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RELATIONS BETWEEN CLASSES OF DRAGILEV
SPACES (f1)s AND (f2), FOR ARBITRARY FUNCTION

fitofs

V. Kashirin, A. Vakulenko

Abstract

Necessary and sufficient condition under wich Dragilev classes (f1), and (f2)o
coincide have been found for an arbitrary function f; ' o f,.

Introduction

A matrix (ap,) of non-negative scalars satisfying:
1. Vn,p apn < aptin ; 2.Vnsupap, > 0.
is called a Kothe matrix and the sequence space

41(apn) = {(sn) N &n llp= Z €nl - apn < OOVP}

topologized by seminorms (|| - ||,) is called a Kothe space.

For each fixed function f(u),u € R, which is odd, increasing and logarithmically
convex for u > 0, and for A € {—1,0,1,00} we define the class (f), of Kothe spaces
Lf(ana)\) = El(apn)) where Apn = epr(/\paan)7 (pan = 172,"-)7 an 1 00, Ap T A
(introduced by Dragilev [1] and called Dragilev spaces or generalized power series spaces).
In [1] M. Dragilev proved that if logarithmically convex functions f;, f2, ¢ are connected
by relation fi(u) = fa(p(u)) then the classes (fi)s, and (f2)s, coincide or do not

intersect. In [2] ([3] ] M. Kocatepe obtained the necessary and sufficient condition when

the classes (f1)oo and (f2)1 (correspondingly, (f1)o and (fz)_l] intersect, but f; o fo

is not logarithmically convex.
Function g(u) is called rapidly increasing, if for Yo > 1 lim g(au)/g(u) = oo:
uU—0

We shall consider rapidly increasing functions f, f1, f2 only but function f;'o f,
is arbitrary.
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Following V. Zahariuta [4] we shall say that for locally convex spaces X and Y,
(X,Y) € R if all continuons linear maps from X into Y are also compact.
Results.

Lemma 1. Suppose {1(apy,) is a Schwarts Kothe space,

apn <1 and

Vp3q : log(agn)/log(apn) — 0 for n — oo (1)

f~'(log apn)

S >1 2
f~(logagyn) ~ )
then the relation (L¢(bs,,—1),%1(apn)) € R takes place for each (b,) T co.

Proof. We shall use methods [4], [5]. Let by, = exp f ((—1— %)-bn] and T : 41 (bp,) —

£1(apn) be linear and continuous, then T is represented by a matrix (¢;;) and continuity
of T gives a strictly increasing function ¢ = ¢(p) of N — IN and positive constant C(p)
such that:

If JqoVplim inf

Api
sup E |tin|—bp < C(p) < oo. (3)
n = qn

We shall now use the fact that ¢;(a,,) is a Montel space, and for the conclusion
of the lemma it is enough to show:

Api
3go¥pAM(p) : sup Y _|tin| 2= < M(p) < 0. (4)

bgon
First pick p; using (2) so that:
S (log apn)
— = >1 5
7108 apy) ©

For the given p; we pick ¢; so that (3) takes place. Let go > g1, we can pick C > 0 such
that:

Vplim inf

(1+ql0].(1+C)<[1+qll]. (6)

Let p be fixed and set

N, =N,(C,p) = {z D= [l—i— qlo] 1+C)-b, < f_l(logap,-)} (7)
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Now consider

Sl =3+,
i qom 1 2

where ), is for i ¢ N, and ), is for ¢ € N,,.
First we estimate )_,. Using (1) pick ps such that

log(ap,n)/ log(apn) — 0 (8)
For the given p, pick g» for which the relation (3) takes place.
Consider
Api Apyi bgym (1)
Z = Z [tin] < C(p2) sup exp6;,’(p),
3 i@Nn Apyi bQ2n bQO" 1ZN,
where

1
in (p) = logapi_logafpzi’i‘f[[ —l—q—2) bn:I —

[ 1
- f [—1—-(]—5] -bn] <logay,; —logap,; +

[ 1
+ f [l-f-q—] -an <logap; —logap,; —
| 0

- f ((ﬁ] -f‘l(logapi)].

Write ¢ = f~! olog, we have now

log ap,; f (H.chs(api))

Clom ((g(ay)

f(u) is rapidly increasing, that is 65711) <0 for ¢ > g, & Nn;6§i) (p) is bounded, and
thus supZ < Mi(p) < 0.
"o

6£71L) <logap |1

Now consider }_,:

) b
Z — Z |t’Ln| Qpi Qp,q qin S C(pl) sup exp 652),
2 iEN, Gp;i bfhn bqon iEN,

where
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65721)=logap,-—logap1i+f[[-—1—;11—] -bn]—f[[—l———l—] -bn].

1 do

If p < p1, then 65,21) < 0. Otherwise, we can find € > 0 from (6) such that

1y, 14C 1
(1+—)1- RPN
qo I—e Q

For i > 1o from (5) we have

f ' (logay) < (1 —€)- f(log ap,:)-

In other words

6 < —togani— 1 [ (14 2) b 41| (14) o) <
< —f[[ﬁ] -f‘l(logam)] +f[[1+ql0] -bn] -
I ENR (A R

+ f[[1+ql—0] -bn]—f[(1+£;] -bn].

f(u) is rapidly increasing, also 65723 is bounded, and thus supz < Ms(p) < 0. O
n
2

Lemma 2. Let ¢1(by,) be a Schwarts K”othe space, b, = 1(n =1,2,...), f(u) be rapidly
increasing function and

Vp3q : log(bpn)/ log(bgn) — 0 for n — oo 9)
. f~(log byn)

If 3, Vplimsup———-—5 <1 10

d ©7Pn pf—l(log bq(m) ( )

then the relation (£, (bpn), L(an,1)) € R takes place for each (an),an T 0o.

Proof. We pick out arbitrary sequence (a,),a, 1 co and let

apn = exp f((1 - %)an) (n,p=1,2,...).

188



KASHIRIN, VAKULENKO

Let further T : £1(byn) — £1(apn) be a linear continuous operator. Then

.~
Vpdg : supZ]tm|b—m < C(p) < o©
L n

For Montel space ¢;(ay,) we need to prove that

Wi < M(p) <

'10n

3g0VpIm(p) supZ|tm|

(11)

(12)

For fixed index p; (for example, p; = 1) we can find ¢; such that condition (3) takes
place. From (1), (2) and using the Schwarts property we can pick up go > ¢; such that

when n — oo we have

log(bqhn)/ log(bqoﬂl) - 07

ful(l(’g bqn)/f_l(log bgo,n) — 1

for every g > qo, and by, , — 00
Further Vp3C' (0 < C < 1) such that

1 1
(1—;)/(1‘C)<1—m

Let

Na = Na(Cyp) = {i: (1 — %)a; < (1= Cf (logbgn)}

Let further

Z [tm|b(::1 = Z+Z

1 2

where

Yo=> |tm| 2 and Y = > |tm|

1 i@ Ny, o7 2 iEN, bgon

We begining from the sum ), .

(13)

(14)

(15)

(16)

For every p exists P, such that p, > p+ 1. Using (3) for p; we pick g,. Further

we have

Pl Apyi
> = thml e b‘”" < C(ps) sup exp 6y, (p),

1 igN, 21 b‘l?" qomn iZNp
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where

1 1
6% (p) = F((1 - S)ai) = (1= —-ai +10gbgun — 10g bgon <

< f(a- %) —f((1- p%)ai) +10g by

Using (6), (7) we can find € such that

f*(log bgan) < (14 e)f " (log bgon (17)
for sufficiently large n and
(1-2)-(1+¢) 1 1
<l——<1-— 18
1-c¢ p+1 D2 (18)

The inequality (9) we rewrite in more convenient form

log bg,n < f((1+ €)f 7" (log bgen)) (19)
Using (11) and the inequalities (8), (10) we have

) ey - La
6., < f((1 p) i) — f(( P i) +
+ (1 +€)f " (log bgn)) <

< f((1- }Dm) — (- piz)a» + 1 -
<0

p+1)az‘) <

for sufficiently large n, becausse f is a rapidly increasing function.
Now we consider ) ,.

3 = Z|tm|ﬂ.%.bq_m§

2 iEN, apii bgin bgon
< C(Py) sup exps(y,
i€ N,

where

1 1
62 = f((1- )as) = J(1 = —-a:) +1og by, — 1ogbgon <

1
< f((1— ;)ai) + log bg,n — log bgen
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Using inequality (18) we have

62) < f((1—C)f (108 bgyn)) + 108 by — log bgon

Introducing new function ¢(u) = f~!(logu), we obtain

62 = F((1— C)(bgon)) + f(®(bgin)) = F($(bgon)) =
_ F((1 = C)(bayn)) | 10g bgn))
=1 ("’(bQ""”'( F@an)) T Iogbgn)) 1)

Using the relation (5) we obtain that 6(2) < 0 for sufficiently large n, because f is a
rapidly increasing function. ' O

Theorem 1. The classes (fi)-1,(f2)-1 coincide iff Ya > 0 the two inequalities take
place:

7 (A +a)w)

li1an inf T @) >1 (20)
and

i ~fff1[fz((1+a)~U)] . o

w PR0)

Proof. Sufficiency. For arbitrary sequence (a,) T oo we consider sequence b, =
£ (fi(an)). It is obvious that (b,) 1 co. From (9) we have

S+ w) il
faH (Fi(w) q

Vpdg,q > 1:

for sufficiently large u. That is

it (aa+2)w) = (1+7) 57w,
D0 > £ (04 D5 AW)),
Al=1= Dan) < fa (1= 2)-8).
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Analogusly, from (10) we have

Vidga > 1 7 (R4 ) 0) < (14 0) 57 ()

or f2((—1— %)‘bn) <h ((—1 - %) . an] . for sufficiently large n.
Necessity.

Assume, for example, that condition (20) does not take place, that is Ja > 0 and
(an) T oo such that

1 (A0 + a)an))
nee fy (fa(an)

Let ¢1(apn) be a Kothe space with ap, = exp f1 [(—1 - %)an] .
The function f;(u) is rapidly increasing, therefore the condition (1) takes place. Let
go = 1/a, then

o fega) I (A1=Ban)]) 5 (Alen)

lim inf ~=5————= = lim inf - > lim inf - =

v S logagn) o (A((-1-Ben)) T (A + Len)

It means that the condition (2) of lemma 1 takes place and relation (L, (b,,—1), Ly, (an, —1)) €

R for every sequence (b,). The last means that Ly, (a,,—1) is not isomorphic to some
Ly, (bn, —1) or classes (f1)-1 and (fz)—1 is not coicide. O

Theorem 2. The classes (f1)-1 and (f2)—1 do not intersect if one of the two conditions
takes place:

fat (f1((1+ %)-anm)]
f3  (fi(angs)))

V(an)3A(n(j))3g > 1: liJm =1 (22)

or

(A + ) - ang)) 1
FH (f2(an()) '
Proof. Assume that there are two isomorphic spaces Ly, (an,—1) and Ly, (bn, —1) but

the condition (11) holds.
Let 3¢3(n(j)):

V(an)3(n(j))dg > 1: lijm
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st (A1) )

lim inf
T (A=Y )

> lim inf Ji (f1(0n(s)
U [f1((1 +3) anu'))]

=1.

Using lemma 1 for a a,; = exp fl((——l—zl))an(j) we have (L, (bn, —1), Ly, (an(;), —1)) € R.
Now it is easy to show that Ly, (an,—1) is not isomorphic to Ly,(b,,—1) and we get a
contradiction.

The next theorems are proved analogously. O

Theorem 3. The classes (f1)1,(f2)1 coincide iff Va > 0 the two inequalities take place:

7 (Al +a)w)

lim inf
: )
and
i (ea+e) W)
lim inf — >1
u fi (fa(u))

Theorem 4. The classes (fi1)1 and (f2)1 do not intersect if one of the two conditions
takes place:

Y(an)3(n(j))3g > 1 :1i fgl(fl((l_%)'an(j))] .

or

i (A= aw)
TN (fa(anis))) -

The same theorems for classes 6 = 0,00 were obtained in [6].

V(an)3(n(j))Ig > 1: li;n
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DRAGILEV UZAYLARI ARASINDAKI BAZI BAGLANTILAR

Ozet

Bu ¢alismada keyfi fi ve f2 i¢in (f1)s ve (f2)s Dragilev uzaylarimin ¢ahigmalan
igin yeter ve gerek kogullar verilmektedir.
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