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EXTREMES OF LEVY PROCESSES WITH LIGHT TAILS

MICHAEL BRAVERMAN

ABSTRACT. Let X(t)t > 0,X(0) =0, be a Lévy process with spectral Lévy measure p. Assuming
that p((—00,0)) < oo and the right tail of p is light, we show that in the presence of Brownian
component

P < sup X(t) > u) ~P(X(1)>u)

0<t<1
as u — oo. In the absence of Brownian component these tails are not always comparable. An
example of Lévy process of the type X (¢) = B(t) + Z(t), where B(t) is a Brownian motion and
Z(t) is a compound Poisson process with positive jumps, for which these tails are incomparable
is also given.

1. INTRODUCTION

The problem of finding asymptotics of the probabilities P(sup;cp X () > u) as u — oo, where
X(t) is a stochastic process, is a classical one. It was intensively studied, but many unsolved
questions still remain.

In what follows T' = [0, 1] and X (¢) is a Lévy process, X (0) = 0. Its characteristic function is
given by the well known Lévy—Khintchin formula

Eexp (isX(t)) = exp (ty(s)) ,

where
0'282 00 )
(1.1) P(s) = —ibt — 5 + / (€% =1 —iszl(|z] < 1)) p(dz).
Here b € R,0 > 0 and p is a Borel measure such that [ min{1,2?}p(dz) < oo (the Lévy
measure).

If o is strictly positive, then the process can be represent as a sum of independent Brownian
motion B(t) and another Lévy process Xi(t). In the case p(R) < oo the last process is a
compound Poisson. So, if the Lévy measure is finite, we can write

(1.2) X(t)=0B(t)+ Z(t) —bt, t >0,
where Z(t) is a compound Poisson process with the parameter A = p(R). It means that

N(t)

(1.3) Z(t) =Y Xy,
k=1

where N(t) is a Poisson process with parameter A independent of iid random variables {X}}72
(the jumps of the process).
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One of the approaches to the mentioned problem is to establish a relation

(1.4) P<Sup X(t)>u>~aP(X(1)>u) as u — 00
0<t<1
where a is a constant. Then Lévy-Khinchin formula allows to derive the asymptotics of the right
hand side probabilities by powerful analytical tools.
The first result of type (1.4) is Lévy theorem, which states that for Brownian motion B(¢),t > 0
the following holds:

(1.5) P < sup B(t) > u) =2P (B(1) > u)
0<t<1

for all w > 0. During recent years (1.4) was established for various classes of Lévy processes (see
[1]-[6], [9], [11], [12]). One of the methods used in these studies is to represent the process in
the form X (¢) =Y (t) + Z(t), where Y (¢) and Z(t) are independent, Z(t) is a compound Poisson
process and Y (t) is a Lévy process for which Eexp(c|Y (t)|) < oo for each ¢ > 0. Assuming
the distribution of the jumps of Z(t) to be heavy, (subexponential or exponential), one first
establishes (1.4) for this process. Such distributions possess the following property: if X and
Y are independent random variables, the tail of X is heavy and P(Y > u) = o(P(X > u)) as
u — 00, then P(X +Y > u) ~ bP(X > u) as u — oo, where b is a constant. Using it, on can
pass from Z(t) to X (t) (see, for example, [6] and [11] and references threin).

But such approach does not work if jumps have a light tail in the sense of [4]. So, other methods
are called for.

In what follows C denotes a generic constant which value may vary from line to line. As
usually, Fy stands for the disrtibution of a random variable Y. Througout the paper {Xj}7°,
are iid random variables, Sy = X1 4+ -+ 4+ X, k > 1, Sp = 0.

2. RESULTS

We say that the distribution of a random variable X has light right tail if one of the following
conditions holds:

. P(Xl > u)

2.1 P(X for all 1 =
(2.1) (X1 >u)>0 forallu>0 and ul—>HoloP(X1—|—X2>’LL) 0,
where X; and X5 are independent copies of X, or
(2.2) X <A as and P(X >a)>0

for positive constants A and .
It is known that X has a light tail if and only if X+ := max{X,0} has it (see [4], Lemma 2).
In what follows we assume that

(2.3) p((0,00)) >0
and
(2.4) p((—0,0)) < 00.

Clearly, (2.3) implies p((a,00)) > 0 for some positive a. The third assumption is:

p((min{z, a}, 00))
p((a,0))

(2f5) some a > 0 the disribution function Fj,(z) =1 — has light tail.

Our main result is the following
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Theorem 2.1. Let 0 > 0 and (2.3)-(2.5) hold. Then for each b € R
lim P(supg<i<y X(t) > u) _
u—00 P(X(1) > u)
It should be mentioned that under the additional condition:
1-F
lim M = e “ for any real ¢ and a constant o > 0,

and whithout assumption (2.4), this statement was proved in [5] and [1].

In the case 0 = 0 and p(R) < oo the process is compound Poisson with drift. It is known that
(2.6) holds for such processes with b < 0, but this limit not always exists if b > 0 (see [4]). Our
next result gives a condition under which this relation holds for b > 0 in the absence of Brownian
component.

Assume that P(X > u) > 0 for all v > 0 and

. P(X>u+a)
(2.7) AN Sy

For independent copies X7 and X5 of X we have P(X; + Xy > u) > P(X1 > u — a)P(X3 > a),
which implies (2.1). Hence the right tail of X is light.
If the tail of X is given in the form

(2.8) 1— Fx = exp (— /Ou h(v)dv> > g,

where ug > 0 is a constant and h is a positive function on (ug, 00) such that

(2.6)

=0 for a constant a > 0.

(2.9) h(v) — 00 as v — 00,
then (2.7) holds and, therefore, X has a light tail.
Theorem 2.2. Assume (2.3)-(2.5) hold, o = 0 and the function F, from (2.5) can be represented

in the form (2.8) with (2.9). Assume also that the function h is continuous, increasing and
satisfies the condition

(2.10) h(v +b) < exp <bhé”)>

for v large enough. Then (2.6) holds for each b € R.

Condition (2.10) means that the function h(v) cannot grow too fast as v — oo. If h(v) =
exp(g(v)) and g(v+a) < C(a)g(v) for positive a and v, then (2.10) holds. Another examples are
h(v) = v, and h(v) = [log(v + 1)]¢, where ¢ is a positive constant. In can be easily verified that
X1 with a normal distiribution satisfies the conditions of the theorem. Therefore, (2.6) holds for
compound Poisson processes with normal jumps and negative drifts.

As it was shown in [4], relation (1.4) does not hold if X (¢) is a compound Poisson process with
negative drift and jumps having a lattice distribution bounded from above. The following result
shows that the condition of boundedness can be ommited.

Theorem 2.3. Let (1.2) hold with o = 0, and jumps X}, having a lattice distribution with a
minimal step a. Assume that

P(X 1
(2.11) P(X;>mna) >0 foralneN and lim (X > (n+ Do)

=0.
n—oo P(Xl >TLCL)



4 M. BRAVERMAN

Then for each b > 0

P (supg<;<; X () > u)
2.12 li == =
(2.12) P TP (1) > w) >

and

P (supg<i<1 X (t) > u)
2.13 lim inf == =1
(2.13) sbe P(X(1) > u)
Remark 2.4. One can obtain a lattice distribution by a ”discretization”. Namely, for a random
variable X and a fixed a > 0 put

o0

X(a) = Z na[(na§X<(n+l)a) .
n=—o00
Assume now that the distribution of the jumps Xj, satisfies (2.8)—(2.10). Denote by X ,ga) the
discretizations of X}, and by Z(®(t) the corresponding compound Poisson process given by (1.3).
Let b > 0. Then for the process X (t) = Z(t) — bt we have (2.6), while for the process X (@ (t) =
Z@(t) — bt relations (2.14) and (2.15) hold. For example, it is true if the jumps X} are normal.
The situation is different when the tail of jumps is "heavy”, i.e. if

. P(Xi>u+a)
lim ———=

u—oo  P(Xy > u)

for any a > 0. It is known that under this assumption (2.6) holds for the process X (t) (see [12]).
)

=1

Because in this case the tail of ”discretized” jumps X lga
X (t) = Z@(t) — bt also.

is also heavy, (2.6) holds for the process

Theorems 2.1 and 2.3 show that sometimes the process Z(t) — bt does not satisfy (1.4), while
for the process (1.2) with ¢ > 0 relation (2.6) holds. Our last result states that a compound
Poisson process Z(t) may satisfy (2.6), while for the process X (t) = oB(t) + Z(t) relation (1.4)
does not hold. Clearly, if the jumps of Z(t) are positive, then its supremum over [0,1] is Z(1).

Theorem 2.5. There is a compound Poisson process Z(t) with positive jumps such that for the
process (1.2) with 0 > 0 and b= 0

) P(supg<;<1 X (t) > u)
2.14 | ==
(2.14) AP TR () > w)

and
P(supg<i<; X(t) > u)

(2.15) hunl)ggf PIX(1) > u) =1

3. AUXILIARY STATEMENTS
Here we prove some statements that are used later .

Lemma 3.1. Let Z and W be random variables, P(Z > u) > 0 and P(W > u) > 0 for all
positive u, and one of the following conditions holds:

. P(Z>u)
(3-1) LT Sk
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or
. P(Z>u)
3.2 1 —_— = =
(32) oo P(W > u)
Let a random variable Y satisfy condition (2.7). If Y is independent of Z and W, then
P(Y +Z > u)

lim =2 =W
oo P(Y + W > u)

if (3.1) holds, and

. PY +Z>u)
lim ———— % =
u—oo P(Y + W > u)

if (3.2) holds.
Proof. 1f (3.1) holds, then for a fixed € > 0 we can find ug > 0 such that
P(Z>u) <(1+¢P(W >u)

for all u > ug. Hence
u—1ug
PIY + 7 >u) < (1+e)/ POW > u— 1) Fy (dt) + P(Y > u— up)
<A+e)PY+W >u)+PY >u—up).
We also have P(Y + W > u) > P(Y > u —uy — a)P(W > ug + a). From here and (2.7)

) P(Y +Z>u)
lim sup

— =~ < (1 .
T T S G
But by the same way
i su PY +W > u)
vl PY 1 Z > u)

Letting ¢ — 0 we get the first needed relation. The second one can be obtained similarly. O

<(1+e).

It is known that for compound Poisson process with light tail relation (1.4) holds with a = 1
(see Theorem 1 from [4]). Because the random variable Y = B(1) satisfies (2.7), we come to the
following statement.

Corollary 3.2. If the jumps of a compound Poisson process Z(t) have a light tail, and B(1) is
independent of this process, then
P(B(1) +supg<i<y Z(t) > u)

(3.3) B OO

Lemma 3.3. Let random variables { X1}, and Y be independent. Assume that the tail of Xy,
is light and Y satisfies (2.7). Assume also that a < « in the case (2.2). Then
P(Y + S, > u)

li =0
e P(Y + Si+1 > u)

forallk=1,2,....
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Proof. Fist we consider case (2.1). Then, according to Lemma 4 from [4]
P (Sk > u)

3.4 lim =0
( ) uU—00 P(S]H_l > u)
and Lemma 3.1 leads to the needed conclusion.
Turn to case (2.2). Then S; < Ak and
Ak
P(Y + Sk > u) :/ P(Y >u—t)Fg, (dt),
Ak
P(Y 4+ Sgy1 > u) :/ P(Y + X1 > u—t)Fgs,(dt).

We have P(Y + X1 >u—t) > P(Y >u—t—a)P(X; > a), and P(X; > a) > 0 because a < . It
follows from this estimate and (2.7) that for a fixed € > 0 there is ug > 0 such that if u —t > o,
then

P(Y >u—t) <.
P(Y—l—Xl >’LL—t) -
But in the last integrals ¢t < Ak < u — ug, i.e. u —t > ug for u large enough. For such u
P(Y + Sk > u)
P(Y + Sgy1>u) —
Letting © — oo and then ¢ — 0 we obtain the lemma. O

€.

The next statement plays an important role in the proof of Theorem 2.1.

Lemma 3.4. Assume random variables X and Y are independent and Y is symmetric. Then
PX+|Y|>u)=2P(X+Y >u)— P(X >u+[Y]).
for allu>0.
Proof. We have
PX+|Y|>u)=PX+Y>u)+PX+Y <u, X+Y|>u)=PX+Y >u)
+PX >u, X+Y <u)+PX <u, X+Y <u, X+1|Y|>u).
Because of symmetry and independence
PX>u,X4+4Y<u)=PX>u,Y<u—-X)=PX>u,Y>X—u).
By the same reasons
PX<u,X+4Y<u, X+|Y|>u)=PX<u,Y<u—-X,|[Y|>u—-X)
=PX<u,Y<u—-X,-Y>u—-X)=PX<u,Y >u—X)
=PX<u,X4+Y>u)=PX+Y>u)-PX>u, X+Y >u).
Inserting the last two relation in the first one we get
PX+|Y|>u)=2P(X+Y >u)+PX>u,Y>X—u)—P(X >u,Y >u—X)
=2P(X+Y>u)—-PX>u,u—X<Y <X —u).
Since the last probability is
PX>u,|Y|<X—u)=PX >u+|Y]),

the lemma follows. U
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The following lemma will allow us to reduce the proofs of Theorems 2.1 and 2.2 to the case of
processes of type (1.2).

Lemma 3.5. Let
(3.5) X(t) =X1(t) + Xa(1),

where Lévy processes X1(t) and Xo(t) are independent, Xo(t) is a subordinator with Lévy measure
p2 such that pa((az,00)) = 0, where ag > 0 is a constant. Assume that pi((ai,00)) > 0 for
ay > ag, where py is the Lévy measure of X1(t). Assume also that Xi(t) satisfies (2.6). Then
this relation holds for the process X (t).

Proof. Since X»(t) is a subordinator, then

(3.6) P < sup X (t) > u> <P ( sup X1(t) + Xo(1) > u>

0<t<1 0<t<1
u—A
§/ P(Sup X(t)>u—v> Fx,y(dv) + P(X2(1) > u — A),
—o00 0<t<1

where A is a positive constant. Because X (t) satisfies (2.6), for a fixed € > 0 there is A such
that the integral does not exceed

(14+6e)P(X1(1) + Xa(1) >u) = (14+€)P(X(1) > u).
It is well known that the conditions pi((aq,00)) > 0 and p2((az,o0)) = 0 for a3 > as implies
P(Xa(1) > u— A) = 0 (P(X,(1) > u))
for any positive A as u — oo (see [8]). From here and (3.6)

Jim sup P(supg<i<y X(t) > u)

for each € > 0, and the lemma follows. O

<(1+¢)

Let b > 0 and Z(t) be defined by (1.3). Denote by I'y, , k > 1, the arrival times of Z(¢) and put
I'p=0. Let

(3.7) 7 =max{k: Ty < 1}.
Let
(3.8) m = min{k : P(S; > b) > 0},
and

1)log k
(3.9) ak:max{l—%,()}.
Put
(3.10) Qu)=P((Z(1)>u+bl's,T'; <a,)
Lemma 3.6. If X;, have a light tail, then for any b > 0
(3.11) lim Qu) =0.

u—oco P(Z(1) > u +b)



8 M. BRAVERMAN

Proof. 1t can be easily verified that

_ —AZ/

Sk > u—l—bt)d

Fix an index M and denote

_ —Az/ k P(Sk > u+bt)dt, QU (u) = Qu) — Qu(u).

It is clear that
k

= A
P(Z(1) >u+b)=e AZEP(Sk > u+b)
k=1
and, therefore, for each k
)\k—l—m )\k—l—m

(312) P(Z(1) > u+b) > mP(5k+m >u+b) > Hrm) P(S,, > b)P(Sk > u).

Since
k
—P(Sk > u),

the last estimate and (3.4) imply

lim Q) =
u—oco P(Z(1) > u +b)

Further, denoting
A foe Q05 P(Sy > u+ bt)dt

1)
0(k,u) = — ,
%P(Sk-q—m > u+b)
we see that "
QM) (u)
< o(k
PO > w) b o)
and )
S(kou) < (Aclzﬁ) P(Sy, > u) _ (k+1)---(k+m)ak
T P(SE > wWP(Sm > b)  AP(Sm > D)
Hence o k
M k1) (k
lim sup Q(u) = hmsupQ—(u) < sup (k+1)---(k+m)ay '

eV P(X(1) > 1) uosl P(X(1) > w) — pohr ANmP(S, > b)

According to (3.9) (k+1)---(k +m)al — 0 as k — oo. Hence, letting M — oo we come to
(3.11). 0

We also will use the following well known estimate for the normal distribution. If Y is normal
with mean zero and variance one, then for all x > 1

1 /1 1 z? 11 z?
1 — < P(Y < —— - .
(3.13) —27r< $3>exp< 2> <PY >z)< 27T:Eexp< 2>
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4. PROOF OF THEOREM 2.1

According to (2.4) we can represent our process in the form (3.5), and Lemma 3.5 shows that
it is enough to prove the theorem for the process of type (1.2).
If b < 0, then

P <0i1:£)1X(t) > u> <P <Os<121<)1[B(t) +Z(t)] >u+ b) .

So, (2.6) for b = 0 implies the same relation for b < 0. Hence, we may assume b > 0 in the sequel.
Without loss of generality o = 1.
Let 7 be given by (3.7). Then

P<Sup X(t)>u> §P< sup X(t)>u>+P< sup X(t)>u>

0<t<1 0<t<T'y I, <t<1
= A(u) +C(u) .
The theorem will follow from the next two equalities:
. C(u)
4.1 lim ————— =
(4.1) oo P(X(1) > u)
and
) A(u)
4.2 lim ——————— =
(4.2) woo P(X(1) > u)

4.1. Proof of (4.1). Let B(t) be a Brownian motion independent of X (t). We have

I, <t<1

C(u) :P< sup [B(FT)—FST—bt—FE(l—t)] >u)

< P(B(,) + 8, — 0, +|B(1 - T7)| > u)

because Lévy formula (1.5) can be written in the form

(4.3) sup B(t) < |B(1)|.
0<t<1

Applying Lemma 3.4 conditionally on I'; and taking into account the relations

B(FT)“‘E(l_FT)gB(l) and ST:Z(FT):Z(l)v

we conclude that
(4.4)C(u) < 2P (B(1) + Z(1) > u + bI',) — P (B(FT) +Z(1) > u+ b0, +|B(1 - rT)|> :
To obtain (4.1) it is enough to prove the following
Lemma 4.1. For each b > 0:
s N (B(n) +Z(1) > u+ by +|B(1 — r7)|) .
' U—00 P(B(1)+ Z(1) >u+1b) -
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and

(4.6) i PB() +2(1) > u+bly)

D PB L Z0) S uth)

Proof of (4.5). Because
P (B(FT) +Z(1) > u+ by +|B(1 — rT)|) > p <B(FT) +Z(1) > u+b+|B(1— rT)|) ,
it is enough to establish (4.5) for b = 0.
Step 1. Fix a § € (0,1). There is a positive constant D such that
P(|lB(1)]<D)>1-6¢.

Since N
Bl-tLvi—iB(1),0<t<1,
we get for each t € (0,1) and k € N

P (B(t) +Sp>u+|B(1— t)|> > P(B(t)+ S¢ >u+ DVI—1) P (|]§(1 ) < DVI— t)
> (1 =8P (B(t)+ Sk >u+DV1—t) .
Integrating with respect to I'-densities and summing up over k’s we obtain

(4.7) P(X(T;) >u+|B(1-T,))
> (1—4)e? ki;l (k;%kn' /01 P(B(t)+ Sk >u+DVI—t)t-dt

=1-0)P(X(T;)>u+D\1-T;):=(1—-0)H(u).
To prove (4.5) for b = 0 it is enough to establish that for each D > 0

- H (u)
(4.8) I X > =

Step 2. From now on « is a positive constant for which
(4.9) P(X;>a)>0,

and a is a constant such that

(4.10) a>max{1,$} .
For fixed T' € N and u > 0, where 2 < T < au, we divide N into three parts:
(4.11) Ni(T,u) ={k:k<T}, No(T,u) ={k: T < k < [au]},
Ns3(T,u) ={k : k > [au]}.

Using (4.36) and denoting by G;(u),i = 1,2,3, the sums of summands over N;(7,u) we may
write

(4.12) P(X(1) >u) = e P(B(1) > u) + Gy (u) + Ga(u) + Gs(u) .
It follows from Lemma 3.3 that for each T' € N

. e P(B(1) > u) + Gi(u)
(4.13) Jm P(X(1) > u)

=0.
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Now we show that

. Gs(u)
(4.14) ulinéo POX) > ) 0.

Indeed, according to Stirling formula

)\[au]—i—l

Gs(u) < = o (—a(ulogu)(1 +g(u))) ,

([au] 4+ 1)!

where g(u) — 1 as u — oc.

On the other hand, for
U

k(u) = max{[u] , H}

@
we have, once again applying Stirling formula,

e A

POX(W) >0 2 e s

P(B(l) + Sk(u) > u)

N Nk(u)
> e
- k(u)!

= exp (—k(u)log k(u)(1 + g1 (u)) ,
where, as above, g1(u) — 1 as u — oo. According to (4.10)

P(B(1) > 0)P(X; > a,1 < j < k(u))

1
k(u) < umax{l,a} < au,

and (4.14) follows from here and the last two estimates.
So, for each T' € N

, Go(uw)
(4.15) B )

Step 3. Here we represent Ga(u) as a sum of two quantities, such that the first of them is small
relative to P(X (1) > u). Denote

(4.16) 9a(k,u) = u — alog(min{k,u})
and
(4.17) I(k,u) = P(B(1)+ Sk > u, Sk < ga(k,u)) .
Put
lau] )\k
(4.18) Go1(u) = e Z EI(k‘,u), Gaa(u) = Ga(u) — Gag (u) .
k=T+1

Proposition 4.2. For u > T the following inequality holds:

Ga1(u) < 2aC e’ /2 l—ca
P(X(1)>u) ~ AP(X; > «) ’

where C is an absolute constant.

(4.19)
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Proof. We have, using (4.36),

)\k
X Tk
(4.20) _ Gl . (k. w)
P(X(1) > u) = T+isk<au g2 P(B(1) + Sk > )
_ (k+1)I(k,u)
T415%<au A\P(B(1) + Spp1 > u)
Further,

P(B(1) + Sk11 >u) > P(B(1) + Sk > u— a)P(X7 > a),
which yields
I(k,u) < 1 I(k,u)
P(B(1) 4+ Sky1 >u) — (X1 >a)P(B(1) + S >u—«)
o (kyu)
1 [ PB) > u—y)F (dy)
o (k,u)
T P(Xy>a) (9 pB(1) > u—y — a)Fs, (dy)
1 P —
<1 (BA)>u—y)
P(X1 > a) y<ga(ku) P(B(1) > u—y — «)
If y < ga(k,u), then u—y > u — g4(k,u) = amin{log k,log u}. Since k,u > T, we obtain using
(3.13) and elementary computations,
P(B(1) > u—vy)
P(B(1)>u—y—a)
where C is a constant independent of & and u. Because ca > 1, this inequality jointly with
previous ones give us (4.19). O

Step 4. Define

2
< Cexp <—a(u —y)+ %) < Ce”?exp (—aamin{log k,log u}) ,

/\k 1
(421) J(k‘,u) = G_AW / P (B(t) + Sk >u+ D\/ 1-— t, Sk > ga(k‘,u)) tk_ldt .
-1 Jo
The following statement is the main part of our proof.
Proposition 4.3. For each € € (0,1) and D > 0 there are Ty € N and ug > 0 such that
J(k,u)e k!

1 —
D+ 5 >u, 8 > gak,a)) e~ €

for all k > Ty and u > uyg.

Proof. We can write

)\k 00 1
J(k;’u) = e_)‘ (k_ 1)' / “ )/ P(B(t) >u—y+ Dv1 —t) tk_lthSk(dy)
R AP

and
o0

P(B(1) + Sk > u, Sk > go(k,u)) = / " )P(B(t) >u—y) Fs, (dy) ,

which yields that

. [iP(B(t)>u—y+Dy1—1)thlat
4.23 u) > k  min .
(4.23) wlw) 2k min PB) > u—)
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We estimate the expression in the right hand side dividing the area [g,(k,u),00) into three
parts: [gq(k,u),u — B3), [u — B,u + (1) and [u + (1,00), where positive constants 3 and 3 will
be choosen later. We also denote by 7,(61)(u), 7,22) (u) and 7,23) (u) the minima over these parts
correspondingly.

Case 1: go(k,u) <y <u— (3. We assume [ > 1. Estimate (3.13) implies that

P(B(t) >u—y+Dy1—t)
P(B(1) > u—y)

> b <1—i>exp<(u_y)2_(U—ZH-D\/l——t)?)

v(t,u—y) =

B+ D 32 2 2t
B B2 -1 (u—y)?(1—t) (u—y)DV1—t D?*1—1)
~B@B+D) P <_ 2 ; t Y > '

Fix b > 0. Ifl—%<t<1,then

B -1 (u—y)%b  D(u—y)Vbk D?%b
v(tu=y) 2 Goapy &P <_ o — b k—b  2k-0) )
Denoting
B a®b(logz)?>  avbDy/zlogx bD?
(424) §(x) = exp <_ 20 —b) x—b 2z — b))
and taking into account that § < u — y < alog(min{k, u}), we obtain
v(t,u—y) > ﬁ(ﬁ;+ ) & (min{k, u}) .

Restriction of the area of integration in (4.23) to 1 — 2 < t < 1 yields

(4.25) 7 () >

21
] 55 +D & (min{k,u}) .
<t

Case 2: u— (3 <y <wu+ B1. Now for 1 — %

u—y+Dv1—1t b b
(4-26) \/% - (u - y)‘ < max{ﬁ, ﬁl}W + D\/; = Xb(k)
Hence "
P(BA)>u—y+xp(k) f;__nyrXb e V24t
ey 2 =M s u—y) [ et
S1- xo(k) xo(k)

[ e PRt \orP(B(1) > 6)

because u — y < . From here, as above

@) O > [ (1 g)’f] (1t ).
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Case 3: y > u+ (1. Now
1
VO () > & / P(B(t) > —B: + D)t*dt.
0

Choose 1 > D. Then
—p1+ D

P(B(t)> —B1+D)=P <B(1) >—7

> > P(B(1) > -1+ D)

for all 0 < t < 1. Hence
(4.28) v (u) > P(B(1) > 1 + D).

Now we are able to finish the proof of the proposition. Fix 6 € (0,1) and choose b > 0 such
that e ® < 6, and ko € N for which

k
1—(1—%) > (1—0)% for k> ko.

Choose now 3 under the condition

2
iy,

B(6+ D)

According to (4.24), &(z) — 1 as ¢ — oo for each b > 0. Hence, for choosen b there is ug > 0
such that & (min{k,u}) > 1 — 9§ if min{k, u} > ug. So, (4.25) implies

7,(61)(u) > (1—0)* for k> max{kg,up} and u > ug.

Further, (4.28) allows us to find 3; such that 71(3) (u) > (1 —6). According to (4.27) and (4.26)
for choosen b, 3 and (31 there exists ki > kg such that ’y,(f) (u) > (1 —6)3 for all k > k;. Finally,

() = min {3 (), 17 (), AP )} > (1-9)!

for k > Ty = max{ky,ug} and u > ug, and the needed statement follows. ]

Corollary 4.4. Let

[au]
(4.29) Hy(u) = > J(k,u).
k=T+1
For each € > 0 there are Ty € N and ug > Ty/a such that
HQQ(U)
>1—¢€
GQQ(U)

for allu > ug and Ty < T < [au].

Step 5. Now we can proof (4.8). Indeed, (4.12) allows us to write

H(u) > Hgg(u) _ Hgg(u) 1 % 1
P(X(1)>u) ~ P(X(1)>u) Gol(u) g%guug +1 G*AP(BgZTuu)HGMU) 14 gzgzg '

Fix € € (0,1). Applying Corollary 4.4 we see that the first fraction in the right hand side is
greater then 1 — € for u > ug and Ty < T < [au|, where up and Tj are constants. It follows from
(4.19), (4.18) and (4.15) that there is 71 € N such that Gaj(u)/Ga2(u) < € for u > T;. Choose
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now T > max{Ty,T1}. For such T, according to (4.13) and (4.14), there is u; > 0, au; > T, such
that [e"*P(B(1) > u) + G1(u)]/Ga(u) < € and G3(u)/Ga(u) < € for u > u;. So,

H(u) - 1—e¢
P(X(1)>u) = (14¢€)(1+2¢)
for u > max{T, ug, u;}. Letting u — oo and then € — 0 we get (4.8). O
Proof of (4.6). Put
(4.30) Qu) =P (B(1)+Z(1) > u+bly,Ir <a,),

R(u) = P (B(1) + Z(1) > u+bT',)) — Q(u),
where the numbers aj, are given by (3.9).
Let Q(u) be given by (3.10). Denote C = lim,—, o, Q(u) and F(u) =1 —C~1Q(u). Let W be
a random variable with distribution function F', independent of B(1). It can be easily verified,

using formulas for T-densities, that P(B(1) + W > u) = C~'Q(u). Now (3.11) and Lemma 3.1
imply that

(4.31) Qu) = o (P(B(1) + Z(1) > u + b))

as u — 00.
Next we show that

, R(u)
(4.32) hin_)s;ip PBM T 20)>uth) <1.

Fix a constant ¢ > 0 and denote

(4.33) Ri(u)=P(B1)+Z1)>u+bI's, T >a;, Sy >u—alogr),
Ry(u) = R(u) — Ri(u).

Estimate for Ry(u). We show here that

. Ry (u)
(4.34) hinjip BT 2(1) S <1.

As above, one can easily check the formula

S| k—1
(4.35)  Ry(u) = e Z/ ((];\t) 1)|P(B(1) + Sk >u+0bt, Sy >u—alogk)dt,
k=17ak NV
and it is clear that
© Nk
(436)  P(BO)+Z(1) = *P(BO) > u) + ey %P(B(l) 45> w).
k=1 "

Denote

k[, P(B(1)+ Sk >u+Dbt, Sp >u—alogk)t*Ldt
N P(B(1) + S, >u+b) '

Representing the probabilities in this fraction as integrals with respect to Fs,, we obtain the
estimate

Vi (w)

P(B(1) > u+agb—y)
y>u—alogk P(B(l) >u+b— y)

(4.37) Ye(u) <
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Step 1. Fix € > 0 and choose A > 0 such that
z! x

T2 71 <1l+e

for x > A. Then, using (3.13) we see that if y < u — A, then

P(B(1) > u+ agb —y) (u+akb—y)2+(u+b—y)2>

< (1+ ¢ exp <—

P(B(1)>u+b—y) 5 .
2 —CL2
= (14 ¢€)exp (b(l—ak)(u—y)_|_ b (12 k))
2 _a2
< (14¢€)exp (b(l —ag)alogk + Lﬂ) ’

because u —y < alog k. Taking into account that 1 — a;, < mk~!logk, we conclude that there is
an index kg such that

< (1+¢€)?.

(1) P(B(1) > u+ ayb—y)
4.38 = sup
( ) Tk u—alog k<y<u—A P(B(l) >u+b— y)
Step 2. If y > u — A, then

fu+b_y e—xQ/de b(l B ak)

P(B(1) >u+agb—1y) _q 4 Jutaby
P(B(1) >u+b—y) Supoy €7 P T[S e 2

So, we can find k7 such that for choosen A the last expression is less that 1 + ¢ for & > k.
Therefore, for given € > 0 there is an index ky such that v, (u) < (1+ €)% for all k > ko and u > 0.

Denote by Rj(u) the sum of summands from (4.35) over k > ky. Then

(4.39) hgnfogp P(B(1) + 2(1) >u+b)

< (1+¢€%

We have

ko Ak
Ry(u) = Ry(u) <e ™™ T PBQ) + 8 > u).
k=1

On the other hand, for each j
Ne2+i+1

PB1)+Z(1)>u+0b) > e_)‘m

P(B(1) + Sigeg1 > u+b)

N N2 +i+1
2 T BO+ Sk > u)P(S; > b).

Choosing j under the condition P(S; > b) > 0 and applying Lemma 3.3 we conclude that
lim Ry (u) — Ri(u) _0
u—oo P(B(1) + Z(1) > u+b)

Now (4.34) follows from here and (4.39).
Estimate for Ry(u). We show here that

. Ra(u) B
(4.40) M PBM L2 s ath)
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The probability Ra(u) admittes a representation similar to (4.35). Denoting by gr(u) the
corresponding summands we get

Ak
gr(u) <e _)\FP( (1) +Sp>u, Sy <u—alogk).

Hence

— g ()
Ol e—)‘%P(B(l) + Sk+m > u+0)
< (k+1)---(k+m) P(B(1) + Sk >u, Sk <u—alogu)
- Am P(B(1)+ S, >u—1)P(Sp, >b+1)’
where m is choosen under the condition P(S,, > b+ 1) > 0. Once again representing the
probabilities as integrals with respect to Fi, and using (3.13) we can find an index k; such that

P(B(1) 4+ Sk > u, Sy <u—alogu) 1

<2 su exp | —(u—y)+ —
P(B(l) + S >u— 1) o ygu—aqogk P < ( y) 4)

< 2et exp(—alogk) = 21k ™0
for k > k1 and u > 0, which yields dx(u) < Ck™~®. So,

Ziikkﬂ 9k (w)

PBM) +2() >utp) S CH

As in previous case,

lim 21121:1 g (u) _
u—oo P(B(1) + Z(1) > u+b)
Therefore,
lim sup Rz (u )
Since m does not depend on a, we may choose a > m. Then letting k; — oo we obtain (4.40).
Now (4.32) follows from (4.33), (4.34) and (4.40).
According (4.30)—(4.32)

< CE"™.

i P(B(1)+ Z(1) >u+0bI';)
e TPB() + Z(1) > u + b)
Since P(B(1) 4+ Z(1) > u+0bI';) > P(B(1) + Z(1) > u+b), (4.6) follows. O
4.2. Proof of (4.2). Because

sup X(t) < sup B(t)+ sup [Z(t) —bt],
0<t<I; 0<t<1 0<t<T',

<1.

we get, once again applying Lévy formula (4.3) and Lemma 3.4,

A(u) < 2P <B(1) + sup [Z(t) —bt] > u) .

0<t<I',

It was shown in [4], pp. 149-151, that

P < Sll}i; [Z(t) — bt] > u> =o(P(Z([;)—=bl'; > u))
0<t<T,
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as u — oo. Hence, according to Lemma 3.1 A(u) = o(P(B(1) + Z(I';) —bI'; > u)). Since
Z(I';) = Z(1), (4.6) yields now (4.2). O

5. PROOF OF THEOREM 2.2.

As above, (2.4) and Lemma 3.5 allow us to prove the theorem for processes of the type (1.2).
Relation (2.6) holds for compound Poisson processes with non-negative drifts and light tails (see
Theorem 1 from [4]). Hence we may assume that b > 0. The proof is divided into a series of
lemmas.

Lemma 5.1. Assume (2.7) holds for iid random variables Xy, and put

N P(S, U
(5.1) G(u):z/\ (5’;,1 >u)
k=2
Let
N
(5.2) Z=> Xy.
k=1

where N is a Poisson random variable with parameter A, independent of X. Then

hm G _
u—oco P(Z > u+b)

for each b > 0.
Proof. Because P(X1 + X9 > u+b) > P(X; > u—a)P(Xy > a+b), relation (2.7) implies

P(Xl > u)
5.3 li
(53) u1—>H010P(X1 —I—X2>u+b)

Fix a constant A > 0. Then

MNeP(Sp_1>u, Sp_o<u—A
(5.4) G()<)\P(X1>u+z kol k!“ )
=2
2 NP(Sp_g>u—A
( k 2' Y ):: /\P(X1>u)+G1(u)+G2(u).
k=2 :
Further,
P(Sp—1>u, Sp—2 <u—A)
Ak =
[ P(XG > u—y) Py, (dy) P(X; > u—vy)

B < sup )
[ A P(Xy + Xo > u—y+b)Fs, ,(dy) ~ y<u-a P(Xi+Xo>u—y+b)

and it follows from (5.3), that for a fixed € > 0 one can find A such that h(A,k,u) < e for all
k > 3 and positive u. This yields the estimate G1(u) < eP(Z > u+b), u > 0.
Turn now to Ga(u). We have for a fixed index M > 2

M o)
1 )\kP(Sk_l >u+ b) )\kP(Sk_l >u+ b)
G <
2 S P = AT (g Rl * kz%:ﬂ Rl ’
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and (3.4) implies that the first sum is o(P(Z > u + b)) as u — oo. The second sum is bounded
from above by

1 = MNP(Sk_1 > u+b) et
b < Pz b).
M+1k:%:+1 oDl S a1l Eruth)

So, letting first u — oo and then M — oo we conclude that Ga(u) = o(P(Z > u+ b)) as u — o0
for each A > 0. From here and the previous

lim su & €
vl P(Z > u+b) =
for each € > 0, which yields the lemma. O

Because the function A is increasing and continuous, there exists the inverse function A~*. Put
for s > 1

(5.5) W(s) = b1 <% log s>
and
(56) ok u) = u— (k).

Lemma 5.2. There is an index ko such that

. %P(Sk >u+bag, Sp_1 < g(k,u)) C
’Y(k,U) T NF+1 S E
G L (Sk1 > u+b)

for all k > ko and u > 0, where the constant C is independent of these parameters.

Proof. We have

k+ 1P(Sk > u+bag, Sp_1 < g(k‘,u))
A P(Sk>u,Xk+1>b)
E+1 ffgz’u) P(X1 >u+ba, —y)Fs, ,(dy)
T AP(X1>0) ffg’“) P(X) >u—y)Fs,_,(dy)
k+1 P(X1>u+bak—y)
< ——— = sup .
AP(X; > b) y<g(ku) P(Xy>u—vy)

vk, u) <

Because
(5.7) u—y>u—g(ku) =(k) >0,
we may apply (2.8). Hence for y < g(k,u)

P(X) > u+ba, —y) < /“+b“k_y >
=exp | — h(v)dv | < exp(—=bah(u — .
sy = ([ ) < e (bahu =)

Taking into account (5.7) and (5.5) we see that h(u —y) > h(¢(k)) = 4logk/b. Formula (2

implies m = 1in (3.8). So ap, =1 — % > % for k large enough, and, therefore, baih(u — y)

2log k. From here and the previous estimates

8)
>

kvl 1
hou) < —b 0 -
k) S PR SR

for k large enough, and the lemma follows. O
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Denote
1 (/\t)k—l
(5.8) (k) = )\/ PS> bt Sicy < gk
ag °
Since

k
I(k,u) < %P(Sk > u+bag, Sg—1 < g(k,u)),

we immediately obtain the following statement.

Corollary 5.3. There is an index ko such that
I(k,u) < C

A P(Skir > u+b) T AR

for all k > ko and v > 0, where the constant C' is independent of these parameters.

Denote
1 ()\t)k—l

(5.9) T =) | G

P(Sk >u+bt, glk,u) < Sg_1 <u)dt.

ag

Lemma 5.4. For each positive € there is an index k1 such that

o J(k,u)
flh,w) = NP(Sk > u+b)

<l+e

for all k > ki and v > 0.
Proof. We have

” k-1
Mtk S GEmr P(X1 > u bt — y)dtFs, , (dy)

(510) ﬁ(k’u) S g . a};
)\T]; g(k,u) P(Xl >u+b— y)Fsk71 (dy)
k fal P(Xl > u—+ bt — y)tk_ldt
< sup K = alku).
g(ku)<y<u P(X;>u+b—y)

It follows from (2.8) that
k[ P(X1 > u+ bt —y)th—tdt
P(X:>utb—y)
1 u+b—y 1
= k/ exp </ h(v)dv) th=lae = k/ exp (b(1 — t)h(v(u, y,t)) t*Ldt,
ak i

+bt—y ak

(5.11) vik,u,y) ==

where
u+bt—y<v(u,y,t) <ut+b—y.
Because u+b—y < u+b— g(k,u) = (k) + b, we get, using (2.10),
4log k b4logk
h(v(u,y,t)) < h(y(k)+b) =h (h_l < (;)g ) + b> < exp (5 (Zg > —Vk
for k large enough. Since a; <t < 1, we see, taking into account (3.9) that

b(1 — )h(v(u, y.1)) < le,jg’% 0
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as k — oo. So, (5.11) and the last estimates imply that there is an index &’ such that v(k, u,y) <
l+eforalk >k, u>0and g(k,u) <y < u, which yields a(k,u) < 1+e€ for k >k’ and u > 0,
and the lemma follows.

O

Proof of Theorem 2.2. According to Theorem 1 from [4] it is enough to show that

. P(Z(1) >u+bI,)
(5.12) A P(X(1) > u)

Applying (3.10), (5.1), (5.8) and (5.9) we may write

=1.

(513)  P(Z(1) >u+0bly) < Qu) + e i I(k,u) + e i J(k,u) + e *G(u).
k=1 k=1

We show first that
: Zzo—l [(k7 u)
.14 lim &5 ———- =
(5-14) P > w)
Since I(k,u) < A\*P(Sy, > u)/k!, relations (3.12) and (3.4) yield

M
I(k
lim Zk:l (k,u) _

u—oo P(X(1) > u)
for each fixed index M. Choosing M > kg, where kg is from Corollary 5.3, we conclude that

ZEO:M—HI(kvu) < C
PX(1) >u) — AM+1)

for all w > 0. Letting first u — oo and then M — oo we come to (5.14).
Now we show that

e MY u
(5.15) liirisip ngk(i i(]z))

For a fixed € > 0 Lemma 5.4 and (3.12) provide us with an index k; such that
e Yk I (k)

P(X(1) > u)
for all uw > 0. As above, (3.12) and (3.4) lead to the equality

<l+e

k1
. L J(k,u)
lm —k_l ’ =
00 P(X(1) > u)

The last two relations imply (5.15).
Now (5.13), (5.14) , (5.15) and Lemmas 3.6 and 5.1 give us

(5.16) hglsogp P(i((l})(;)u:—ub)f}) <1.

Obviously, P(Z(1) > u+bI';) > P(X(1) > u) for all u > 0, and we come to (5.12). O
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6. PROOF OF THEOREM 2.3.

First we prove the following

Proposition 6.1. If for X the condition (2.7) holds, then it also holds for random variable
(5.2).
The proof is based on the next statement.

Lemma 6.2. Assume X}, satisfy (2.7). Then for each € > 0 there is B > 0 such that

P(Sk-1>u)
< -~ v - 7
P(Sk >u+a) <eP(Sg >u)+ PX, > B)
for all k > 3 and u > 0.
Proof. Fix A > 0. Then
u—A
P(Sy >u+a) < / P(X1 >u+a—t)Fs,_,(dt)+ P(Sk—1 >u—A).

Because of (2.7), there is Ag > 0 such that P(X; >u+a —1t)/P(X; >u—t) <e/2forall A > A
and ¢t < u — A. Then

(6.1) P(Sk>u+a) < g (Sk > u) + P(Sj_1 > u— A).
Fix now A > Ag. We have for a positive B:
u—B
(6.2) P(Sk_1>u—A) §/ P(X; >u—A—t)F5k72(dt)—|—P(Sk_2>u—B).

Further, P(X; + X9 > u—1t) > P(X; > u—t—2A)P(X; > 2A), and t < u — B im-
plies u — A —t > B — A. Hence, once again applying (2.7), we can choose B so large that
P(X; >u—A—-t)/P(X1+ X2 >u—1t) <e/2if t <u— B. Therefore,
u—B [e'e)
/ P(X1 > u— A~ 1)Fs, ,(d) < & / P(X1 + Xp > u— 1)Fs,_,(df) = SP(Si > u).
Since P(Sk—2 > u — B) < P(Sg—1 > u)/P(X; > B), the lemma follows from here, (6.2) and
(6.1). O

Proof of Proposition 6.1. According to Lemma 6.2, for a fixed € > 0 there is B > 0 such that

N P(S
(6.3) P(Z>u+a)<e [/\P(51>u—|—a)—|— ( 2;u+a)}
- Z \ep Sk > u) e i NeP(Sy_1 > u)
P(X1 > B) P k! '

We show first the the last sum is O(P(Z > u)) as u — oo. To this end fix an index m > 3. Then

Z N P(Spi1 >u) = NP(S,_1 > ) 1 = m+1NP(S,_; > )

)=y <y Ea 2 o

= k! = k! m+1 it k (k—1)!

Taking into account (3.4) we see that
A
lim sup 40 < Ac

U—00 P(Z>u)_m+1’
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and letting m — oo we come to the needed conclusion.
Now, (6.3) and (3.4) yield that

i su P(Z>u+a)
for each € > 0. So, the proposition follows. O

Proof of Theorem 2.3. The proof is a word for word repetition of the proof of Theorem 2 from
[4]. To obtain formula (32) from this paper one should use Proposition 6.1.

7. PROOF OF THEOREM 2.5

Let {X;}72, be iid random variables taking values n!,n =1,2,..., such that
1
(e—1)n!"
Denote by Z(t) a compound Poisson process with parameter A = 1 and jumps Xj. It will

be shown below that (2.14) holds for the sequence u,, = n! and (2.15) holds for the sequence
Uy =N - nl.

(7.1) P(X; =n!) =

7.1. Estimates for sums. Here we obtain asymptotics for probabilities P(Sy + B(1) > n!) and
P(Si+ B(1) >n-n!) as n — oo.
Lemma 7.1. For2<k<n
°° a(k,n)
P(Sk+ B(1) >n!l)=kP(X; =n!) P(Sk_1 > —t)o(t)dt + CESNA

where ¢ is (0, 1)-normal density function and supscy<, |a(k,n)| < oo.

Proof. We represent the considered probability as

(7.2) P(Sk+ B(1) > n!) (/ / /) (Sp > nl —t)p(t)dt == I + Ip + I3,

and start with the integral I;. Assume first that £k = n. The condition
max{Xi,...,Xp} < (n—1)!
implies S,, < n!—t for t < 0. Hence,
P(S, >nl—t)=P (S, >n! —t, max{Xy,..., X,,} > n!)
= P (S, > n! —t, exactly one of Xq,...,X,, is non-less than n!)
+P (S, >n! —t, at least two of Xy,...,X,, are non-less than n!) :=p+q.

Since X}, are iid random variables,
p=nP (S, >nl—t, X1 >n!, max{Xo,..., X} < (n—1)!)
=nP(S,>n!—t, X3 =n!)—nP (S, >n!—t, X1 =n! max{Xs,..., X, } > nl)
+nP (S, >n!—t, X1 > (n+ 1), max{Xo,..., X} < (n—1)!) :=n(p1 —p2 +p3) .
Obviously, p1 = P(X; = n!)P(S,—1 > —t), and according to (7.1),

n—1

1
p2 < P(X; =n!)P (max{Xs,...,X,} >n!) < Cﬁ o
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and
<PX) > (1)) <
b3 I= ~(n+ 1)’
It is clear that
C:
< n? > n))? 2
1= PG 2l S G
From here
0 1
g = ' -
(7.3) I = nP(X; n.)/_oo P(Sp1 > —t)¢(t)dt + O <(n+1)!> :

Turn now to the integral I». For 0 <t <n
P(S, >nl—t)=P (S, >n! —t, max{X;,..., X,,} > n!)
+P (S, >n!—t, max{X;,.... X, } < (n—1)):=p+q,

and by the same reasons as above p = nP(X; = n!)P(S,—1 > —t) + O (1/(n + 1)!) . Further,

g=PS,>nl—t, X1=-=X,=(n-1)
+P(Sp>n!—t,max{Xy,..., X,,} = (n—1)!, min{Xy,..., X} < (n—2)!)

+P(Sp>n!—tmax{X;,.... Xp}<(n—=2)) =1+ @ +4g3.

If max{Xy,...,Xp} = (n—1)! and min{Xy,..., X, } < (n —2)!, then
Sp<n—=1)-n=D+m—-2=n—(n—2)(n—2)! <nl—t

for t < n. So, g = 0. By similar reasons g3 = 0 and

@ < [P(Xy=(n-1H".

Hence

I, = nP(X1 = n') /On P(Sn_l > —t)¢(t)dt+ O <(TL _11_ 1)'> .

Since

0o (5)) = (237

the last relations and (7.2) yield the lemma for k = n.
The case 2 < k < n is treated by the similar way.

Remark 7.2. The same reasons give us

(7.5) P(Sy + B(1) > nl) = O <(ni 1)!> .

Lemma 7.3. For2<k<n

P(Sp+B(1) > n-nl) = kP(X; = (n+ 1)) +

where supy<y.<, |B(k,n)| < 0o
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Proof. Since the conditions max{Xi,...,X,} =n! and min{X;,..., X,,} < (n—1)! imply S,, <
m—Dn!l+n—-1)=n-nl=—nm-1)(n—1)!<n-n!—n, then for t <n

PS,>n-nl—t)=P(S,>n-nl—t, X; ==X, =nl!)
+P(Sp,>n-n!—t, max{Xy,...,Xp} > (n+1)!) .

From here, as in the proof of the previous lemma,

P(S,>n-nl—t)=nP(X; = (n+1))P(Sp,—1 > —nl—t)+ 0 <ﬁ> )

because n-n! — (n + 1)! = —n!. In the case 2 < k < n we get similarly for t < n

p(k,n,t)

(7.6) P(Sk>n-nl—t) =kP(X; = (n+ 1)) P(Sk_1 > —n! — 1) + it 2

where supgcy .y, t<y [11(k,n,t)| < 0o. These equalities and (7.4) give us

(7.7)  P(Sp+ B(1) > n-nl) = kP(X; = (n+ 1)) /OO P(Sk_1 > —n! — t)o(t)dt

Ak, n)

(n+2)!
and supa<y<p [f2(k,n)| < co. Since X are positive, we have for ¢t > —n!
(7.8) P(Sk—1>—-nl—t)=1.

Hence, the last integral is

/ P8yt > —nl— )p(t)dt + P(B(1) > —n!) = 1+ 0 <<n i 3)!> '

— o0

From here and the previous relations the lemma follows. O

Remark 7.4. By the same way we obtain

(79)  P(S1+B(1)>n-nl) = P(X; = (n+ DYP(B(1) > —n!) + O <(n ; 2>!>

=P(X1=Mm+1)+0 (ﬁ)

7.2. Estimates for X(1). Here we find asymptotics for the probabilities P(X (1) > n!) and
P(X(1) >n-n!).

Lemma 7.5. The following hold:

(7.10) P(X(1) > nl) = P(X; = n!) anfk +0 <
k=2

==l

where

(7.11) I — ﬁ /_Z P(Sk1 > —t)6(t)dt .
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Proof. We can write the considered probability as a sum of three sums:

P(X(1) > n!) =e ' [P(B(1) > n!) + P(S; + B(1)) > n]

_12 Sk—i-B ) >n!) 12 Sk+B ) > nl)

)

n+1
and (7.5) implies that the ﬁrst sum is O (1/(n + 1)!). The same is true for the third sum. As for
the second one, Lemma 7.1 yields that it is

n

PG =n) S ﬁ /_ Z P(Sk1 > —t)(t)dt + O (ﬁ)

k=2
and (7.10) follows. O
Lemma 7.6. The following relation holds:
1
12 P(X(1 -nl)=P(X; = 1)! .
(r.12) (X >0 a) = P = (0409 +0 (55
Proof. We can write, using (7.9) and Lemma 7.3,
1
P(X(1)>n-nl)=e'P(B(1) >n-n!)+ P(X; = (n+1)))e? )
k=1
_1P(Sp41>n-n!l) 1
1 n+1
O ———— | .
T ) (=0
Since the condition max{ Xy, ..., X,+1} < (n—2)! implies Sp4+1 < (n+1)(n —2)! < n-nl, we see
that
C 1
(T13P(Spe1 >n-n!) =P (Spp1 >n-n!, max{Xy,..., X1} > (n—1)) < % .
So, the needed relation follows. O

7.3. Proof of (2.14). We have

(7.14) P < sup X(t) > n!) >P(X(1)>n)+P(X(1)<n!, X(Tr—1)>n!),

0<t<1
where 7 is given by (3.7). Further,
pe(n!):=P(r=k, X(1) <n!, X(T'kr_1) > n!)
=P(r=k, S+ B(1) <n!, Sy_1+ B(l'y-1) >n!)
Because B(t) is symmetric and independent of Z(t),

1 1
(7.15) pr(n!) > §P(7' =k, Sy + B[ k_1) <n!l, Sp—1 + B([y—1) > nl) := Eqk(n!) )

Elementary calculations give us

1
(o) = g [P (S Bl) <k Sica o+ B) > 0y (1= ).
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Assume now that 3 < k < n. The same reasons as above and the well known formula for the
density of B(y) imply

(7.16) ge(n!) = (k — 1)P(X; = n!)
1 1 0 1 _ﬁ )
oy ) P <ot S e Fan oty
v(k,n) B v(k,n)
(n+1)! (k—1)P(Xy =nl)Jp + ik

where sups<j<, [V(k,n)| < co. Because the jumps Xj, are positive, the inner integral coinsides
with the integral over (—oo, —1), and it is positive. So,

(7.17) Jp >0 forall k>3
and (7.14) and (7.15) imply

(718 < sup X(t) > n!) > P(X(1) >n!)+ %P(Xl = n!) En:(k - 1)Jy+ 0O <

0<t<1 P
According to (7.11) Y22, I < 1. From here, (7.18), (7.1), (7.10) and (7.17)

n—o00 P(X(l) > Tl') k=2 I,

and (2.14) follows. O

(n—il-l)!>'

>1,

7.4. Proof of (2.15). Using (4.3) and the positivity of Z(t) we may write

(7.19) P<Sup X(t)>n-n!> <P(Z(1)+|B(1)| >n-n!).
0<t<1

Applying (7.6) and (7.8) we see that for 2< k<nand 0<t<n

a(k,n,t)

(n+2)!

and SUPs<j<y, . 0<tn |0(K,n,1)| < 0o. Integrating with respect to the distribution of [B(1)| and
using (7.4) imply for 1 < k <n:

P(Sk>n-n!—t):kP(X1:(n+1)!)+

(7.20) P(Sk+[B(A)| >n-nl) =kP(Xy = (n+ 1)+ 0 <(ni2)!> '

The same reasons as in the proof of (7.13) yield P (Sp+1 >n-nl—t) < C/(n—2)! for 0 < t < n.
Applying (7.4) we conclude that

P(Sp+1+|B(1)|>n-nl)=0 <ﬁ> .

From here and (7.19)

1
P(OSSIiIS)IX(t) >n-n!> <P(X; = (n+1)!)k:1 e(k—1)! +0 <(n+2)!> ’
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and (7.12) and (7.1) imply that

lim su P (supogtgl X(t)>n- n!)
n—>oop P (X(l) >n- ’I’L') -

So, (2.15) follows. O

Remark 7.7. According to (7.1), the jumps X} of compound Poisson process Z have not mo-
ments of positive order. But one can consider jumps with the distribution

Cv)
(nh)v”
where v is a positive constant and C(v) is the corresponding norming constant. Now jumps have
finite moments of order less than v, and almost the same proof gives Theorem 2.5.

P(Xy=n!)= n=12...,

8. SOME COMMENTS
8.1. About the proof of Theorem 2.1. Looking on (3.3) one may assume that the relation

lim P (supg<i<q B(t) + supgcicq Z(t) > u) B

=00 P(B(1)+ Z(1) > u) B
also holds, which might shorten the proof of (4.1). It is true if the tail of X} is subexponential
(see, for example, Proposition 2.1 from [11] and references therein). Here we show that it is not

true for light tails.
Proposition 8.1. If (2.7) holds for X}, then

, P (supg<i<1 B(t) + supgcicy Z(t) > u)
im =2

Proof. Clearly that
P(B())4+Z(1) >u)=P(B(1)+ Z(1) >
and the last probability does not exceed P
P(B(1) + Z(1) > u)
for @ > 0. From here and Proposition 6.1
P(B(1)+ Z(1) >u, B(1) <0)

u, B(1) > 0)+ P(B(1) + Z(1) > u, B(1) <0),
(Z(1) > u). On the other hand.
> P(Z(1) >u—a)P(B(1) > a)

li =0
o P(B() + Z(1) > u) ’
and , therefore,
lim P(B(1)+ Z(1) > u, B(1) >0) _1

u—00 P(B(1)+Z(1) > u)
Relation (4.3) implies
1 1
PB(1)+Z(1) >u, B(1) >0) = §P(\B(1)\ +2Z(1) >u) = §P < sup B(t) + Z(1) > u) .
0<t<1
But, according to Theorem 1 from [4]

(8.1) P < sup Z(t) > u) ~P(Z(1)>u)

0<t<1
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as u — 00. So, Lemma 3.1 implies

o PABQ)| +supocye Z() > w)
uw—s  P(B(D)]+2(1) > u)

The last equalities yield the proposition. O

The limit considered in Proposition 8.1 can belong to the interval (1,2). To show this, assume
that jumps X}, satisfy the condition

P(Xp>u) ~e ™y’ asu— oo,
where av > 0 and 7 > —1 are constants. Then (2.1) holds. For a random variable Y denote
oo 0
my(a) = /0 e Fy (dt), my (o) = / e Fy (dt),
and my (o) = my(a) + my (o). Lemma 4 from [5] gives us

. P(|B(1 Z(1)>u
i s = miae) = 2@

and
p PBO)+2(0) >w)
ez s 0@

As above, applying (8.1) and Lemma 3.1 we see that the limit under consideration is

QmE(l)(a)

B mjg(l)(oz) + m;(l)(a) '
Because mé(l)(a) < mg(l)(a), we conclude that 1 <[ < 2.
8.2. A conjecture. It is well known that if X (¢) is a symmetric Lévy process, then
(8.2) P ( sup X(t) > u> <2P(X(1) > u)
0<t<1

for all w > 0. Comparing it with (1.5) and Theorem 2.1 naturally yields the following
Conjecture. Let X (t) be a symmetric Lévy process such that
P (supg<i<; X (1) > u)
8.3 li == =2
(8:3) e T P(X(D) > w)
Then X (t) = oB(t) for a positive constant o.
The following statement supports this conjecture.

Proposition 8.2. Let X (t) be a symmetric compound Poisson process. Then the strong inequality
holds:

4 ey P

To show it we need the following
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Lemma 8.3. Let X(t) be a symmetric compound Poisson process with jumps Xy, and parameter
A. Then for all positive u:

P < sup X(t) > u> <2P(X(1) >u)— D(u),
0<t<1

where

(8.5) D(u) = e

o0 An
AP(X; > u) + Z FP <1<I]£1<ay>1<_15k <wu, S, > u)] .
n=2 " -

Proof. The proof is a modification of the proof of Levy inequality (see [10], p. 50). We have

P<Sup X(t) >u> = P(X(1) >u)—|—P<sup X(t) > u, X(1) §u> ,

0<t<1 0<t<1
and
[e.e] )\n
: <u)=e? = < :
(8.6) P <Os<1t1£)1X(t) >u, X(1) < u> e [;::2 " P <1<%1<ar}§—1 Sk >u, Sp < u>]

For any n > 2
P( max Sk>u,Sn§u>

1<k<n—1
=P(S1>u, Sy <u)+---+P(S1<wu,...,5 -2 <u, Sp—1>u,S, <u)
<PS 1 >u, Xo+ 4+ X, <0)+--+P(S1 <uy...ySp—o <u,Spo1 > u, X, <0).
Since random variables X are independent and symmetric, the last line can be written as
PS1>u, Xo+--+X,>20)+--+P(S1 <u,...,S—2 <u, Sp—1 >u, X, >0)

<PS1>u, Sp>u)+--+P(S1<wuy...,S-2<wu, Sp—1>u, S, >u)
:P< max S > u, Sn>u> :P(Sn>u)—P< max Sy < u, Sn>u> .
1<k<n—1 1<k<n—1
The same inequality holds for n = 2. Therefore,

P < sup X(t) > u) <P(X(1)>u)+ e_’\z )\—'P(Sn > u)
0<t<1 <l

0 An
— =A - < — —
e ng_z - P <1<%1<a,}f_1 Sk <u, Sp > u> 2P(X (1) > u) — D(u).

d
Proof of Proposition 8.2. If the upper limit in (8.4) is equal to 2, there is a sequence uj; — oo
such that
P(supg<i<1 X(t) > uy)

(8.7) L O I

Then Lemma 8.3 yields

: D(uj) — _
(8.8) lim PR s 0,
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which implies, in particular,
P(X1 > u,
lim —( 1> 4) =
j—o0 P(X (1) > uy)
Applying Lévy inequality we get for n > 2

1<k<n-1
> P(Sy, > u) —2P(Sp—1 > u).
Using (8.8), (8.5) and the induction one comes to the relation
P(S, > Uj)

= PR w)

P( max S < u, Sn>u> ZP(Sn>u)—P< max Sk>u>
1<k<n—1

for all n > 2.
Further, once again using Lévy inequality we get from (8.6)

o )\n
P ( sup X(t) > uj, X(1) < uj> <2 E — P(Sn—1 > uy),
0<t<1 o 'V’

and the same reasons as in the proof of Proposition 6.1 show that this sum is o(P(X (1)) > u;)
as j — oo. Hence,

lim P(supg<i<1 X(t) > uy) _
which contradicts to (8.7). O
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