer N = N(e) such that J(Xjk,an) < € whenever
min(j, k,m,n) > N.

The curcial difference between the convergence of single sequences of fuzzy numbers
and the convergence in Pringsheim’s sense of double sequences of fuzzy numbers is that
the latter does not imply the boundedness of the terms of the double sequence of fuzzy
numbers in question.

Let C4 denote the set of all double convergent sequences of fuzzy numbers.

X = (Ximn) is said to be Cauchy sequence if for every € > 0 there exists ig € N
such that

(X

mn?

X7,)<e  if min(s,j) >

It can be easily seen that L(R) is a complete metric space with the metric d.
We have the following result.
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Theorem 1. Cy is complete metric space with the metric defined by,
P(X, Y) = SUPJ(Xmm Ymn)

where X = (Xmn) and Y = (V) are double convergent sequences of fuzzy numbers.

Proof. It is straighforward to see that p is a metric on Cy. To show that Cy is complete
in this metric, let (X%,,) be a Cauchy sequence in Cy. Then for fixed m,n, (X%,,) is a
Cauchy sequence in L(R). But (L(R),d) is complete. Hence lim X! = X,,, for each
m,n. Put X = (X;un). We shall now show that limX* = X and X € Cy. Since (X?) is

¥
a Cauchy sequence in Cy, given ¢ > 0 there exists ig € N such that,

p(XH X)) <€ if min(i,4) > 4o (3.2)
Consequently the finite limits imX’ = = X, exists for all m and n. Letting j — oo
in (3.2) yields,
A(XEny Xmn) < € if i > do. (3.3)
for all m and n. Setting X = (Xmn), (3.3) shows that

limp(X*, X) =0 (3.4)

we still have to verify that X € C4. By (2.3),

A Xk, Xmn) < d(Xgr, Xig) + d(Xip, X)) + d(XE s Xonn)

<
< 2e+d(XE, X! 3.5
q mn

V\_/here i > g is fixed. Even simpler inequalities hold for difference d(Xg,, X,mn) and
d( Xk, Xmn). Since X® € Cy, we can conclude X € C,; as well and this proves the
completeness of Cy.

O
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FUZZY SAYILARIN CiFT DIiZILERiI UZERINE BIR NOT

Ozet

Bu cahgmada, fuzzy sayilarin ¢ift dizilerini verdik ve ayrica fuzzy sayilarin
yakinsak ¢ift diziler uzayin cahstik.
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