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A NOTE ON INTUITIONISTIC SETS AND
INTUITIONISTIC POINTS

Dogan Coker

Abstract

The purpose of this note is to define the so-called “intuitionistic sets” and
“intuitionistic points”, and obtain their fundamental properties.

Key words: Intuitionistic set; intuitionistic point.

1. Introduction

After the introduction of the concept of fuzzy set by Zadeh [8] several researches
were conducted on the generalizations of the notion of fuzzy set. The idea of ” intuitionistic
fuzzy set” was first given by Krassimir T. Atanassov [1]. Here we shall present the classical
version of this concept.

2. Preliminaries
Here we shall present the fundamental definitions. The following one is obviously

inspired by K. T. Atanassov [1,2,34]:

Definition 2.1. Let X be a nonempty fized set. An intuitionistic set (IS for short) A is
an object having the form

A=<z,A, A >

where A1 and Az are subsets of X satisfying Ay N Ay = ¢. The set Ay is called the set
of members of A, while Ay is called the set of nonmembers of A.

Remark 2.2. An intuitionistic set 4 =< z Al,Az > in X can be identified to an
ordered pair in 2X22% or to an element in (2z2)X
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Example 2.3. Every set A on a nonempty set X is obviously an IS having the form
<z, A AC >.
One can define several relations and operations between IS’s as follows:

Definition 2.4. (cf.[3.4.5]) Let X be a nonempty set, and the IS’s A and B be in the
form A=< z,A,Ay >, B=<ux,By,By >, respectively. Then

(a) AC) Biff Ay C By; (b) ACy Biff A2 D By;

() ACBIiff AC;; B and AC B;

(d) A=B iff AC B and B C A;

(e) ArB iff Af N AS C Bf NBS  or, equivalently, Ay U Ay 2 By U By;

(f) A:< :B»AZaAl >

(g) ANB=<z,A1 NBy,As U By >; (h) AUB =< z,A;1 UB1,Ay N By >;

(i) A—B=AnNB;

(5) [JA =<z, A1, A >; (k) A=<=z, A5, As > .

Notice that ordinary sets can be interpreted as IS’s. Now we can easily generalize
the operations of intersection and union in Definition 2.4 to arbitrary family of IS’s as
follows:

Definition 2.5 (cf.[5]) Let {A1 : i € J} be an arbitrary family of IS’s in X, where
A =<z, A A" > | Then

(a) UA; =< 2,UAY nA® >, () N4, =<z,nA”,udl® >

Definition 2.6. (cf.[5]) ¢ =<z,¢,X > and X =<uz,X,¢>.

Here are the basic properties of inclusion and complementation:

Corollary 2.7. Let A, B, C and A; be IS’s in X (i € J). Then
(a) ACBand BCC=ACC

b) A, CB foreachiecJ = UA; CB

c) BCA, foreachieJ= BCNA;

(
(
(
(

d) UA; =NA4; (e) NA; = UA;
f) ACB+<=BCA (9) (A~ =4
() & = X @ X = ¢
Proof. Obvious. O

Let us now rephrase the relations between the operators
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[1:2%22% — 2Xa2X, () :2%22% — 2%z2X,

other intuitionistic set operators and complementation:

Proposition 2.8. Let A and A; be IS’s in X (i € J). Then
(a) [JUA) =U([]4) (b) ((UA)=U(()A)

() [(n4) =n([]4:) (d) ((n4:)=n((A)
(e) [1([14)=[]A (f) 04 =04
(9) (([1A)=[l4 (h) [J(04) = (A

() [A=(4 () 0A=[lA
Proof. Straightforward. O

Proposition 2.9. Let A, B, C be IS’s in X. Then

(@) ACBand B C= ACC, (b)ACBiff AC B.

Now we shall define the image and preimage of IS’s. Let X and Y be two nonempty
sets and f : X — Y a function.

Definition 2.10. (cf.[5])
(a) If B=<1y,BM B® > isan IS in Y, then the preimage of B under f, denoted
by f~Y(B), is the IS in X defined by
FYB) =<z, 1B, f1(B?)>.
(0) If A=< z,AM A®?) > isan IS in X, then the image of A under f, denoted by
f(A), is the IS in Y defined by

f(A) =<y, f(AM), F (A®) >
where f (A®) =Y — (f(X — A@)).

Now we list the properties of images and preimages:

Corollary 2.11. (cf.[5,7]) Let A, A; (i€ J) be IS’s in X, B, B; (j € K) 1S’s in Y and
f: X =Y a function. Then

(a) A1 C Ay = f(A1) C f(Az) (b)) B1C By = f71(B1) € f1(B)
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(¢) AC f~Yf(A)) and if fis 1-1, then A= 7 (f(A)).
(d) f(f~Y(B)) C B and if f is onto, then f(f '(B)) =B
(e) [7H(UB;) =Uf1(By) (f) f7HNB;) =nf~(By)

(9) f(UA;) = Uf(A)
(h) f(NA;) CNf(A;) and if fis 1-1, then f(NA;) = Nf(A:).

(W) 1) =X () f(9) =
(k) f(x)=Y ,iffisonto. () f(¢)=

~

(m) If f is onto, then f(A) C f(A); and if, furthermore, fis 1-1, we have F(A) = f(A).

(n) f~Y(B) = f~1(B)
(o) By C By = f1(B1) C f(Bs)

Proof. Let B; =<y,B{"B? > 4, =<z,4 4% >  (ieJjeckK)
B=<2,BMW,B® > and A=<z,AM, A® >

(a) Let A; € Ay. Since A(ll) - Agl) and Agz) 2 Ag2) , we obtain f(Agl)) - f(Agl))
and

X-AP cx-AP = f(x - AP C f(x - AP)
— Y - f(X-AD) DY - f(X - A]) = f(A1) 2 f(A2)

from which we easily obtain the result f(A;) C f(As2).

(b) It is similar to (a).

©OF H(f(A) = fHA(<z,AD, AP >)) = 7 (< y, f(AD), f(AD) >)
= <z, [THFAD)), FHf(AP)) 2< 2, AW, A®) >= A,

Notice that f~1(f(A™)) D AM) and
FHf(AD) = f7HY = f(X = AD)) = X — fH(F(X - A®))) €
X 2)) =

H
—(X - A2) A®@)
(d)f(F71(B)) f(f W<y, BY,B? >) = f(<z, f7H(BW), [ (BP) >)
<y, F(FHBD), f(f71(B®) >C< y, BV, B >=B.
Notice first that f(f~*(B®) C BW. On the other hand, we also have
F(fUBY)) = Y- f(X-[Y(BD) =Y~ f(f1(Y - B®))
S Y- (Y - B®)= B, ie f(f(BP)) 2 BO.
() f Y UB;) = f~Y<yUBY,nBY >)=<u,fY(UBY),f{(nB) >

)

= <aUf" 1(B(1)ﬂf YB®) >=uf-4(By)

346



COKER

(f) It is similar to (e).
(8) f(UA) = f(<z,uA),nAP >) =<y, FUAM), F(NA®) >
= <yUsAD), Ay (A7) >=U <y, £(AD), F(AP) >=Uf(4;)
Notice that f(UAM) = Uf(A™M) and
fANAP) =Y - f(X —nAP) =Y - f(UX - AP)) = ¥ — Uf(X - A“ )
=N(Y - f(X - A7) = nf(4P).
(h)  f(NA) = f(< 2,nAP,UAD >) =<y, F(nAD), f(UAD) >
C<y,nf(AN),uf(AP) >=nf(4)).
Notice that f(ﬂAEl)) - ﬂf(Agl)) and
FAUAP) = Y - f(X —uAP) =Y - f(n(X - AP)) DY — nf(X — 4AD)
U(Y - f(X — AP) = uf(49). |

O 7 y)=f"<y,Y,¢0>) =<z, 1Y), fH(¢) >=<z,X,¢>= X

(3), (k), (1) are similar to (i).
(m) Since

flA) = f(< 2, AW, A® >) = f(< 3, AP, AW >) =<y, F(AD), F(AV) >

and

F(A) = f(< 2, AL, AD >) = <y, f(AD >), f (AD) > =<y, f (AD), f(AD) >,

we obtain the required result immediately from the fact that f is onto.

(n) Since
f7YB) = <y, BW,B® >) =<y, B®, B >)
= <z, fY(B®),f'(BW)> and
F7U(B) = U<y BO,B®>)=<gz,f-1(BW),f-1(B®) >

<z, f~YB®), f~1(BW) >

we obtain f~1(B) = (f~'(B)).
(o) Let By C B,. Hence
BOUB® 2B UBY — 1B uB® o 1B UBP)
— M) 2 B0 U ER)
= f- (Bl) ey (Bg) follows.
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3. Intuitionistic Points

One can easily define a natural IS in X, called ”an intuitionistic point” in X,
corresponding to an element X:

Definition 3.1 (cf.[6]) Let X be a nonempty set and p € X a fized element in X. Then

the IS p defined by p =< z,{p},{p}~ > is called an intuitionistic point (IP for

short) in X.

IP’s in X can sometimes be inconvenient when expres an IS in X in terms of

IP’s. This situation will occur if A =< z, A1, A> > and p € A; .Therefore we shall define
”vanishing IP’s” as follows:

Definition 3.2. (cf.[6]) Let X be a nonempty set and p € X a fized element in X. Then
the IS

p =< T, ¢, {p}C >
is called a vanishing intuitionistic point (VIP for short) in X.
Now we shall present some types of inclusion of an IP to an IS:
Definition 3.3. (cf.[6]) (a) Let p be an IPin X and A=<z, A1,A> > an IS in X.

p 18 said to be contained in A( p € A for short) iff p € A;.

(b) Let p bea VIPin X and A =<z,A1,A2 > an IS X. p is said to be

contained in A(p € A for short) iff p & As.

Proposition 3.4 (cf.[6]) Let {A;:i € J} be a family of IS’s in X. Then
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(a1) p GﬂAi iff p €A foreachieJ

(az)

€ A; for each i € J.

4

s

(1) p €lJAi iff FieJ suchthat p €A,
(b2) p €[ )A:i iff Fi€Jsuchthat p € A
N ied R
Proof. Straightforward. O

Proposition 3.5. (cf.[6]) Let A and B be two IS’s in X. Then

(a) AC B iff for each p we have p €EA= P € B and
for each P we have P €EA= P € B.
(b) A= B iff for each p we have p € A<= P € B and
for each P we have P € A= P € B.
Proof. Obvious. ) ) i |
Proposition 3.6. Let A be an IS in X. Then
A=U{ p : P EA})U(U{g € A}).

&S]

~

Proof. It is sufficient to show the following equalities:

A= U{{p}: p €A} U (U{o: P € A}) and

~

A= (O} p €ANNO{RIC: p €AY,

~
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which are fairly obvious.

Proposition 3.6. states that any IS A in X can be written in the form A =
AU A ,where 4 =U{ p p €A}and A =U{

p : p € A} Itiseasy to
show that, if A =<z, A;, A >, then

~
~

A =<z,A;,AF > and A =<z,¢,42 > .

~

~o

Definition 3.7. Let f: X — Y be a function.

(a) Let p be an IP in X. Then the image of

P~

under f, denoted by f (p) ,

~

is defined by f (p) =<y, {a},{a}C >, where q = f(p).

(b) Let p

~
~

be a VIP in X. Then the image of

s

under f, denoted by f (p) ,

~
~

is defined by f (p) =<y, ,{q}C >, where ¢ = f(p).

~
~

~

It is easy to see that. f (p) Is indeed an IP in Y, namely f (p) = ¢q where

q = f(p), and it has exactly the same meaning of the image of an IS under the function

ff(p)

~
~

is also a VIP in Y, namely f (p) )= p , where ¢ = f(p).

~

Proposition 3.8. Let f : X — Y be a function and A an IS in X. Then we have

Ay =71 (a) vl (4.

~

Proof. This is obvious fromA = 4 U

IS
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4. Conclusions

This note consists of an introduction to intuitionistic sets and other related con-
cepts. One of the future developments in this direction may be the use the topological
concepts defined by means of intuitionistic sets and intuitionistic points. A preliminary
report [7] on this subject is prepared and some introductory results are obtained.
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SEZGISEL KUMELER VE SEZGISEL NOKTALAR UZERINE BiR NOT

Ozet

Bu notun amac: ”sezgisel kiimeler” ve ”sezgisel noktalar” adlarini alan kavramlan
tanimlamak ve temel 6zelliklerini elde etmektir.
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