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ON THE STABILITY AND ERGODICITY OF AN ADAPTIVE
SCALING METROPOLIS ALGORITHM

MATTI VIHOLA

ABSTRACT. This paper considers the stability and ergodicity of an adaptive ran-
dom walk Metropolis algorithm. The algorithm adjusts the scale of the symmetric
proposal distribution continuously, based on the observed acceptance probability.
A strong law of large numbers is shown to hold for functionals bounded on com-
pact sets and growing at most exponentially as ||z|| — oo, assuming that the target
density is smooth enough and has either compact support or super-exponentially
decaying tails.

1. INTRODUCTION

Markov chain Monte Carlo (MCMC) is a general method often used to approximate
integrals of the type

I:= g f(x)m(z)dr < oo

where 7 is a probability density function [see, e.g., 19, [14, [17]. The method is based
on a Markov chain (X,,),>; that can be simulated in practice, and for which I,, :=
S J(Xg) — I as n — oo. Such a chain can be constructed, for example, as
follows. Assume ¢ is a zero-mean Gaussian probability density, and let X; = z; for
some fixed point z; € R For n > 2, recursively,

(S1) simulate Y,, = X,,_1 + 6W,,, where W,, are independent random vectors dis-
tributed according to ¢, and

(S2) with probability «,, = min{l,7(Y,,)/7(X,-1)} the proposal is accepted and
X, =Y,; otherwise the proposal is rejected and X,, = X,,_;.

This symmetric random-walk Metropolis algorithm will produce, with any positive

scalar parameter 6, a valid chain, i.e. that I, — I almost surely as n — oo [see,

e.g. 13, Theorem 1]. However, the efficiency of the method, i.e. the speed of the

convergence I, — I, is crucially affected by the choice of . For too large 6, very

few proposals become accepted, and the chain mixes poorly. For too small €, most
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of the proposals Y,, become accepted, but the steps X,, — X,,_1 are small, preventing
good mixing. In fact, previous results indicate that the acceptance probability is
closely related with the efficiency of the algorithm. The “rule of thumb” is that the
acceptance probability «, should be on the average about 0.234 [18, [19], although
this choice is not always optimal [8]. In practice, such a @ is usually found by several
trial runs, which can be laborious and time-consuming.

So called adaptive MCMC algorithms have gained popularity since the seminal
work of \Haario, Saksman, and Tamminen [10]. Several other such algorithms have
been proposed after Andrieu and Robert [2] noticed the connection between Robbins-
Monro stochastic approximation and adaptive MCMC |[1, 13, 16, 115, [16]. The Adaptive
Scaling Metropolis (ASM) algorithm considered in this paper optimises the scaling
of the proposal distribution adaptively, based on the observed acceptance probability
13,15, 16, [16]. Namely, in the step (JII) of the above algorithm, 6 is replaced with a
random variable #,,_; set initially to #; > 0, and for n > 2 defined through recursion

(S3) logb, =logb,_1 +cn (o, — a¥)

where a* is the desired mean acceptance probability, e.g. o = 0.234, and ¢ > 0 and
v € (1/2,1] are constants.

It is not obvious that such an algorithm is valid, i.e. that I, — I. In fact, there
are examples of adaptive MCMC schemes that destroy the correct ergodic properties
[15]. To ensure the validity of such an algorithm, it is essential that the effect of the
adaptation “diminishes” in some sense as n — oo. For many practical algorithms,
however, showing the adaptation to diminish turns out to be a difficult task. Current
ergodicity results on adaptive MCMC algorithms assume some “uniform” behaviour
for all the possible MCMC kernels 5,16, 15]. In the context of the ASM algorithm, this
means essentially that 6,, must be restricted to a predefined set [a, b] with some 0 <
a < b < oo. Alternatively, one can use a general “reprojection and reinitialisation”
technique with a sequence of such sets [ay,, b,] with a,, \, 0 and b,, /" 0o as proposed
by Andrieu and Moulines [1], or stabilisation methods that modify the adaptation
rule to ensure stable behaviour [3]. [Roberts and Rosenthal |[16] have also suggested
using a fixed “non-adaptive” proposal distribution component within the adaptive
scheme; [7] provides analysis on this alternative.

It is a common belief that many of the proposed adaptive MCMC algorithms,
including the ASM algorithm described above, are inherently stable and thereby
do not require such artificial restrictions or stabilisation structures. There is some
empirical evidence of the stability, but few theoretical results. In particular, Saksman
and Vihola [20] verify that the Adaptive Metropolis algorithm has the correct ergodic
properties and is stable, provided the target distribution 7 has super-exponentially
decaying tails with regular contours. The next section shows that the stability and
ergodicity of the ASM algorithm can be verified under similar conditions fairly easily,
without any artificial stabilisation.
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2. THE MAIN RESULTS

Throughout this section, suppose that the process (X, 6,),>1 follows the ASM
recursion (SI)—(93]) described in Section [Il Before stating the first ergodicity result,
consider the following condition on the regularity of a collection of sets.

Definition 1. Suppose that {A;}ic; with each A; C R? are such that there is a
unique outer-pointing normal n;(x) for each x in the boundary 0A;. Then, {A;};c;
have uniformly continuous normals if for all e > 0 there is a § > 0 such that for any
i € I it holds that ||n;(x) — n;(y)|| < € for all z,y € 0A; such that ||z — y|| <.

This definition essentially states that the boundaries dA; must be regular enough
to ensure that if one looks at 0A; at a small enough scale, it will look almost like a
plane.

Theorem 2. Assume 7 has a compact support X C RY, and 7 is continuous, bounded,
and bounded away from zero on X. Moreover, assume that the set X has a uniformly
continuous normal in the sense of Definition [l Then, for any 0 < o* < 1/2 and a
bounded function f, the strong law of large numbers holds, i.e.

(1) %Z F0) 2= [ flamtepde almost surey
k=1

Theorem [2 follows as a special case of Theorem 22 in Section [5l
Let us consider next target distributions 7 with unbounded supports, satisfying
the following conditions formulated in [20].

Assumption 3. The density 7 is bounded, bounded away from zero on compact
sets, differentiable, and

a

(2) lim sup -Vlogn(z) = —o0

r—o0 g2 [|1Z]|”

for some p > 1. Moreover, the contour normals satisfy

, x Vr(x)
3 lim sup .
) A S T V()

|| < 0.

This assumption is very near to the conditions introduced by Jarner and Hansen
[12] to ensure the geometric ergodicity of a (non-adaptive) Metropolis algorithm,
and considered by Andrieu and Moulines |1} in the context of adaptive MCMC. In
particular, |1, 12] assume that 7 fulfils the contour regularity condition (3]). Instead
of (), they assume a super-exponential decay on T,

lim sup T Viegn(z) = —0

r=00 71> |||

which is only slightly more general than (2]). See [12] for examples and discussion on
the conditions.
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Theorem 4. Suppose © fulfils Assumption [3 and there is a ty > 0 such that the
contour sets {Li}o<i<t, where Ly := {x € RY : (x) > t} have uniformly continuous
normals in the sense of Definition[l. Assume the function f is bounded on compact
sets, and grows at most exponentially, i.e. f(x) < c1e®l®l for all ||z|| > 1 with some
constants 0 < ¢1,¢9 < oo. Then, for any 0 < o < 1/2, the strong law of large
numbers (Il) holds.

Theorem Ml is a special case of Theorem 24l in Section [5l

Remark 5. For many practical target densities satisfying Assumption [3] the tail con-
tours are (essentially) scaled copies of each other, in which case they have automat-
ically uniformly continuous normals. This indicates that Theorem [ is practically a
counterpart of |20, Theorem 13] verifying the ergodicity of the Adaptive Metropolis
algorithm.

Remark 6. The “safe” values for the desired acceptance rate stipulated by Theorems
and 4] are 0 < a* < 1/2. This range is often sufficient, as the most commonly
used values for a random-walk Metropolis algorithms are probably o* = 0.234 and
o = 0.44, and it has been suggested that values 0.1 < a* < 0.4 should work well in
most cases [8, 116, [18, [19].

Remark 7. The results below hold for the above algorithmic setting, but allow some
modifications. Most importantly, one can use also a non-Gaussian proposal dis-
tribution ¢. In particular, the results hold for a heavy-tailed multivariate Student
proposals. Moreover, one can employ a different weight sequence than en™ in (S3));
the essential assumption is that the sum of square weights must be finite.

The rest of the paper is organised as follows. Section B] describes a general adap-
tive MCMC scheme, and a generalised version of the above described ASM algorithm
within that framework. Section M develops stability results for this process. In par-
ticular, Corollary [[5] ensures the stability of the sequence #,, with the assumptions of
Theorem 2] and Proposition [I§ controls the growth of 8,, when = fulfils the conditions
of Theorem Al Once the stability results are obtained, the ergodicity is verified in
Section [l by the results in [20].

3. NOTATIONS AND FRAMEWORK

The adaptive MCMC process considered here evolves in a measurable space X X S,
where X is the space of the “MCMC” chain (X,,),>; and S = R the space of the
adaptation parameter chain (S,),>1. The process starts at some given X; = x; € X
and S7 = s; € S, and for n > 1, follows the recursio

(4) X o {Yn—l—b lf Un-‘rl S Oésn (Xn> Yn—l—l)
n+1 —

X,, otherwise
(5) Sn+1 = Sn + 77n+1H(Sn> Xna Yn+1)

IThe recursion of ) can be considered as Robbins-Monro stochastic approximation; see |1, 12, 4]
and references therein.
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where the acceptance probability a : X x X — [0, 1] for each s € S, and H : S x X x
X — Kp is an adaptation function, with Ky C R compact. The random variables U,
and Y, are assumed to be F,,-measurable; U, ,; is independent on F,, and uniformly
distributed on [0, 1], and Y,,;1 depends on F,, only via X,, and S,. Namely, Y, are
distributed by the proposal density g, so that P(Y,11 € A | F,) = [, ¢s, (X5, y)dy.
The sequence of non-negative step sizes 7, decays to zero.

Hereafter, consider the following generalisation of the ASM algorithm of Section
0 formulated in the above framework. In that case, X C R? is the support of 7 and
the family of proposal densities are defined as ¢s(z,y) := gs(x — y) with

¢5(2) := [o(s)] “a([6(s)]7"2)

where the template probability density ¢ on R? is symmetric, and the scaling function
¢ : R — (0,00) is increasing and surjective. To shed light on this definition, let Y be
distributed according to q. Then, ¢(s)Y is distributed according to ¢s. In the context
of the particular version of the algorithm described in Section [I, one has ¢(s) = €*
and S,, = log#,. The acceptance probability is the Metropolis-Hastings rati

: m(y)
ag(r,y) = alxr,y) :=min< 1, —= 5.
(2.9) = alap) = min {1, 70}
The adaptation function H is defined as H(s,z,y) := H(z,y) = a(x,y) — o where
a* is the constant desired acceptance rate, and the non-negative step sizes satisfyﬁ
oo me =00 and Y o mE < o0.
Define the expected acceptance rate at x € X with parameter s € S as

Alz,s) = / o, ) — y)dy.

Clearly, the adaptation rule decreases S,, whenever A(X,,S,) < a*, and vice versa.
So, it is plausible that the algorithm would result in S,, — s* such that A(s*) = a*,
where

A(s) Z:/XA(:L',S)W(ZL')dZL’

is the expected acceptance rate over the target density m. In this paper, however, the
convergence of S, is not the main concern, but the stability of it, as it turns out to
be crucial for the validity of the ASM algorithm.

The Metropolis transition kernel with a proposal density ¢, is given as

©  PleA) = 1@ [ L= a@ola -+ [ - ody

R A

where 1,4 stands for the characteristic function of the set A. Using the kernels P,
one can write {l) as P(X,,.1 € A| X,, =, S, = s) = Py(x, A). As usual, integration

2Note that Y,+1 may lie outside X, but (X,,),>1 C X almost surely.
3The case > req Mk < 00 is not considered as it yields a trivially bounded S, and prevents effective
adaptation.
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of a function f with respect to a kernel is denoted as

P = [ f0)Pody)
X
Let V > 1 be a function. The V-norm of a function f is defined as

= su M
Il = sup

The closed ball in R? is written as B(z,7) := {y € R?: ||z —y| < r}, and the distance
of a point z € R? from the set A C R? is denoted as d(z, A) := inf{||z — y|| : y € A}.

4. STABILITY

This section develops stability results, starting with a simple theorem on the general
process given in Section 8l This theorem is auxiliary for the present paper, but may
have applications with other adaptive MCMC algorithms of similar type.

Theorem 8. Suppose (X, S,)n>1 follow the general recursions @) and ([{), and the
step sizes satisfy Zzozl n? < oo.

(i) If there is a constant a < oo such that for alln > 1
E[H(S,, Xn, Yni1) | Fu] <0 whenever S, > a,

then limsup,,_, ., S, < 00 a.s.
(it) If also ), n, = 00, and there is a non-decreasing sequence of constants (a,)n>1 C
R such that

E[H(Sn, Xn, Ynt1) | Fu] <0 whenever S, > a,
for some b < 0, then limsup,,_,.. (S, — a,) <0 a.s.

Proof. Let W, := H(Sp—1, Xn-1,Yn)lys, ,>a for n > 2, and define the martingale
(M, Fn)n>1 by setting My := 0, and M,, := > _,_, dM, for n > 2 with the differences
dM,, = n,(W, —E[W, | F._1]). Clearly,

ne < 00

WE

S E[dM; | Fio] < 4¢P
k=2

B
||

2

where ¢ = sup,cy,, [z[. This implies that M, converges to an a.s. finite limit M,
le.g. (11, Theorem 2.15].

Let (7)x>1 be the exit times of S5, from (—o0,a), defined as 7, := inf{n > 7, :
Sn > a, S,_1 < a} using the conventions 79 = 0, Sy < a, and inf () = co. Define also
the latest exit from (—o0,a) by o, := sup{7 : K > 1, 7, < n}. Whenever S, > a,
one can write S,, = Sy, + (M,, — M,,) + Z,, » where

Zm,n = Z nnE[Wn | fn—l] < 0

k=m-+1
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by assumption. In this case,

(7) Sp < Sy, + (M, — M,,) <max{|Si|,a+ cn,, } +2sup |M;| < C
E>1

where C'is a.s. finite. If S,, < a the claim is trivial and (@) holds.

Assume then (). If S, < a, for all n greater than some N;(w) < oo, the claim
is trivial. Suppose then that S, > a, infinitely often. Define (7;)r>1 as the exit
times of S, from (—o0, a,) as above. The times 7, are all a.s. finite in this case (and
S, returns to (—oo, a,) infinitely often), for suppose the contrary; then the last exit
times o,, are bounded by some o, < o < 0o, and for n > ¢ one may write

Sn - SO' + (Mn - MO’) + Za,n S CO' + Za,n

where M,, and Z,, ,, are defined as above, using W, := H(Sp—1, Xn-1,Yn)L(s,_1>an_1}5
and the random variable C, is a.s. finite as in (7). Now, Z,, — —o0 a.s. as n — o0,
so S, < a, a.s. for sufficiently large n, which is a contradiction.

Fix an € > 0 and let Ny = Ny(w,€) be such that for all n > Ny, it holds that
o, < €/3 and that | My, — M| < €/3 a.s. for all kK > ,,. The claim follows from the
estimate

Sn S So'n + (Mn - MUn) = Sa'n—l _'_ nO'nH(SO'n—17X0'n—17 Ya'n) _'_ (Mn - Ma'n)
< a,, +€/3+|M, — M|+ |Ms — M,,| <a,+e¢

for all n > N,. O

Remark 9. Theorem [ generalises for an unbounded adaptation function H under
suitable additional assumptions. For example, assuming

lim sup ‘nn—l—lH(Sna Xna Yn+1)‘ =0 and Z ‘nn—l—lH(Sna Xna Yn+1>|2 < 00

hold almost surely, the proof applies with obvious changes. Moreover, the function
H may depend additionally on U, (or X, 11).

Hereafter, consider the adaptive scaling Metropolis (ASM) algorithm described in
Section Bl One can give simple conditions under which the result of Theorem [
applies. This is due to the fact that one can write

E[H(Sn, Xn, Yoi1) | Fu] = A(X,, Sp) — a7,
so in light of Theorem 8] it is sufficient to find out when A(x, s) is below or above a*.

Proposition 10. Assume 7 is supported on a compact set X C R? and o* > 0.
Then, there is b < 0 and a € R such that

(8) E[H(Sn, Xn, Yoi1) | Ful <0 whenever S, > a.

Proof. Without loss of generality, one can assume 0 € X. Let ¢ > 0 be sufficiently
small so that fE(o o q(z)dz < a*/2, and let a be sufficiently large so that ¢(s) >
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diam(X)e~?! for all s > a. Then, for all z € X,

[ otr e —udvs [l o) = [ atwan

X

< / g(uydu < &
B(0,e) 2
That is, [8) holds with b = —a*/2 < 0, whenever s > a. O

Before stating the next result bounding the conditional expectation to the opposite
direction, let us consider a condition on the tails of .

Assumption 11. There is a A > 0 such that Ly := {y € R?: 7(y) > A} is compact
and 7 is continuous on L,. Moreover, the sets in the collection {L;}o<i<) have
uniformly continuous normals in the sense of Definition [IL

Proposition 12. Suppose the target density © satisfies Assumption [I1. Then, for
any o < 1/2, there are a € R and b > 0 such that

(9) E[H(Sn, Xn, Yoi1) | Fu] >0, whenever S, < a.

Before giving the proof of Proposition[I2] let us outline the simple intuition behind
it. For all s small enough, the mass of ¢s(-) is essentially concentrated on a small
ball B(0,¢). If one looks the target 7 only on B(x,e€), there are essentially two
alternatives. The first one is that 7 is approximately constant on that small ball and
A(z, s) =~ 1. The second alternative is that m decreases very rapidly to one direction,
in which case the set {y : m(y) > 7(z)} looks like a half-space on the ball B(z,¢),
and A(z,s) = 1/2.

Let us start with a lemma on this “half-space approximation.”

Lemma 13. Suppose that the sets {A;}icr with A; C RY have uniformly continuous
normals in the sense of Definition [1. Then, for any € > 0, there is a 6 > 0 such
that for any v € I, any x € A; and any 0 < r < 9, there is a half-space T such that
B(x,r)NT C B(z,r)N A;, and the distance d(z,T) < er.

The claim is geometrically evident. The technical verification is given in Appendix

(Al

Proof of Proposition[I2. Fix an 0 < ¢* < 1, and let M > 1 be sufficiently large so
that

(10) / qs(z)dz = / qg(z)dz > 1—¢
B(0,4(s)M) B(0,M)

and for any plane P, it holds that

(11) / a(:)dz = | d(2)dz < e
{d(z,P)<¢(s)M~1} {d(z,P)<M~1}
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By compactness of L, and positivity of © one can find d; > 0 such that for all
x,y € Ly with ||z — y|| < d;, it holds that |log7w(x) —logm(y)| < €*/e so that

m(x)
Let 65 > 0 be sufficiently small to satisfy Lemma [I3] with the choice e = M2

Choose a small enough a € R so that ¢(a)M < min{d;,d>}. Let s < a, denote
rs := ¢(s)M, and write for any « € L,

/X o, y)gs(x — y)dy > / a2, y)as(a — y)dy

B(z,rs)NLy

1 — min {1, @} = 0 — emin{Ologmy)—log (@)} < ol log 7(y) — logw(z)| < €.

> (1—¢€) / ¢s(v —y)dy
B(z,rs)NLy

since 7, < 6;. Denote by T the half-space from Lemma [3] such that B(x,7,) NT C
B(x,rs) N Ly and the distance d(x, T)) < M~2r,. One obtains

/X ale,y)gs(@ — y)dy > (1 - ) / 2oz — y)dy

B(z,rs)NT
> (1 —6*)/_ ~qs(:v—y)dy—/ gs( — y)dy
B(x,rs)NT {d(y,P)<M~2rs}
1
> (1 — *\2 _ x
> ey

where T is the half-space with the boundary plane P parallel to the boundary of T,
and passing through z. The last inequality follows from (I0) with the symmetry of
qs and (II]), respectively. The same estimate holds for any x € L, with ¢ > 0.

To conclude,
[t -pay=5 -3 (5-a
. »Y)ds Yy y_2 5\ 9

for all z € X and for any o* < 1/2 by selecting €* = €*(a*) > 0 to be sufficiently
small, implying (@) with b = (1/2 — a*)/2 > 0. O

Remark 14. Assumption [l in Proposition 2] is not minimal. For example, the sets

L; could have convex holes that do not have uniformly continuous normals, and one
could still obtain Proposition 121

As an easy corollary of the propositions above, one establishes the stability of the
ASM process.

Corollary 15. Assume the target density © is compactly supported, and satisfies
Assumption [I1. Then, for the ASM process (Xp, Sp)n>1 with any 0 < o < 1/2,
there are a.s. finite Ay and As such that

(12) Ay <8, < A
foralln > 1.
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Proof. The conditions of Propositions [I0] and [[2] are satisfied, so there are constants
—o0 < a; < ay < 0o and b < 0 such that

E[H(Sn, Xn, Yoi1) | Fu] <b whenever S, > as,
E[H (S, Xn, Yot1) | Fo] = =0 whenever Sp < ay.

Theorem Blapplied to —S,, and S,, guarantees that a; < liminf, .. S, and limsup,,_, ., S, <
as, respectively, from which one obtains a.s. finite A; and A, for which (I2)) holds. O

The rest of this section considers targets m with an unbounded support. Under
a suitably regular 7, it is shown that the growth of S, can be controlled. To start
with, consider the following properties for the scaling function ¢ and the the template
proposal distribution gq.

Assumption 16. The scaling function ¢ is piecewise differentiable, and there are
constants h,c > 0 and x > 1 such that

¢'(x + &) < emax{1, ¢"(x)}
forall z € R and all 0 < & < h.

Assumption [I6l is not restrictive, and it clearly holds for any polynomially or ex-
ponentially increasing ¢.

Assumption 17. The template proposal density ¢ can be written as ¢(z) = ¢(||X7'z]|)
where ¥ € R¥? is a symmetric and positive definite matrix, and ¢ : [0, 00) — (0, 00)
is a bounded, decreasing, and differentiable function. Moreover, the derivative of ¢
satisfies

(i) there is an €* > 0 and 0 < a < b < oo such that for all 0 < e < €*, the following
bounds hold

Jdx)=2¢(x+e) > ¢, forall a<z<b,
/ min{0,§'(z) — 2 (z + e)}dx > —coe 3
0

with some constants ¢y, co, c3 > 0.
(ii) there are constants ¢4, c; > 0 such that

/ ¢ (07 ) |dr < el
0
for all 0 < 0 < 8.

Assumption [I7 stipulates that ¢ is elliptically symmetric and the contours of ¢
have main axes proportional to the eigenvalues of >. Moreover, the decay rate of
q along any ray is determined by ¢ satisfying the technical conditions (i) and ().
Lemma 28 in Appendix [Bl shows that Assumption [[7 holds for Gaussian and Student
distributions gq.

The following estimate for the at most polynomial growth of ¢(S,,) is crucial for
the ergodicity result obtained in Theorem [24]
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Proposition 18. Suppose 7 satisfies Assumptions[3 and [11. Suppose also that the
scaling function ¢ satisfies Assumption[18 and the template density q fulfils Assump-
tion[I7 (). Then, for the ASM process (X, Sp)n>1 with 0 < a* < 1/2, and for any
B > 0, there is an a.s. positive ©1 = O1(w) and an a.s. finite Oy = Oz(w, (), such
that

@1<¢( )<@2n

Before the proof, let us consider an estimate of A(x,s) depending on both x and
S.

Lemma 19. Assume 7 satisfies Assumption [J. Then, for any ¢ > 0, there is a
constant ¢ = c(e€) > 1 such that A(z,s) < € for all ¢(s) > cmax{1, ||z|}.

Proof. Let 1y > 1 be sufficiently large so that for some v > 0 it holds that ” T

||§:Eg|| < =7 and 15 - Viegm(x) < —v for all ||z]| = r1. Increase ry, if necessary, so
that for any ||z|| > ry one can write L) = {y : 7(y) > n(2)} = {ru:u e S, 0 <

r < g(u)} where S¢ := {u € R? : ||u|| 1} is the unit sphere and the function
g:S% — (0,00) parameterises the boundary of Ly(,). Notice also that the contour

normal condition implies the existence of an M > 1 such that L) C B(0, M||z|)
for all ||z]| > r;.
Write for ||z|| > ry := Mry

Az, s) = /Rd a(r,y)gs(r — y)dy

< / ¢s(x — y)dy + sup gs(z —y) / oz, y)dy.
{d(y,Ln () <l1z]} yeRd {d(y, Ln () > 2]}

The first term can be estimated from above by

€
/ gs(z —y)dy < / ¢s(2)dz = / q(u)du < 5
B(0,M 2|+l B(0,(M+2)]) B(0,7(s,))

whenever r(s,z) = [¢(s)]7H(M + 2)||z|]| < €* for some small enough €* = ¢*(€) >
as in the proof of Proposition 10l

For the latter term, notice that sup,cga ¢s(—y) = [¢(s)] " sup,cra q(2) < e1[p(s)] ™%
The integral can be estimated by polar integration as

/ a(z,y)dy < cg sup / rd—1glogm(ru)—logm(g(w)u) q,.
{d(y,Lr(z)) >} weS? Jr>g(u)+z|

where ¢4 is the surface measure of the sphere S¢. Since ||z| > ry, one has that
g(u) > ry > 1, and from the gradient decay condition, one obtains that for r > g(u)+1

r t T
log w(ru) —log m(g(u)u) = / ; - Vlog m(tu)dt < 7/ tP1dt
oty IEul] g(u)

< —vg(u)’~r — g(u)]
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from which
/ ,,,,d—lelog 7 (ru)—log 7(g(u)u) dr < / e_%dw sup rd—le—%g(u)ﬁfl[r—g(u)] )
r>g(u)+|lz|| 0 7>g(u)+z]|
Consequently,

2
/ alzy)dy <> swp exp[(d - 1)log(g + ) - 23] <
{4y L)) lel} 7 21,71 2
with a constant c; > 0 whenever ||z|| > ro.
To sum up, there is a ¢5 > 0 such that for ||z| > ry and
2 (M+2
¢(s) > czmax{l, ||z||} > max {1, c109—, (—I—i*)HxH}
€ €
it holds that A(x,s) < e. For any ||z|| < 7o there is a ry < ||zg]| < Mry such

that m(x¢) < m(z). Consequently, a(z,y) < alxg,y) for all y € R? and therefore
A(z,s) < A(zo, s). To conclude, A(x,s) < e for all ¢(s) > Mezmax{1, |z }. O

Having Lemma [I9 and the lower bound from Proposition [12], the proof of Propo-
sition [I§ can be obtained fairly easily using the a growth condition established in
120].

Proof of Proposition[18. Proposition applied with Theorem [§ for —S,, gives an
a.s. finite Ay such that A; < S,,. Since ¢ > 0 is increasing, the variable ©; := ¢(A;)
is a.s. positive, showing the lower bound.

To check the polynomial growth condition for ¢(S,,), it is first verified that || X, ||
grows at most polynomially. Fix an € > 0, and let 6; = 6,(¢) > 0 and a; = a1(¢) € R
be such that 6, = ¢(a;), and that P(B;) > 1 —¢, with By := {01 > 6,} = {4, > a;}.

Let V(x) := c,m~Y2(z), where the constant c, := [sup, 7(x)]'/? ensures that V > 1.
Proposition 26 in Appendix [Bl shows that the drift inequality
(13) PV (z) <V(zx)+b

holds for all ¢(s) > 6, > 0 with some b = b(#;) < co. Construct an auxiliary process
(X],S!)n>1 coinciding with (X, Sp,)n>1 in By by setting (X, S!) = (X5, S,) where
the stopping times 7,, are defined as

n, if S, >0, foralll <k<n
Ty 1=
inf{l <k<n-—1:5.4 <60}, otherwise.

Having the inequality (I3), set 3’ = k3 and use Proposition 10 of [20] to obtain the
bound || X’|| < ©.n for some a.s. finite ©,. The € > 0 was arbitrary, so one can let
¢ — 0 and obtain an a.s. finite © such that || X, | < ©n”. Applying Lemma 9, one
obtains that A(X,,S,) < a*/2 whenever ¢(S,) > ©'n” with @ := ¢; max{1, ©}.
Fix again an € > 0 and let 6y = ;(¢) < oo be such that P(B;) > 1 — ¢ where By :=
{®" < 6,}. Construct an auxiliary process (X, S ),>1 coinciding with (X, Sp,)n>1
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in B, by stopping the process if S > 6,k as in the construction above. Theorem [§
ensures that

limsup[S), — a,] <0

where @, are defined so that ¢(a,) = 6yn”. That is, S, < a, + E, with E, — 0
almost surely. Consider Assumption and take Ny so large that F, < h for all
n > No. Then, ¢(z + h) = ¢(x) + he'(z + ) for some 0 < ¢ < h, and hence
d(xz+ h) < comax{l, ¢p(x)*}. For n > Ny, one has

¢(S)) < ¢(an + En) < camax{1, ¢(an)"} = cymax{1, 050"} < 0yn’.
Summing up, there is an a.s. finite ©), such that
6(S5,) < Oyn”

on By. Finally, letting e — 0, one can find an a.s. finite ©y such that ¢(S,) <
@gnﬁ. O

Remark 20. It is possible to obtain Corollary I3 and Proposition [I§ when using the
ASM algorithm within some other adaptation framework. For example, ASM can
be combined with the Adaptive Metropolis algorithm as suggested in 3] and [3]. In

particular, one could assume that there is another (F,-measurable) parameter .S, in
addition to Sy, so that Y11 ~ qg 3 (X, ) with

0s,5(2,y) = g5z — y) = [0(5)] a5 ([0(s)] 7 (& — y))
where {gs};c5 is a suitably “uniform” family of probability densities. If there are
integrable ¢*,¢~ > 0 such that ¢ (2) < ¢s(2) < ¢*(2) for all § € S and with
Jga ¢ (2)dz > 0 as suggested in [7], then Corollary [T can be easily verified to hold.

Similarly, Proposition can be shown to hold if additionally all {gs};.5 satisfy
Assumption [T (T).

5. ErRGobpICcITY

Section (] described conditions under which the ASM algorithm was shown to be
stable, or to have a controlled growth. This section formulates strong laws of large
numbers for the ASM process, following the technique introduced in [20]. For this
purpose, an alternative theoretical adaptation recursion is formulated, applying a
sequence of restriction sets K1 C Ko C -+ C K,, C S.

Assume (X, Sp)n>1 follow the adaptation framework described in Section Bl As-
sume S; = §; € K, and instead of [B) let (Sn)nZI follow the “truncated” recursion

(14> gn—l—l = Onp+1 <gn7 nn—l—IH(gna Xna ifn—l—l))
where the restriction functions o, : S X S — S are defined as

(s, ) s+, ifs+d €K,
on(s,s) = )
" s, otherwise.
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That is, o, ensures that Sn € K, for all n > 1. Observe that if K, =S for all n > 1,
then the truncated recursion ([I4]) reduces to the original adaptation recursion ().
Before stating an ergodicity result for this truncated chain, four technical assump-

tions are listed, which must hold for some constants ¢ > 1 and ¢ > 0.

(A1) For each s € S, the transition probability P; has 7 as the unique invariant
distribution.

(A2) For each n > 1, the following uniform drift and minorisation conditions hold
for all s € K,,

PV (z) <\, V(x) +b,1c, (2), VreX
PS(ZL',A) > 577/1/8(‘/4)7 Vo € Cn, VA CX

where C,, C X is a subset (a minorisation set), V' : X — [1,00) is a drift
function such that sup,c V(z) < by, and v, is a probability measure on X,
concentrated on C,,. Furthermore, the constants A\, € (0,1) and b, € (0, 00)
are increasing, and 6, € (0,1] is decreasing with respect to n, and they are
polynomially bounded so that

max{(1 —\,)"", 6. %, b,} < ent.

(A3) For all n > 1 and any r € (0,1], there is ¢ = ¢(r) > 1 such that for all
s, s € K,,
1Pef = Pofllve < n[lfllye|s = ']
(A4) The inequality |H (S,, Xn, Ynt1)| < cn€ holds almost surely.
Theorem 21. Assume (Adl)-(A4) hold and let f be a function with || fl|,s < oo for

some (3 € (0,1). Assume € < k;'min{1/2,1 — 3}, where k, > 1 is an independent
constant, and that >~ | k"< 'n, < co. Then,

(15) %Z F(X) == /X f(@)n(z)dz  almost surely.
k=1

Proof. This theorem is a straightforward modification of Theorem 2 in [20]. In par-
ticular, the assumption (AH) here is slightly simpler than assumption (A4) in [20],
and the changes required for the proof are obvious. O

The following first main result considers the case of compactly supported 7.

Theorem 22. Suppose © has a compact support X C R? and m is continuous,
bounded, and bounded away from zero on X. Moreover, assume that the set X has a
uniformly continuous normal in the sense of Definition[ll, and the template proposal
density q satisfies Assumption[I7. Then, for the ASM process (X, Sp)n>1 with any
0 < a* <1/2 and a bounded function f, the strong law of large numbers holds, i.e.

(16) LY 00 == [ e

almost surely.
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(9) (9)

Proof. Corollary [I5 ensures that for any 6 > 0, there are —oo < a;’ < a;’ < 00 such
that P(B®) > 1 — ¢, where

BO) .— {Vn > 1, agé) <5, < ag)}.
Set K = KO = [ag‘;),ag‘s)] for all n > 1, and construct the truncated process

(XT(L(S), 5’,(16)) using these restriction sets in (I4]). Define 9%6) = gb(agé)) > 0 and 956) =
9(ay”) < oo.

Let us next verify above assumptions with some ¢ > 1 and € = 0, and for V = 1.
The assumption (All) holds by construction of the Metropolis process. For (AQ), take
C,, = X for all n > 1, and notice that P,V (x) = 1 for all x € X and s € S. By
Assumption [I7 () one can estimate for all s € K and all z € X,

Pz, A) > /

A

a(sc,qu(:c—y)dyz( inf qs<x—y>) [T

z,y€X, s€K () SUp,ex 7(2)

> 0y < inf (X)Q(]|9f12‘1z]|)) c1vs(A) > ovs(A)

|z|<diam

with a § > 0, where v,(A) := v(A) = ¢ [, Sup;(%dy and ¢; > 0 chosen so that
v(X) = 1. Assumption [I6 ensures that the derivative of ¢ is bounded on the compact
set K. Therefore, the Frobenius norm |lo(s)2 — (s E|| < eals — §'| with some
c2(0) > 0, and Proposition 27 in Appendix [Bl implies (AB]). Finally, it holds that
|H(Sn, Xn, Yoi1)| < ¢, implying (AH).

AIL (A)-(AD) hold and Y57, k~ln, < (552, k=2)V2(335%, )2 < oo, so The-

orem [2]] yields a strong law of large numbers for the truncated process XY, Since

(X,(f))nzl coincides with the original ASM process (X,,),>; in B® | the strong law of
large numbers applies for X,,(w) with almost every w € B, Since § > 0 is arbitrary,
(I6) holds almost surely. O

Remark 23. Theorem 2] is actually a version of Theorem 2 of |20], which is a mod-
ification of Proposition 6 in [1]. Theorem could be obtained also using other
techniques, in particular, the mixingale approach described in [6, [10], or the coupling
technique of [15] (resulting in a weak law of large numbers). These other techniques
do not, however, apply directly to Theorem 24 below, where Theorem 21l is applied
in full strength.

Finally, the second main result considers target densities m with unbounded sup-
port.

Theorem 24. Suppose © satisfies Assumptions[3 and [11. Assume the function f is
bounded on compact sets, and grows at most exponentially, i.e. f(z) < ciel®l for all
||| > 1 with some constants 0 < ¢y, co < 00. Then, for the ASM process (X, Sp)n>1
with any 0 < o < 1/2, the strong law of large numbers (I8) holds.
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Proof. Proposition [I8 ensures that for any ¢ > 0 there are a.s. positive ©; and
a.s. finite ©4 such that

(17) 01 < ¢(Sy) < Oanc.

Now, similarly as in the proof of Theorem 22| for any 6 > 0, one can find 0 < 9?) <
6 < oo such that
2

(18) P(vn>1:6% <8, <6n)y>1-46
and construct (X,(f),gy(f))nzl using the restriction sets K\ :=
o(a)’) =0 and ¢(as") = 05"n.

Let V(z) := cyn Y2(x) with ¢y := (sup, 7(x))"/2. The assumptions (Adl) and
(AH)) hold as verified in the proof of Theorem 22. Proposition 26 in Appendix [Bl
with the fact det(#X) = §¢det(X) yields (AR) with ¢ = de’. Assumption [I6] ensures
that ¢'(s) < c¢"(s), from which |p(s) — ¢(s)] < c(9§6)n6')“|s —§| < s — S
Now, Proposition 27 in Appendix [B] shows (AB]) with € = cake’. To conclude, the
assumptions (Adl)—(AHd]) hold with constants (c,e€), where ¢ = €(d,¢') > 0 can be
selected to be arbitrarily small, and ¢ = ¢(, €) < 0.

In particular, one can let € be sufficiently small to ensure that k.e < 1/3 and
p—e > 1. Then, 72 k"<l < 0o as in the proof of Theorem 22and V (x) > czell.
Theorem 2]] ensures that the strong law of large numbers holds in the set (I§]), and
a.s. by letting 6 — 0. OJ

[, a{], where
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APPENDIX A. HALF-SPACE APPROXIMATION

Proof of LemmalI3. Fix an € > 0. By the uniform smoothness of {0A;};c;, one can
let & > 0 be so small that ||n;(y) — n;(2)|| < € for all ¢ € I and y,z € JA; with
ly — z[| < 20. _

Fixani € [, anz € A;, and ar € [0,6]. If B(z,7)\ A; = 0, one can let T" be any
half-space passing through z. Suppose next B(z, )\ A; # (), and let y € B(z,r)NJA;.
Consider the open cones

Ci={y+2:mily) - = < —€lAlI}
Cr={y+z:niy) z> €|}

illustrated in Figure [l We shall verify that B(y,20) N C_ C B(y,2§) N A; and
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F1GURE 1. Illustration of the half-space approximation. The set A; is
shown in light grey, and the cones C'_ and C in dark grey.

B(y,26)NC, C B(y,25) \ A;.

Namely, let u € B(y,25) NC_ and write u = y+ 2. Suppose that u ¢ A; and define
to:=inf{t €[0,1] : y+tz & A;}. Let ug := y-+toz and notice that uy € B(y, 25)NIA;.
Moreover, the line segment y + tz with ¢t € [0, 1] passes through 0A; at wug, and
therefore n;(ug) - 2 > 0. On the other hand,

ni(uo) - W — (ni(uo) — ni(y)) - W +nily) - ﬂ < JInsuo) — ni(y)|| — € <0,

which is a contradiction, implying That is, C_ N B(y,26) C A; N B(y,25). The case
with C is similar.

Let T := {y—2€'rn;(y)+2 : z:n;(y) < 0}. It holds that B(y,2r)NT C B(y,2r)NC_
since taking y +w € B(y,2r) NT one has n;(y) - w < —2¢'r < —€'||w||. On the other
hand, B(y, 2r)NC_ C B(y,2r)NA; and B(z,r) C B(y,2r),so B(z,r)NT C B(x,r)N
A;. Clearly, d(y,T) = 2€'r, and since x ¢ C one has n;(y) - (x —y) < €|z —y|| < €r.
To conclude, d(x,T) < 3¢'r, and taking ¢ = ¢/3 yields the claim. O

APPENDIX B. SIMULTANEOUS PROPERTIES FOR METROPOLIS KERNELS
Let us define the following generalisation of Assumption [I7

Assumption 25. Let C; C R%9 stand for the symmetric and positive definite matri-
ces. Suppose P C Cq and {gs }sep is a family of probability densities defined through

(19) gs(2) = | det(s)| "' q(lls~ =),
where ¢ : [0,00) — (0,00) is a bounded, decreasing, and differentiable function.

Moreover, suppose that there is a k£ > 0 such that the eigenvalues of each s € P are
bounded from below by k.

Proposition 26. Suppose m satisfies Assumption[3 and the family {qs}sep satisfies
Assumption 23 with some k > 0. Moreover, suppose that ¢ in (I9) satisfies Assump-
tion[17 [@). Let Ps be the Metropolis transition probability defined in (6l) and using the
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proposal density qs. Then, there exists a compact set C C R?, a probability measure
v on C, and a constant b € [0,00) such that for any s € P
(20) PV (z) < XV (x) + ble(x), Ve e X
(21) P,(x,B) > 0,v(B) Ve C,VB CX
where V(x) := cym/%(x) > 1 with ¢y := (sup, 7(x))"? and the constants A, 5, €
(0,1) satisfy the bound

(1—X) Vvt < det(s)| ™
for some constant ¢ > 1.

Proof. Proposition 26]is a generalisation of [20, Proposition 18] considering Gaussian
densities ¢s. We shall describe the changes that are needed in the proof of |20,
Proposition 18].

Let s € P. For a non-negative function f, one can write by Fubini’s theorem

4(0)
f(z 4 2)qs(2)dz = | det(s)| ™ / / f(z + x)dzdt
R 0 {a(llfs—" 2D =t}

— | det(s)|"" / N [ i

where the substitution ¢ = g(u) was used, and E, = {z + 2 : [|s7'2|| < u}. One
has |[s7z]| < k7!||2||, and thus B, D B(x,uk). Assumption [T ({l) for the derivative
¢ corresponds to the estimate obtained in |20, Lemma 17| for a Gaussian family,

. A —222/2
ie.g=e .

These facts are enough to complete the proof of [20, Proposition 18] to yield the
claim. U

Proposition 27. Suppose the family {qs}sep satisfies Assumption 28 with some Kk >
0. Suppose, in addition, that q fulfils Assumption[17 (i), and either

(i) V=1, or

(i) 7 satisfies Assumption[d and V(z) = cym=/?(x) > 1 with ¢y := (sup, (x))"/2.
Then, there are constants ¢y, co > 0 such that for the Metropolis transition probability
Py given in (@), it holds that

(22) |Pf = Pafllyr < comax{lsl], 513 fllv- s = ']
for all s,s" € P and r € [0,1]. The matriz norm above is the Frobenius norm defined
as |lal] == \/tr(a”a).

Proof. Consider first ([{l). From the definition of the Metropolis kernel (@), one obtains
sup | P f(z) — Po f(2)] < 2sup[f(z)| / |4s(2) — g (x)|da.
T T X
For (@), Proposition 12 of [1] shows that for any r € [0, 1] it holds that

IPof — Pofllyr <21 fllr / 0.(2) — gu ()]dz
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so it is sufficient to consider only the total variation of the proposal distributions.
As in [10] and [1], one can write

10 - aetolae = [

where s; := ¢ +t(s — §’). Let us compute

'd
/0 Eqst(aj)dt‘dx.

d _ LAty d,
D) = =t (57 (5 = ) )+ | det(s) 7 sl s )
dt dt
and
d, _ St_lff )T —1 N -1
gl == (£55) 6=

Since s — s’ and s; are symmetric and s; positive definite, it holds that | tr (st_ Y(s —
)| < tr(s; ') maxi<i<q [Ni| < tr(sy")||s — §'|| where ); are the eigenvalues of s — s'.
Since the Frobenius norm is sub-multiplicative,

X‘qs(x) — gy (LL’)‘dSL’

< sup (tr(8§1)+\det(st)\‘ll|8{1|l2/x||xH

7 (lsz]) dx) s — s

< (dm‘l + Kk %Kk sup / rd\cj'(rHst_luH)\dr) |s — &
0

l[ull=1, t€[0,1]
< e A?||s = |

by polar integration and Assumption [I7 (i), where \ is the maximum eigenvalue of
s and s'. Clearly, A < max{||s||,||s’||} concluding the proof. O

Lemma 28. Suppose the template proposal density q is given as q(z) = cq(||7'z||)
where ¢ > 0 is a constant and ¥ C R is a symmetric and positive definite matrix,
and

(i) 4(x) = e~*1*, or
(ii) G(z) = (1 + %) ~¥>=7 for some v > 0.

That is, q is a (multivariate) Gaussian or Student distribution, respectively. Then, q
satisfies Assumption [17.

Proof. Consider first ({l). Assumption 07 (@) is implied by [20, Lemma 17]. For
Assumption [T (i), let 6y > 0.

o0 o0 7-2 00 p
/ g (07 r)|dr = 9_1/ ritle 2 dr = Cd9d+1/ uze tdu < 096”1
0 0 0

for all 0 < 0 < 6y with ¢ = ¢(d) > 0.
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Assume then that ¢ has the form (i) and fix an € > 0. By the mean value theorem,
denoting ¢; :=d + 2y and « 1= d/2 + vy + 1, one can write for some € € [0, €|

N N 2 1
Q(x)_2q ($+€)2011’((1+<x+6)2)a_ (1+x2)a)
:c:c< 1 _ 2ae(z+€) )
POt 1+ (@)t

Z<1+<§io%a(1‘2a6<%%é§$5§>a)>0

for all = > 0, whenever € > 0 is sufficiently small, showing Assumption [I7 ({l). Let us
compute

o0 o] d+1p—1 [e'¢) d+1
PR rét o0~ dr d+1/ u*du a1
rl¢d' (0~ r)|dr = ¢ — =0 —— < 30
e = [ i =t [ i < o
for any 0 < 6 < 6y, where the constant c3 = ¢3(d,y) < 0. d
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