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CERTAIN CLASSES OF ANALYTIC AND
MULTIVALENT FUNCTIONS WITH NEGATIVE
COEFFICIENTS

M.K. Aouf, A. Shamandy & A.A. Attwya

Abstract

We introduce a subclass K\, 1(A, B) of analytic and p-valent functions with
negative coefficients. Coefficient estimates, some properties, distortion theorems and
closure theorems of functions belonging to the class K, 1(A, B) are determined.
Also we obtain radii of close-to-convexity, starlikeness and convexity for the class

nip—1(A, B). We also obtain class preserving integral operator of the form

F(z)=

et /tc_lf(t)dt,c>—p

ZC
0
for the class K, 1(A, B) Conversely when F(z) € K;.,_1(A, B) radius of p-
valence of f(z) defined by the above equation is obtained.

1. Introduction

Let S(p) denote the class of functions of the form

[(2) =2+ Y apa i p e N={1,2,---}), (1.1)

which are analytic and p-valent in the unit disc U = {z : |z| < 1}. Let f(z) be in S(p)
and g(z) be in S(p). Then we denote by f % g(z) the Hadamard product of f(z) and
g(z), that is, if f(z) is given by (1.1) and g(2) is given by

g(Z) =zP + pr+k2p+k(p S N), (12)
k=1
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then

frg(z) =2+ Zap+kbp+kzp+k. (1.3)
k=1

The (n+p—1)—th order Ruscheweyh derivative D"*P~! f(z) of a function f(z) of S(p)
is defined by

2P ()Y

DTH‘P—If(Z) = (n+p_ 1)' (1.4)
where n is any integer such that n > —p. It is easy to see that
n+p—1 2P
D flz) = A=z * f(2) (1.5)
oo
= 2P+ Y 8(n, k)appaP T, (1.6)
k=1
where
n+p+k-—1
(5(n,k):< nip_l ) (1.7)

Particularly, the symbol D™ f(z) was named the n-th order Ruscheweyh derivative of
f(z) € S(1) by Al-Amiri [1].
Let T(p) denote the subclass of S(p) consisting of functions of the form

£2) = 27 = S apene? (g > 0;p € N). (18)
k=1

Alsolet K., ,(A, B) denote the class of functions f(z) € T(p) such that

DTGz
2<Dn+P~1f(z> 1)

<1,(zelU), (1.9)

D+ z
2B gty — (A+ B)

where -1 < A< B<1,0<B<1,and n> —p.
We note that:
() Kpipa(=1,1) = K7, 1 (Owa [3]);
(ii) K§((4y=3)3,8) =T*(v,8)(0 <y < 1,0 < B <1) (Gupta and Jain [2]);
(i) K§(4y—3,1) =T*(y)(0 <+ < 1) (Silverman [4]).

354



AOUF, SHAMANDY & ATTIYIA

2. Coefficient Estimates

Theorem 1. Let the function f(z) be defined by (1.8). Then f(z) is in the class

K ,—1(A, B) if and only if

> Dib(n, K)apix < (B — A)(n +p), (2.1)
where )
Dy = [2k(B+ 1) + (B — A)(n +p)]. (2.2)

The result is sharp.
Proof. Assume that the inequality (2.1) holds and let |z] = 1. Then we get

2D f(z) = D™ f(2)] = [2BD™Pf(2) — (A + B)D" T f ()|

—2i ( £ )6(71, k)apyp 2P
k=1

n+p
> [t
o e L P IS M

n—+p ot

— |(B—A)ZP—

)+ (B - A)J 8(n, k)apspz?t*

- +p) +(B - A)] 6(n, k)apik

2k
——(B+1)+ B—A)](S(n,ka r—(B—A)
> B o~
< 0, by hypotheses.

Hence by the maximum modulus theorem f(z) € K., (4, B).
Conversely, suppose that

DR f(z)
2(Dwflfm - 1)

Dri? f(z)
QBW - (A+ B)

= =l <1l,zeU.  (2.3)

(B-4)-Y [28( k )+ (B - A)] 8(n, k)apsk 2"

n+p
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Since |Re(z)[ < |2| for all z, we have

_QZ(

) (n,k)ap k2"

Re < 1. (2.4)
= k
B—A)— 2B(—>+ B—A]én,ka *
B=4)= 3 25 + (B = 4] ot o
Choose values of z on the real axis so that Dn—::% is real. Upon clearing the

denominator in (2.4) and letting z — 1~ through real values, we obtain

2§:( k )6(n, K)apes < (B~ 4)

“\n+tp
0

—Z [2B( ) + (B - A)] 6(n, k)aptr.

This gives the required condition.
Finally, the function

_p (B=A)Mn+p) .k
H&) =2 = = 5t k) o

is an extremal function for the theorem. O

(k=1) (2.5)

Corollary 1. Let the function f(z) defined by (1.8) be in the class K., (A, B). Then

(B — A)(n+p)
“hama . k2. (2.6)

The result is sharp for the function f(z) given by (2.5).

apt+k <

3. Some Properties of the Class K, (A, B)

Theorem 2. K,*Hp(A,B) C K\ ., 1(AB) forpeNn>-p-1<A<B<LI1, and
0<B<1.

Proof. Let the function f(z) defined by (1.8) be in the class K, (A, B). Then, by
Theorem 1, we have

g( DI (= )6+ 1, B)api < (B 4) (3.)
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and since
2k(B +1 2k(B +1
( (fl+p)) (B - A)) (n, k) < (ﬁ%HB—A))&(nH,k)
for k > 1, (3.2)
we have
X (2k(B+1)
$ (K520 45 )
>/ 2k(B +1)
< Z( CETEEY L (B~ 4))6(n+1,K)api < (B - 4). (3.3)
k=1 p
The result follows from Theorem 1. O

Theorem 3. Let —1 < A; < Ay < B; < By <1 and 0 < By < B, <1. Then we have

+p 1(A1’BZ)D +p 1(A2’B1)

Proof. Theorem 3 is an immediate consequence of the definitin of the class K., (4, B).

4. Distortion Theorems

Theorem 4. Let the function f(z) defined by (1.8) be in the class K., (A, B). Then
we have

o = B Ao <150 < o7 + B Hpap (4.1)

for z € U. The result is sharp.
Proof. Since f(z) € K;;,, (A, B), in view of Theorem 1, we obtain

D1 6(n, 1)Zap+k < ZDké(n, K)apik
k=1 k=1
< (B- A)n+), (42)
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which implies that

kglapwc < (BI;A). (4.3)

Therefore we can show that

IF] 2 12l = [P apa
k=1

P (E — A) p+1
2zl — —|z 4.4

v

and

1F(2)] < J2P+ 2P apsn
: k=1

B—A ]
< [ofF + g—‘lr)lzlpﬂ (4.5)

for z € U. This completes the proof of Theorem 4. Finally, by taking the function

1) = - B,

we can show that the result of Theorem 4 is sharp. O

(4.6)

Corollary 2. Let the function f(z) defined by (1.8) be in the class K}, (A, B). Then
f(z) is included in a disc with its center at the origin and radius 1 given by

=D1+(B—A)

D (4.7)

1

Theorem 5 . Let the function f(z) defined by (1.8) be in the class K} ,, (A, B). Then
we have '

L1
plz| D, D

(4.8)

for z € U. The result is sharp.
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Proof. In view of Theorem 1, we have

6(n,1) & 3
DO DS o+ Kapss < 3 Deln, K)ape
(p + 1) k=1 k=1
< (B-A)(n+p) (4.9)
which implies that
oc B—-A +1
S+ Kapss < g_____j%le___l_ (4.10)

k=1

Hence, with the aid of (4.10), we have

£ 2 Dl — 2P 3(+ ape
k=1
> gl - BN D (a)

and

[F'(2)] < plzlP™ + [2PY (0 + K)apw
k=1

MUELEZ

IA

pleP~! (4.12)

for z € U. Further the results of Theorem 5 are sharp for the function f(z) given by

(4.6). O

Corollary 3. Let the function f(z) defined by (1.8) be in the class K, (A, B). Then
f'(z) is included in a disc with its center at the origin and radius o given by

_PDi+(B-A)p+1)

B (4.13)

T2
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5. Closure Theorems

Let the functions f;(z) be defined, for i =1,2,---,m, by

Z%+k 2P (apiri 2 0) (5.1)

for zeU.
We shall prove the following results for the closure of functions in the class

;A—p—l(Aa B) .

Theorem 6. Let the functions f;(z) defined by (5.1) be in “the class Ky ,—1(A,B) for
every i =1,2,---,m. Then the function h(z) defined by

= Zcifi(z) (c; > 0) (5.2)

is also in the same class K, (A, B), where

ici =1. (5.3)

=1

Proof. By means of the definition of h(z), we obtain

h(z) = 2P i(i Aptk, l)z”* (5.4)

Further, since f;(z) are in K:;er;l(A,B) for every i =1,2,---,m, we get
> " Did(n, k)apixi < (B — A)(n+p) (5.5)
k=1

for every i = 1,2,---,m. Hence we can see that

kaé(n, k) (iciap-uc,i)
= C; (kaé(n k)ap+k,i)

1=1 k=1

X
s T

> i) (B - A)n+p) = (B~ A)(n+p) (5.6)

1=1

IN
o
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with the aid of (5.5). This proves that the function h(z) is in the class K ,_;(A4,B) b
means of Theorem 1. Thus we have the theorem. D

Theorem 7. Let f,(z) =2 and

p (B=A)n+D) pik
= -_— k>1 .
forsle) = 27 - SIS k2 ) 6.7
for p e NNn > —p,—-1 < A < B <1 and 0 < B < 1. Then f(z) is in the class
K. ,-1(A,B) if and only if it can be expressed in the form
2) =Y Aprrfpek(2), (5.8)
k=0
where Apyk > 0(k > 0) and Z)\p+k =1.
k=0
Proof. Suppose that
f(z) = Z)‘p+kfp+k(z)
k=0
(B - A)(n+p)
= R ALR WY A 9
Dké(n k P+kz (5 )
k=1
Then it follows that
(B—A)(n+p)
D k )
Z UL WIS I A
= (B—A)n +P)Z/\p+k
k=1
= (B-A)(n+p)(1-Xp) < (B-A)(n+p) (5.10)

So by Theorem 1, f(z) € K., 1(A, B).
Conversely, assume that the function f(z) defined by (1.8) belongs to the class
K, ,—1(A,B). Then

(B-A)n+p) (k> 1). (5.11)

<
Itk = "D 8(n, k) =
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Setting
Dyé(n, k)
Apig = b2 12
B A ) (512
and
Ap=1- Apin. (5.13)
k=1

We can see that f(z) can be expressed in the form (5.8). This completes the proof of
Theorem 7. O

Corollary 4. The extreme points of the class K, , (A, B) are the functions fp.,(z)(k >
0) given by Theorem 7.

6. Integral Operators

Theorem 8. Let the function f(z) defined by (1.8) in the class K}, (A, B), and let
c be a real number such that ¢ > —p. Then the function F(z) defined by

F(z) = <12 /O O (6.1)

ZC
also belongs to the class K., (A, B).
Proof. From the representation of F(z), it follows that

0o
- _5_ bp—i—kn
k=1

where

bty = (&)a
pt+k — C+p+k p+k-

Therefore,
ctp
ZDk n, k) p_HC—ZDk(S ( p+k) ik
< 3 Dubn, K)aper < (B — A)(n +p),
k=1
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since f(z) € K., (A, B). Hence, by Theorem 1, F(z) € K., ,(A,B).
Putting ¢ =1 — p in Theorem 8, we get the following. O

Corollary 5. Let the function f(z) defined by (1.8) be in the class K., (A, B) and
let F(z) be defined by

F(z)= ! ’ @dt. (6.2)
0
Then F(z) € K, ., 1(A,B).

Theorem 9. Let ¢ be a real number such that ¢ > —p. If F(z) € K} (A, B), then

n+p—1
the function f(z) defined by (6.1) is p-valent in |z| < R;, where

. p(c+ p)Dyb(n, k) }E
R* = inf E>1).
=1 {<p+k><c+p+k>(B—A)(n+p> (k2 1)
The result is sharp.

(6.3)

Proof. Let F(z) =2z" — Y apixz” ¥ (aprx > 0). It follows from (6.1) that
k=1

f0) = T o o (o> )

k=1

To prove the result, it suffices to show that

f'(= «
%—p <pfor |z| < Rj.
Now
f'(2) S ctptk k
ERNIE ST
k=1
o0
c+pt+k
<> (p+ k)(c—+})—)ap+klz\k-
k=1
Thus f;(_zf —pl <pif
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i(p+k)<c+l?+k)ap+k|z|k§1_ (6.4)

- P ct+p

But Theorem 1 confirms that

2. Dipé(n, k)
; B A )ap+k§1 (6.5)

Thus (6.4) will be satisfied if

pt+k\y/c+p+k k< Dyé(n, k)
S ) g amy  #20
or if
p(c+ p)Did(n, k) E
|Z|S{(p+k)(c+p+k)(3_,4)(n+p)} (k>1) (66)

The required result follows now from (6.6). The result is sharp for the function

Dié(n,k)(c+p+k) ek

[&) =2 = B Dt petp)

(k> 1). (6.7)

7. Radii of Close-to-Convexity, Starlikeness and Convexity

Theorem 10. Let the function f(z) defined by (1.8) be in the class K, ., (A, B), then
f(z) is p-valently close-to-convex of order a(0 < a < p) in |z| < r1(A,B,n,p,a) where

. (p — a)Di6(n, k) g
i Bonpe) =yt | B EPRE

The result is sharp with the extremal function f(z) given by (2.5).

(k> 1). (7.1)

= —pl <p—a for |z| <ri(4, B,n,p,a). We have

fl

oo
=] < S+ Bl
k=1

Thus

L —p‘ <p-aif
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—(p+k) k
;(p_a)ap+k|z| <1. (7.2)

Hence, by Theorem 1, (7.2) will be true if

p-a) =(B- A)(n +p)
or if
(p— @) Deb(n, k) ]
z] < ,(k>1). 7.3
o< |G ¢ (79
The theorem follows easily from (7.3). O
Theorem 11. Let the function f(z) defined by (1.8) be in the class K}, (A, B), then
f(z) is p-valently starlike of order o (0 < a <p) in |z| < r2(A, B,n,p,a) where
. (p—o)Dib(n,k) 1
= inf >1). .
ra(4,Bynpra) = inf | o PSR (> 1) (7.9

The result is sharp with the extremal function f(z) given by (2.5).

zf'(2)

Proof. It is sufficient to show that |5 —pl <p-a for |z| < ro(A,B,n,p,a). We

have
o
£(2) Zkap+k|z|k
z 2 k=1
o< .
1- Zap+klz|
k=1
Thus Z;QS) —p| <p-aif

Z(PJrk—a ap+xlz|® <1 (7.5)

Hence, by Theorem 1, (7.5) will be true if

(p+k=o)lzl* _ _ Didln,k)
b-a) ~ (B-An+p)

or if
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(p — ) Dib(n, k) g
z| < - k>1). 7.6
S ] B (70
The theorem follows easily from (7.6). a

Corollary 6. Let the function f(z) defined by (1.8) be in the class K., 1(A,B), then
f(2) is p-valently convez of order a(0 < a < p) in |z| < r3(A, B,n,p,a) where

i p(p — @) Di8(n, k) i
r3(A,B,n,p,a) = kf PR+ k-a)B - A (k>1). (7.7)

The result is sharp with the extremal function f(z) given by (2.5).

8. Modified Hadamard Product

Let the functions f;(z)(¢ = 1,2) be defined by (5.1). The modified Hadamard
product of fi(z) and fa(z) is defined by

o0

fi* fa(z) = 2P — Zap+k,1ap+k,2zp+k- (8.1)
k=1

Theorem 12. Let the function fi(z) defined by (5.1) be in the class K, . ,—1(A,B) and
the function f>(z) defined by (5.1) be in the class K, 1(C,E)(-1<C < E<1,0<
E <1). Then the modified Hadamard product fi x fo(z) belongs to the class

] 4(n +p)(B - A)(E - C)
1- 1 .
”+p‘1< 6(n,1)D1G1 — (n+p)?(B - A)(E - C)’ ) (82)
where Dy(k > 1) is defined by (2.2) and Gi(k > 1) is given by
G = [2k(E+1) + (E - C)(n+p)]. (8.3)
The result is sharp.
Proof. From Theorem 1, we have
Dk(S(TL,k)
<1 8.4
2B A ) S (84)

and
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> Gré(n, k)
<1. .
Z(E C)n+p)ap+k_1 (85)

We want to find the largest 8 = 3(n,p, A, B,C, E) such that

[e o)

[4k + (1 - ﬁ)(n + p))é(n, k)
; B)(n+p)

From (8.4) and (8.5) by means of Cauchy-Schawarz inequality we obtain

Ap+k10pik2 < 1. (8.6)

G 6(n, k
G (,Eﬂf)mﬂ (8.7)

Hence (8.6) will be satisfied if

(1-8) DiG
Vartiitriig S e n+p)]\/ B_A’;(E’“_C)<kzl). (88)

From (8.7) it follows that

VortkaOpik2 S g DG

Therefore (8.6) will be satisfied if

(n+p)\/(B—A)(E—C)(kZ 1). (8.9)

(n+p) [(B-A(E-C) _ (1-5) DG
6(n, k) DG S @k+(1-Bm+p)\ B-AE-C)

(k>1). (8.10)

that is, that
B<1- 4k(n +p)(B — A)(E - C)
=" §(n,k)DrGy — (n+p)2(B — A)(E - C)’

The right-hand side of (8.11) is an increasing function of k (k > 1). Therefore, setting
k=1 in (8.11) we get

(8.11)

4(n+p)(B-A)E-C)
6(n,1)D1G1 — (n+p)*(B — A)(E - C)’
The result is sharp, with equality when

p<1-

(B —4) LPt1

file) = 2F - 5
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and

(E-C)

fa(z) = 2P — =22 pF1
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NEGATIV KATSAYILI BAZI ANALITiK VE COK KATLI FONKSIiYON
SINIFLARI

Ozet

Analitik, p-kathi ve negativ katsayili fonsiyonlarm bir K., (A, B) altsimfi
tamimlanip, bu simif icin katsay1 kestirmeleri bozulma teoremleri, kapanig teoremleri
kamitlanmigtir. Ayrica bu sinifin Ozellikleri incelenmis ve elemanlarinin yildizlik,
konvekslik, yaklagik konvekslik caplar1 hesaplanmigtir.
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