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Abstract

We develop an internal gauge theory using a covariant star product. The space-
time is a symplectic manifold endowed only with torsion but no curvature. It is
shown that, in order to assure the restrictions imposed by the associativity property
of the star product, the torsion of the space-time has to be covariant constant. An
illustrative example is given and it is concluded that in this case the conditions
necessary to define a covariant star product on a symplectic manifold completely
determine its connection.

1 Introduction

Noncommutative gravity has been intensively studied in the last years. One important
motivation is the hope that such a theory could offer the possibility to develop a quantum
theory of gravity, or at least to give an idea of how this could be achieved [1, 2, 3, 4, 5, 6].
There are two major candidates to quantum gravity: string theory [7] and loop quantum
gravity [8]. Noncommutative geometry and in particular gauge theory of gravity are
intimately connected with both these approaches and the overlaps are considerable [2].
String theory is one of the strongest motivations for considering noncommutative space-
time geometries and noncommutative gravitation. It has been shown, for example, that
in the case when the end points of strings in a theory of open strings are constrained to
move on D branes in a constant B-field background and one considers the low-energy limit,
then the full dynamics of the theory is described by a gauge theory on a noncommutative
space-time [9]. Recently, it has been argued that the dynamics of the noncommutative
gravity arising from string theory [10] is much richer than some versions proposed for
noncommutative gravity. It is suspected that the reason for this is the noncovariance
of the Moyal star product under space-time diffeomorphisms. A geometrical approach to
noncommutative gravity, leading to a general theory of noncommutative Riemann surfaces
in which the problem of the frame dependence of the star product is also recognized, has
been proposed in [11] (for further developments, see [12, 13]).

Now, one important problem is to develop a theory of gravity considering curved non-
commutative space-times. The main difficulty is that the noncommutativity parameter
θµν is usually taken to be constant, which breaks the Lorentz invariance of the commuta-
tion relations between coordinates (see (2.1) below), and implicitly of any noncommutative
field theory. One possible way to solve this problem is to consider θµν depending on coor-
dinates and use a covariant star product. In [14] such a product has been defined between
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differential forms and the property of associativity was verified up to the second order in
θµν .

In this paper we will adopt the covariant star product defined in [14] and extend the
result to case of Lie algebra valued differential forms. We will follow the same procedure as
in our previous paper [15]. But, in order to simplify the expression of the covariant product
and to give an illustrative example, we will consider the case when the noncommutative
space-time is a symplectic manifold M endowed only with torsion (and no curvature).
The restrictions imposed by such a covariant star product requires also that the torsion
is covariant constant. The motivation for adopting such a manifold is that it allows
the construction of noncommutative teleparallel gravity (for the idea of teleparallelism in
gravity see [16]). It has been shown that a very difficult problem like the definition of
a tensorial expression for the gravitational energy-momentum density can be solved in
teleparallel gravity [17, 18]. This density is conserved in covariant sense. Also, it was
argued that the possibility of decomposing torsion in irreducible pieces under the global
Lorentz group makes of teleparallel gravity a much more convenient theory than general
relativity to deal with the quantization problem [19].

The teleparallel gravity is also a very natural candidate for an effective noncommuta-
tive field theory of gravitation [20]. In addition it posses many features which makes it
particularly well-suited for certain analyses. For instance it enables a pure tensorial proof
of the positivity of the energy in general relativity [21], it yields a natural introduction of
Ashtekar variables [22], and make it possible to study the torsion at quantum level [23],
for example in the gravitational coupling to spinor fields.

On the other hand, we can try to apply the covariant star product to the case when the
space-time is a symplectic manifold which has only curvature, but the torsion vanishes.
Then, the restriction imposed by the Jacobi identity for the Poisson bracket requires also
the vanishing curvature. The corresponding connection is flat symplectic and this reduces
drastically the applicability area of the covariant star product. Of course, it is possible to
have a manifold with both curvature and torsion.

In Section 2, considering a manifold M endowed only with torsion, we give the defi-
nition of the covariant star product between two arbitrary Lie algebra valued differential
forms and some of its properties. Then, the star-bracket between such differential forms
is introduced and some examples are given.

Section 3 is devoted to the noncommutative internal gauge theory formulated with
the new covariant star product. The noncommutative Lie algebra valued gauge potential
and the field strength two-form are defined and their gauge transformation laws are es-
tablished. It is shown that the field strength is gauge covariant and satisfies a deformed
Bianchi identity.

An illustrative example is presented in Section 4. It is shown that in our simple
example, the conditions necessary to define a covariant star product on a symplectic
manifold M completely determine its connection.

Section 5 is devoted to the discussion of the results and to the interpretation of non-
commutative gauge theory formulated by using the covariant star product between Lie
algebra valued differential forms on symplectic manifolds. Some other possible applica-
tions of this covariant star product are also analysed.

The Appendix contains a detailed verification of the associativity property of the
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covariant star product including only the torsion in its definition.

2 Covariant star product

We consider a noncommutative space-time M endowed with the coordinates xµ, µ =
0, 1, 2, 3, satisfying the commutation relation

[xµ, xν ]? = iθµν(x), (2.1)

where θµν(x) = −θνµ(x) is a Poisson bivector [14]. The space-time is organized as a
Poisson manifold by introducing the Poisson bracket between two functions f(x) and
g(x) by

{f, g} = θµν∂µf∂νg. (2.2)

In order that the Poisson bracket satisfies the Jacobi identity, the bivector θµν(x) has to
obey the condition [24, 25]

θµσ∂σθ
νρ + θνσ∂σθ

ρµ + θρσ∂σθ
µν = 0. (2.3)

If a Poisson bracket is defined on M , then M is called a Poisson manifold (see [24] for
mathematical details).

Suppose now that the bivector θµν(x) has an inverse ωµν(x), i.e.

θµρωρν = δµν . (2.4)

If ω = 1
2
ωµνdx

µ ∧ dxν is nondegenerate (detωµν 6= 0) and closed (dω = 0), then it is
called a symplectic two-form and M — a symplectic manifold. It can be verified that the
condition dω = 0 is equivalent with the equation (2.3) [14, 24, 26]. In this paper we will
consider only the case when M is symplectic.

Because the gauge theories involve Lie-valued differential forms such asA = Aaµ(x)Tadx
µ =

Aµdxµ, Aµ = Aaµ(x)Ta, where Ta are the infinitesimal generators of a symmetry group G,
we need to generalize the definition of the Poisson bracket to differential forms and define
then an associative star product for such cases. These problems were solved in [14, 24, 26].
In [15] we generalized these results to the case of Lie algebra valued differential forms.
This generalization has the effect that the commutator of differential forms can be a
commutator or an anticommutator, depending on their degrees.

Assuming that θµν(x) is invertible, we can always write the Poisson bracket {x, dx} in
the form [14, 24, 26]

{xµ, dxν} = −θµρΓνρσdxσ, (2.5)

where Γνρσ are some functions of x transforming like a connection under general coordinate
transformations. As Γνρσ is generally not symmetric, one can use the connection one-forms

Γ̃µν = Γµνρdx
ρ, Γµν = dxρΓµρν (2.6)

to define two kinds of covariant derivatives ∇̃ and ∇, respectively. The curvatures for
these two connections are

R̃ν
λρσ = ∂ρΓ

ν
λσ − ∂σΓνλρ + ΓντρΓ

τ
λσ − ΓντσΓτλρ, (2.7)

Rν
λρσ = ∂ρΓ

ν
σλ − ∂σΓνρλ + ΓνρτΓ

τ
σλ − ΓνστΓ

τ
ρλ. (2.8)
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Because the connection coefficients Γρµν are not symmetric
(
Γρµν 6= Γρνµ

)
the symplectic

manifold M has also a torsion defined as usual [14]

T ρµν = Γρµν − Γρνµ. (2.9)

The connection ∇ satisfies the identity [14]

[∇µ,∇ν ]α = −Rσ
ρµνdx

ρ ∧ iσα− T ρµν∇ρα, (2.10)

and an analogous formula applies for ∇̃. Here, α is an arbitrary differential k-form

α =
1

k!
αµ1···µkdxµ1 ∧ · · · ∧ dxµk (2.11)

and iσα denotes the interior product which maps the k-form α into a (k − 1)-form

iσα =
1

(k − 1)!
ασµ2···µkdxµ2 ∧ · · · ∧ dxµk . (2.12)

It has been proven that in order for the Poisson bracket to satisfy the Leibniz rule

d{f, g} = {df, g}+ {f, dg} (2.13)

the bivector θµν(x) has to obey the property [14]

∇̃ρθ
µν = ∂ρθ

µν + Γµσρθ
σν + Γνσρθ

µσ = 0. (2.14)

Thus θµν is covariant constant under ∇̃, and ∇̃ is an almost symplectic connection. One
can use the Leibniz condition (2.14) together with the Jacobi identity for the Poisson
bivector θµν to obtain the cyclic relation for torsion∑

(µ,ν,ρ)

θµσθνλT ρσλ = 0. (2.15)

Note that while this relation shows that a torsion-free connection identically satisfies the
property (2.15), the Jacobi identity does not require the connection to be torsionless.
Also note that (2.14) and the Jacobi identity for the Poisson bivector can be combined to
obtain the following cyclic relation ∑

(µ,ν,ρ)

θµσ∇σθ
νρ = 0. (2.16)

If in addition to ∇̃ρθ
µν = 0, one imposes ∇ρθ

µν = 0, the torsion vanishes, T ρµν = 0, and

there is only one covariant derivative ∇ = ∇̃. In this paper, we do not require that
∇ρθ

µν = 0.
Using the graded product rule, one arrives at the following general expression of the

Poisson bracket between differential forms [14, 26]

{α, β} = θµν∇µα ∧∇νβ + (−1)|α|R̃µν ∧ (iµα) ∧ (iνβ), (2.17)
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where |α| is the degree of the differential form α, and

R̃µν =
1

2
R̃µν
ρσdxρ ∧ dxσ, R̃µν

ρσ = θµλR̃ν
λρσ (2.18)

In order that (2.17) satisfies the graded Jacobi identity

{α, {β, γ}}+ (−1)|α|(|β|+|γ|){β, {γ, α}}+ (−1)|γ|(|α|+|β|){γ, {α, β}}, (2.19)

the connection Γρµν must obey the following additional conditions [14]

Rν
λρσ = 0, (2.20)

∇λR̃
µν
ρσ = 0. (2.21)

A covariant star product between arbitrary differential forms has been defined recently
in [14] having the general form

α ? β = α ∧ β +
∞∑
n=1

~nCn (α, β) , (2.22)

where Cn(α, β) are bilinear differential operators satisfying the generalized Moyal sym-
metry [26]

Cn(α, β) = (−1)|α||β|+nCn(β, α). (2.23)

The operator C1 coincides with the Poisson bracket, i.e. C1(α, β) = {α, β}. An expression
for C2(α, β) has been obtained also in [14] so that the star product (2.22) satisfies the
property of associativity

(α ? β) ? γ = α ? (β ? γ). (2.24)

In this paper we consider the case when the symplectic manifold M has only torsion,
i.e. in addition to the necessary constraints (2.14), (2.20) and (2.21) we require

R̃σ
µνρ = 0. (2.25)

Since the curvature Rσ
ρµν vanishes (2.20), one obtains the following relation between the

curvature R̃ and the torsion T [14]

R̃σ
µνρ = ∇µT

σ
νρ. (2.26)

This relation shows that the condition (2.25) requires that the torsion T σνρ is covariant
constant, i.e.

∇µT
σ
νρ = 0. (2.27)

Therefore, if the torsion is covariant constant, the symplectic manifold M has only torsion
but not curvature.

For such a symplectic manifold, the bilinear differential operators C1(α, β) and C2(α, β)
in the star product (2.22) proposed in [14] reduce to the simpler forms

C1(α, β) = {α, β} = θµν∇µα ∧∇νβ, (2.28)

C2(α, β) =
1

2
θµνθρσ∇µ∇ρα ∧∇ν∇σβ +

1

3

(
θµσ∇σθ

νρ +
1

2
θνσθρλT µσλ

)
(2.29)

× (∇µ∇να ∧∇ρβ −∇να ∧∇µ∇ρβ) .
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We can verify that the covariant star product with torsion defined in (2.28)–(2.29) is
associative [see Appendix A]. In the next Section we apply this covariant star product in
order to develop a noncommutative internal gauge theory.

3 Noncommutative gauge theory

Let us consider the internal symmetry group G and develop a noncommutative gauge
theory on the symplectic manifold M endowed with the covariant star product (with
torsion) defined above. We proceed as in [15], but considering the star product defined in
(2.28)–(2.29). This product differs from that used in [15] by

• The curvature R̃σ
µνρ is supposed here to vanish as well as Rσ

µνρ;

• The ordinary derivative ∂σθ
νρ (see (2.17) in [15]) is replaced with the covariant

derivative ∇σθ
νρ;

• In (2.29) it appears an additional term 1
2
θνσθρλT µσλ compared with previous version

(see [14] for details, and also [26, 25] for other aspects).

The results given in [15] apply with the corresponding changes mentioned above. Before
presenting them we make some observations on other possible applications of the covariant
star product.

1. It will be interesting to see if the Seiberg-Witten map can be generalized to the case
when the ordinary derivatives are replaced with the covariant derivatives and the
Moyal star product is replaced by the covariant one.

2. We can consider that the symplectic manifold M is associated to a gauge theory of
gravitation with Poincaré group P as local symmetry (see [27, 28, 29] for notations
and definitions) and using the covariant star product as in [15]. In this case we
introduce the Poincaré gauge fields eaµ (tetrads) and ωabµ (spin connection) and
then we define the covariant derivative as

∇µ = ∂µ −
1

2
ωabµ Σab, (3.1)

It can be shown that by imposing the tetrad postulate [27]

∇µe
a
ν − Γρµνe

a
ρ = 0 (3.2)

one introduces the connection Γρµν in the Poincaré gauge theory and the strength
tensors F ab

µν , F
a
µν determine the curvature and torsion of M

Rρσ
µν = F ab

µν ē
ρ
a ē

σ
b , T ρµν = F a

µν ē
ρ
a (3.3)

where ē ρ
a denote the inverse of eaµ, i.e.

ē ρ
a e

a
σ = δρσ, ē ρ

a e
b
ρ = δba. (3.4)
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Now, let us suppose that we develop an internal gauge theory with the symmetry
group G on the symplectic manifold M . It is very important to remark that making
the minimal prescription ∂µ → ∇µ the strength tensor Fµν of the internal gauge
fields Aµ = AaµTa must be written as

Fµν = ∇µAν −∇νAµ − i [Aµ, Aν ] + AρT
ρ
µν , (3.5)

in order to assure its covariance both under Poincaré group P and internal group
G. The gauge invariance under the gauge transformations of G becomes quite clear
if we observe that the expression (3.5) is identical with the usual one. Indeed, using
the definitions of the covariant derivative ∇µ and torsion T ρµν , we obtain

Fµν = ∂µAν − AρΓρµν − ∂νAµ + AρΓ
ρ
νµ − i [Aµ, Aν ] + Aρ

(
Γρµν − Γρνµ

)
= ∂µAν − ∂νAµ − i [Aµ, Aν ] .

(3.6)

Also, because the components of the gauge parameter λ = λaTa are considered as
functions, we can write the gauge transformations as

δAµ = ∇µλ− i [Aµ, λ] , ∇µλ = ∂µλ. (3.7)

In what follows, we will use these expressions (3.5) and (3.7) in order to show their
invariances explicitly.

Suppose now that we have an internal gauge group G whose infinitesimal generators
Ta satisfy the algebra

[Ta, Tb] = if cabTc, a, b, c = 1, 2, . . . ,m, (3.8)

with the structure constants f cab = −f cba and that the Lie algebra valued infinitesimal
parameter is

λ̂ = λ̂aTa. (3.9)

We use the hat symbol “ˆ” to denote the noncommutative quantities of our gauge theory.
The parameter λ̂ is a 0-form, i.e. λ̂a are functions of the coordinates xµ on the symplectic
manifold M .

Now, we define the gauge transformation of parameter λ̂ of the noncommutative Lie
valued gauge potential

Â = Âaµ(x)Tadx
µ = Âµdxµ, Âµ = Âaµ(x)Ta, (3.10)

by

δ̂Â = dλ̂− i
[
Â, λ̂

]
?
. (3.11)

Here we consider the following formula for the commutator [α, β]? of two arbitrary differ-
ential forms α and β

[α, β]? = α ? β − (−1)|α||β|β ? α. (3.12)

Then, using the definition (2.22) of the star product, we can write (3.11) as

δ̂Âa = dλ̂a + fabcÂ
bλ̂c +

~
2
dabcC1

(
Âb, λ̂c

)
− ~2

4
fabcC2

(
Âb, λ̂c

)
+O

(
~3
)
, (3.13)
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where we noted {Ta, Tb} = dcabTc. In fact, this notation is valid if the Lie algebra closes also
for anticommutator, as it happens for example in the case of unitary groups. In general,

the commutators like
[
Â, λ̂

]
?

take values in the enveloping algebra [30]. Therefore, the

gauge field Â and the parameter λ̂ take values in this algebra. Let us write for instance
Â = ÂITI and λ̂ = λ̂ITI , then[

Â, λ̂
]
?

=
1

2

{
ÂI , λ̂J

}
?

[TI , TJ ] +
1

2

[
ÂI , λ̂J

]
?
{TI , TJ}.

Thus, all products of the generators TI will be necessary in order to close the enveloping
algebra. Its structure can be obtained by successively computing the commutators and
anticommutators starting from the generators of Lie algebra, until it closes [30],

[TI , TJ ] = ifKIJTK , {TI , TJ} = dKIJTK .

Therefore, in our above notations and in what follows we understand this structure in
general.

The operators Cn of the star product are defined similarly for noncommutative differ-

ential forms like Âa as for commutative ones. In particular C1

(
Âb, λ̂c

)
and C2

(
Âb, λ̂c

)
are given by (2.28)–(2.29). Here the covariant derivative concerns the space-time manifold
M , not the gauge group G, so we use the definition

∇µÂ
a =

(
∂µÂ

a
ν − ΓρµνÂ

a
ρ

)
dxν ≡

(
∇µÂ

a
ν

)
dxν . (3.14)

We define also the curvature 2-form F̂ of the gauge potentials by

F̂ =
1

2
dxµ ∧ dxνF̂µν = dÂ− i

2

[
Â, Â

]
. (3.15)

Then, using the definition (2.22) of the star product and the property (2.23) of the oper-
ators Cn

(
αa, βb

)
, we obtain from (3.15)

F̂ a = dÂa +
1

2
fabcÂ

b ∧ Âc +
1

2

~
2
dabcC1

(
Âb, Âc

)
+

1

2

~2

4
fabcC2

(
Âb, Âc

)
+O

(
~3
)

(3.16)

More explicitly, in terms of components we have

F̂ a
µν = ∇µÂ

a
ν−∇νÂ

a
µ+fabcÂ

b
µÂ

c
ν + ÂaρT

ρ
µν +

~
2
dabcC1

(
Âbµ, Â

c
ν

)
+
~2

4
fabcC2

(
Âbµ, Â

c
ν

)
+O

(
~3
)
,

(3.17)

where we used the definition Cn

(
Âb, Âc

)
= Cn

(
Âbµ, Â

c
ν

)
dxµ ∧ dxν with

C1

(
Âbµ, Â

c
ν

)
=
{
Âbµ, Â

c
ν

}
= θρσ∇ρÂ

b
µ∇σÂ

c
ν , (3.18)

C2

(
Âbµ, Â

c
ν

)
=

1

2
θρσθλτ∇ρ∇λÂ

b
µ∇σ∇τ Â

c
ν +

1

3

(
θρτ∇τθ

σλ +
1

2
θστθλφT ρτφ

)
(3.19)

×
(
∇ρ∇σÂ

b
µ∇λÂ

c
ν −∇σÂ

b
µ∇ρ∇λÂ

c
ν

)
.
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Under the gauge transformation (3.11) the curvature 2-form F̂ transforms as

δ̂F̂ = i
[
λ̂, F̂

]
?
, (3.20)

where we used the Leibniz rule

d
(
α̂ ? β̂

)
= dα̂ ? β̂ + (−1)|α|α̂ ? dβ̂ (3.21)

which we admit to be valid to all orders in ~. In terms of the components (3.20) gives

δ̂F̂ a = fabcF̂
bλ̂c +

~
2
dabcC1

(
F̂ b, λ̂c

)
− ~2

4
fabcC2

(
F̂ b, λ̂c

)
+O

(
~3
)
, (3.22)

In the zeroth order, the formula (3.22) reproduces therefore the result of the commutative
gauge theory

δF a
µν = fabcF

b
µνλ

c ⇔ δF = i[λ, F ]. (3.23)

Using again the Leibniz rule, we obtain the deformed Bianchi identity

dF̂ − i
[
Â, F̂

]
?

= 0. (3.24)

If we apply the definition (3.12) of the star commutator, we obtain

dF̂ + i
[
F̂ , Â

]
=

[
~
2
dabcC1

(
F̂ b, Âc

)
− ~2

4
fabcC2

(
F̂ b, Âc

)]
Ta +O

(
~3
)
, (3.25)

or in terms of components

dF̂ a − fabcF̂ b ∧ Âc =
~
2
dabcC1

(
F̂ b, Âc

)
− ~2

4
fabcC2

(
F̂ b, Âc

)
+O

(
~3
)
. (3.26)

We remark that in zeroth order we obtain from (3.25) the usual Bianchi identity

dF + i[F,A] = 0. (3.27)

In addition, if the gauge group is U (1), the Bianchi identity (3.24) becomes

dF̂ = ~C1

(
Â, F̂

)
+O

(
~3
)
. (3.28)

This result is also in accord with that of [24].

4 An illustrative example

As a very simple example we consider the Poincaré gauge theory to construct the manifold
M . Then, suppose that we have the gauge fields eaµ and fix the gauge ωabµ = 0 [31]. We
define the connection coefficients

Γρµν = ē ρ
a ∂µe

a
ν , (4.1)

9



where ē ρ
a denotes the inverse of eaµ. Obviously, the connection Γ defined by these coeffi-

cients is not symmetric, i.e. Γρµν 6= Γρνµ. Define then the torsion by formula

T ρµν = Γρµν − Γρνµ. (4.2)

In order to simplify the calculation, we consider the case of spherical symmetry and
choose the gauge fields eaµ as

eaµ = diag

(
A, 1, 1,

1

A

)
, ē µ

a = diag

(
1

A
, 1, 1, A

)
, (4.3)

where A = A(r) is a function depending only on the radial coordinate r. Then, de-
noting the spherical coordinates on M by (xµ) = (r, ϑ, ϕ, t), µ = 1, 2, 3, 0, the non-null
components of the connection coefficients are

Γ0
10 = −A

′

A
, Γ1

11 =
A′

A
. (4.4)

It is easy to see that the only non-null components of the torsion are

T 0
01 = −T 0

10 =
A′

A
. (4.5)

Also, using the definitions (2.7) and (2.8) of the curvatures, we obtain

R̃0
101 = −R̃0

110 =
AA

′′ − 2A
′2

A2
, Rλ

µνρ = 0 (4.6)

and all other components of R̃λ
µνρ vanish. In these expressions, we denote the first and

second derivatives of A(r) by A′ and A′′ respectively. The vanishing curvature Rλ
µνρ agrees

with the constraint (2.20).
Introduce then the noncommutativity parameters θµν and suppose that we choose

them so that only the components θ10 = −θ01 are non-null. In addition, if we suppose
that these parameters have the expression θ10 = −θ01 = 1

A
, then we have

∇̃1θ
01 = −∇̃1θ

10 = 0, ∇1θ
01 = −∇1θ

10 =
A′

A2
. (4.7)

This agrees with the constraint (2.14) that θµν is covariant constant under ∇̃.
Finally, if we impose also the condition that the curvature R̃µν

ρσ = θµλR̃ν
λρσ vanishes

(equivalent with (2.25) due to (2.4)), that implies ∇λR̃
µν
ρσ vanishes too (2.21), then from

(4.6) we obtain the following differential equation of the second order for the unknown
function A(r):

AA
′′ − 2A

′2 = 0. (4.8)

The solutions of this equation is

A(r) = − 1

C1r + C2

, (4.9)
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where C1 and C2 are two arbitrary constants of integration. Therefore, in our simple
example, the conditions necessary to define a covariant star product on a symplectic
manifold M completely determine its connection. In addition, it is very interesting to see
that the covariant derivative of the torsion, defined as

∇µT
ν
ρσ = ∂µT

ν
ρσ + ΓνµλT

λ
ρσ − ΓλµρT

ν
λσ − ΓλµσT

ν
ρλ, (4.10)

has the following non-null components

∇1T
0
01 = −∇1T

0
10 =

AA
′′ − 2A

′2

A2
. (4.11)

Then, taking into account the equation (4.8), we conclude that the torsion is covariant
constant, ∇µT

ν
ρσ = 0, a result which is in concordance with the condition (2.27).

5 Conclusions and discussions

We developed a noncommutative gauge theory by using a star product between differential
forms on symplectic manifolds defined as in [14]. We followed the same way as in our
recent paper [15], extending the results of the [14] to the case of Lie valued differential
forms.

To simplify the calculations, we considered a space-time endowed only with torsion.
It has been showed that, in order to satisfy the restrictions imposed by the associativity
property of the covariant star product, the torsion of the space-time has to be covariant
constant, ∇µT

ν
ρσ = 0. On the other hand, it has been argued that a covariant star

product defined in the case when the space-time is a symplectic manifold endowed only
with curvature is not possible. This is due to the restrictions imposed by the associativity
property of the covariant star product which requires also the vanishing curvature. The
corresponding connection is therefore flat symplectic and this reduces the applicability
area of the covariant star product.

An illustrative example has been presented starting from the Poincaré gauge theory.
Using the gauge fields eaµ and fixing the gauge ωabµ = 0 [31] we defined the non-symmetric
connection Γρµν = ē ρ

a ∂µe
a
ν . We deduced that, in this case, the conditions necessary to

define a covariant star product on a symplectic manifold M completely determine its
connection.

Some other possible applications of this covariant star product have been also analysed.
First, it will be very important to generalize the Seiberg-Witten map to the case when the
ordinary derivatives are replaced with covariant derivatives and the Moyal star product
is replaced by the covariant one. Second, we can try to develop a noncommutative gauge
theory of gravity considering the symplectic manifold M as the background space-time.
For such a purpose, we have to verify if the non-commutative field equations do not impose
too many restrictive conditions on the connection Γρµν , in addition to those required by
the existence of the covariant product. However, the problem of which gauge group we
can choose remains unsolved. The Poincaré group can not be used because it does not
close with respect to the star product. A possibility will be to choose the group GL(2,C),
but in this case we obtain a complex theory of gravitation [32, 33]. Another possibility
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is to consider the universal enveloping of Poincaré group, but this is infinite dimensional
and we must find criteria to reduce the number of the degrees of freedom to a finite one.
Some possible ideas are given for the case of SU(N) or GUT theories in [34], where it
is argued that the infinite number of parameters can in fact all be expressed in terms of
right number of classical parameters and fields via the Seiberg-Witten maps.
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the Jenny and Antti Wihuri Foundation. G. Z. acknowledges the support of CNCSIS-
UEFISCSU Grant ID-620 of the Ministry of Education and Research of Romania.

A Appendix

We verify the associativity property up to the second order in ~2. For simplicity we denote
the exterior product by α ∧ β = αβ.

Introducing (2.22) into (2.24) we obtain successively[
αβ + ~C1(α, β) + ~2C2(α, β) + · · ·

]
?γ = α?

[
βγ + ~C1(β, γ) + ~2C2(β, γ) + · · ·

]
(A.1)

or

(αβ)γ + ~ [C1(αβ, γ) + C1(α, β)γ] + ~2 [C2(αβ, γ) + C1(C1(α, β), γ) + C2(α, β)γ] + · · ·
= α(βγ)+~ [C1(α, βγ) + αC1(β, γ)]+~2 [C2(α, βγ) + C1(α,C1(β, γ)) + αC2(β, γ)]+· · ·

Identifying the terms of different orders in ~ we obtain

(αβ)γ = α(βγ), (A.2)

C1(αβ, γ) + C1(α, β)γ = C1(α, βγ) + αC1(β, γ), (A.3)

C2(αβ, γ) + C1(C1(α, β), γ) + C2(α, β)γ = C2(α, βγ) + C1(α,C1(β, γ)) + αC2(β, γ).
(A.4)

(A.2) is verified because the exterior product has this property.
Using (2.29), the (A.3) becomes

θµν [∇µ(αβ)(∇νγ) + (∇µα)(∇νβ)γ − (∇µα)∇ν(βγ) + α(∇µβ)(∇νγ)] = 0

that is satisfied due to the Leibniz rule ∇µ(αβ) = (∇µα)β + α(∇µβ).
In order to verify (A.4) we write it as

δC2(α, β, γ) ≡ C2(α, βγ)− C2(α, β)γ − C2(αβ, γ) + αC2(β, γ)

= {{α, β}, γ} − {α, {β, γ}}
(A.5)

We calculate the right-hand side of (A.5) first

{{α, β}, γ} − {α, {β, γ}} = (−1)|α|(|β|+|γ|){β, {γ, α}}
= (−1)|α|(|β|+|γ|)θµν(∇µβ)∇ν (θρσ(∇ργ)(∇σα)) = −θµν(∇νθ

ρσ)(∇ρα)(∇µβ)(∇σγ)

+ θµνθρσ [(∇µ∇ρα)(∇νβ)(∇σγ)− (∇µα)(∇ρβ)(∇σ∇νγ)] , (A.6)
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where the graded symmetry property (2.23) (for n = 1) and the graded Jacobi identity
(2.19) of the Poisson bracket are used in the first equality, the expression (2.28) for the
Poisson bracket in the second step, and the symmetry properties of θµν and the exterior
product, αβ = (−1)|α||β|βα, in the last equality. Then we introduce the decomposition of
the second covariant derivative of an arbitrary differential form as

∇µ∇ρα =
1

2
{∇µ,∇ρ}α−

1

2
T λµρ∇λ, (A.7)

implied by (2.10) and (2.20), into (A.6). Finally, using the cyclic property (2.15) for the
torsion, we obtain

{{α, β}, γ} − {α, {β, γ}} = −
(
θµσ∇σθ

νρ +
1

2
θνσθρλT µσλ

)
(∇να)(∇µβ)(∇ργ)

+
1

2
θµνθρσ [{∇µ,∇ρ}α(∇νβ)(∇σγ)− (∇µα)(∇ρβ) {∇ν ,∇σ} γ] , (A.8)

Next, we calculate the left-hand side of (A.5), the Hochschild coboundary of C2 (see
[14] for details). First we calculate C2(α, βγ)−C2(α, β)γ and C2(αβ, γ)−αC2(β, γ), then
substracting them yields

δC2(α, β, γ) =
1

2
θµνθρσ

[
(∇µ∇ρα)2(∇(νβ∇σ)γ)− 2(∇(µα∇ρ)β)(∇ν∇σγ)

]
+

1

3

(
θµσ∇σθ

νρ +
1

2
θνσθρλT µσλ

)(
(∇ρα)2(∇(µβ∇ν)γ)− 2(∇(µα∇ν)β)(∇ργ)

)
, (A.9)

where we denote ∇(µα∇ρ)β = 1
2

[(∇µα)(∇ρβ) + (∇ρα)(∇µβ)]. By using the symmetries
of the factor θµνθρσ and the cyclic relation implied by (2.16) and (2.15),∑

(µ,ν,ρ)

(
θµσ∇σθ

νρ +
1

2
θνσθρλT µσλ

)
= 0, (A.10)

we find

δC2(α, β, γ) =
1

2
θµνθρσ [{∇µ,∇ρ}α(∇νβ)(∇σγ)− (∇µα)(∇ρβ) {∇ν ,∇σ} γ]

−
(
θµσ∇σθ

νρ +
1

2
θνσθρλT µσλ

)
(∇να)(∇µβ)(∇ργ), (A.11)

This is the same result as in (A.8) and therefore we have verified the associativity of our
star product to the second order in ~2.
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