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RANDOM WALKS ON DICYCLIC GROUP

SONGZI DU
STANFORD GSB

1. INTRODUCTION

In this paper I work out the rate of convergence of a non-symmetric
random walk on the dicyclic group (Dic,) and that of its symmetric
analogue on the same group. The analysis is via group representation
techniques from Diaconis (1988) and closely follows the analysis of ran-
dom walk on cyclic group in Chapter 3C of Diaconis. I find that while
the mixing times (the time for the random walk to get “random”) for
the non-symmetric and the symmetric random walks on Dic,, are both
on the order of n?, the symmetric random walk will take approximately

twice as long to get “random” as the non-symmetric walk.

2. Dic,, AND ITS IRREDUCIBLE REPRESENTATIONS

For integer n > 1 the dicyclic group (of order 4n), Dic,, has the

presentation
<a,r|a®=12°=ad",var " =at >.
More concretely, Dic,, is composed of 4n elements: 1,a,a?,...,a*" !,
x,ar,a’r, ..., a* 'z. The multiplications are as follows (all additions

in exponents are modulo 2n):
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Dics is the celebrity among all Dic,,’s and is known as the quaternion
group.

It’s clear that {1,a,a?, ... ,a* '} is an Abelian subgroup of Dic,, of
index 2. Therefore, each irreducible representation of Dic,, has dimen-
sion less than or equal to 2 (Corollary to Theorem 9 in Serre (1977)).

When n is odd, the 1-D irreducible representations of Dic,, are:

(a)
e Yi(a) =1,91(v) = -1
® Yoa) = —1,9(x) =i
e Y3(a) = -1, () = —1
When n is even, the 1-D irreducible representations of Dic,, become:
e Yo(a) = 1,1p(x) =
o Yi(a) = 1,9 (x )Z—
o r(a) = —1,1p2(z) =
o Y3(a) = —1,3(x) =

One can work out 1-D representation 1 using the identity ¢ (axa) =
Y(x), and thus ¥ (a) = +1. If n is even, this means ¢ (z?) = ¥ (a") =
thus ¢(z) = +1 as well. When n is odd, we can have ¢(a™) = —1,
so ¢(z) can be +i. This explains the difference in 1-D representations
when n is even or odd.

The 2-D irreducible representations of Dic, are:

) prla) = (@g‘ wﬂ) o) = <(1) (_01),«)’

where 1 < r < n—1 and w = e™”. One can easily check that
these representations are all distinct and irreducible (by checking their
characters), and that indeed we have p,(zaz™!) = p,(a7!), p,(2?) =
pr(a™), and p,(a®) = p,(1).

Clearly, all vy, ..., %3, p1,..., pp_1 are unitary representations (con-
jugate transposes being their inverses). They are all of the possible
irreducible representations of Dic,, because 4 + 4(n — 1) = 4n, which

is the order of Dic,.
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3. AN ASsYMMETRIC RANDOM WALK ON DIg,,

In this and next section, we will assume that n is odd.

Let Q(a) = Q(z) = 1/2 (Q(s) = 0 for other s € Dic,), and consider
the non-symmetric random walk generated on Dic, by @): the proba-
bility of going from s to t is Q(ts™1), s,t € Dic,. Clearly, the uniform
distribution on Dic,, U(s) = 1/4n, s € Dic,, is a stationary distribu-
tion of random walk (). In fact, it is the only one, as @) is irreducible
and aperiodic: () being irreducible is clear; aperiodicity of @) follows

from identities a®" = 1 and a"*'zax = 1, and the following lemma:

Lemma 3.1. If n is odd, the greatest common divisor of 2n and n + 4

18 1.

Proof. Suppose integer k > 1 divides both 2n and n + 4.

If k£ divides n, then this together with k dividing n + 4 implies that
k divides 4 as well, i.e. k = 1,2, or 4; since n is odd, this means that
kE=1.

If £ does not divide n, then k£ dividing 2n implies that 2 divides k;
but this together with k dividing n + 4 implies that 2 divides n; thus

we can’t have k£ not dividing n. O

We are interested in how “well mixed” (or “random”) the random
walk (@) is after k steps, i.e. the total variation distance to the uniform
distribution U(s) = 1/4n, s € Dic,:

@) 1Q* = Ullay = max 1Q°(4) — U(A)

where Q** is the k-th convolution of @ with itself: Q*' = @, and
Q™(s) = X 1epic, Qst™1)Q*1(t) for s € Dic, and k > 2.

3.1. Upper Bound. Our upper bound on the distance to stationarity
(Equation 2]) comes from Lemma 1 of Diaconis (1988), Chapter 3B:

Lemma 3.2. For any probability measure P on a finite group G,

A

1 > *
|P—=UlFy < 1 > d, Te(P(p) P(p)"),
p#1



4 SonGz1 Du

where U(s) = 1/|G|, the summation is over all non-trivial unitary (*
here refers to conjugate transpose) irreducible representations of G, d,
is the degree of the representation p, and P(p) = Y oscc P(s)p(s) is the
Fourier transform of P at the representation p.

Specializing to G = Dic,, and P = Q**, we get that
(3)

1 3 ) ) n—1 R R
QU < 5 (Z QU QUY + Y 2T (Q<pr>k<c2<pr>'f>*)> ,
i=1 r=1
where 1); and p, are listed in the previous section.
For ¢y, we find that Q(¢1)"(Q(11)")" = 0 and Q(¥2)*(Q(v2)")" =
Q(U3)*(Qy3)")" = 27",
For odd r such that 1 <r <n — 1, we have

Qp)QUpe) = (f) 2) .

As a result,
Tr (Q) (Q(p ")) = 274,
holds for r odd, 1 <r <n — 1.

For even r, we use the diagonalization (recall that w = et/ ")
(4)

A who 1 w oW 0 0 1 1 —w"
2 ) = = - :
o= (7 L) ()6 L) = 0)
so that
Tr <2k@(pT>k(2kQ(pr)k>*) _ 4(wr + wr>2k—2’
and therefore, for r even, 1 <r <n —1,

1 (@) (@) ) = (cos ™)

n
Plug these into (3]), we have:

n—

e 2k—2
<COS —) .
n

|~

1Q™* — U3y <n27 '+

1
r=2
r even
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We need to bound the second term on the right hand side. First

notice that
(n—1)/2

r 2k—2 ra 2k—2
(cos —) = (cos —) .

1
n n
r=2 r=1
T even

n—

We then can use cos(z) < e~ /2, for x € [0,7/2], (see Appendix for
derivations of this and other cosine inequalities used in the paper) to
get, for k > 2:

(n—1)/2

w2 "D/ r2m? exp(—m2(k —1)/n?
> () D ew (_ e 1)) =3 —eii)(—?)grk;(kl—)/l)/)n?)'

r=1 r=1

IA

Therefore, our upper bound is, for odd n and k > 2,
exp(—7*(k —1)/n?)
2(1 — exp(—=372%(k — 1)/n?))’

3.2. Lower Bound. One can easily show that for any two probability

(5) Q™" =~ Ulgy <n2™ "+

measures P; and P, on a finite set X,

1
|PL — Pallrv = §f:Xa_{<R|P1(f) — Py ()],
[IFI<1

where P (f) = > oy f(2)Pi(z), and likewise for Ps(f).

For any finite group G, the uniform distribution on G, U(s) = 1/|G/,
enjoys the property that U(p) = 0 for any non-trivial irreducible rep-
resentation p of G (Exercise 3 of Chapter 2B in Diaconis (1988)).

Let f(s) = 1 Trp,(s) for s € Dic,, where 1 <r <n —1 and p, is as
in Equation [T, we check that f(s) is a real number and that |f(s)| < 1,
for all s € Dic,; and U(f) = TrU(p,)/2 = 0. Therefore, we have

Y. QM)f(s)

s€Dicy,

~ (@(m)k)‘ :

1
6)  1Q* = Ul > :

Using the diagolization in Equation M we have for even r such that
1<r<n—-1,

Q™ = Ullrv > =

1 <r7r>’f
cos | — .
4 n
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We can let r =n — 1, and get for n > 7,

™k _ 1

1
HQ*"C —Ul|ty > 1 cos <ﬁ> > Ee'xp (

T on2 12nt 120m°

2k ik 177T5k)

by the inequality e—®*/2-="/12-172%/120 < cos(z) for 0 <z < 1/2.

We summarize the results of this section in the following theorem:

Theorem 3.3. Fiz the probability measure QQ on Dic,, such that Q(a) =
Q) =172

For any odd n > 1 and any k > 2, we have
exp(—m*(k —1)/n?)
2(1 — exp(—372(k — 1)/n?))’
For any odd n > 7 and any k > 1, we have
1 ( mk  wk 1775

Q™ = Ull7y <n2™*' +

1P\ T902 T o T 120w

< *k ]
: ) < 10* = Ullav

4. A SYMMETRIC RANDOM WALK ON DIg,,

We now consider the symmetrization of the previous random walk:
let @Q be such that Q(a) = Q(a*" 1) = Q(z) = Q(a™z) = 1/4 (Q(s) =0
for other s € Dic,); and Q(ts™1) is still the probability of going from
s to t, s,t € Dic,. As before, we assume that n is odd. Clearly,
the uniform distribution U(s) = 1/4n, s € Dic,, is still the unique
stationary distribution of this new random walk ). And as before, we

are interested in bounding Equation [2]

4.1. Upper Bound. We first note that Inequality [3] still holds for our
new ).

Now, we have Q (1 )F(Q(¢1)*)* = 0, and Q(¢2)"(Q(¥2)*)" = Q(1h3)*(Q3s)")* =
1/4*.
For1<r<n-—1,

N

Q(pr> =
Thus, forodd r, 1 <r<n-—1,

T (@) (@) = o (cos 7)™
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For even r, 1 <r <n — 1, we have the diagonalization

1 rT 1 1
() 2Q(p) = <7 ) (Cosf“ ’ ) (f V2 )
TV 0 eosT=1)\ —

Thus, for even r, 1 <r <n —1,

Tr <Q(Pr>k(Q(Pr)k)*) = % ((COS % + 1) * + (cos o 1)%) .

S
—_ N

n

Inequality [3] therefore translates to

n—1 2k
@t~ Uy <5 () + 3 (G
TV =9\ 4k 2 n

n—1
1 2%k 2%k
+§;4k ((cos——l—l) —|—<cos%—1> )

The second term in the right hand side is easily bounded:

"z_:l lcosE 2k<n_1i
— \2 n T2 4k
r odd

And for the third term,

1 rT 2k rw 2k
Z — (cos—+1) +(cos——1)
4 n n

r=2
r even

1 ro\2k n-—-11
n—11
2 4k
exp(—72k/2n?) n—11
~ 1 —exp(—3m2k/2n?) 2 4%

< exp(—r?m?k/2n?) +

where we used the inequality (1 + cosz)/2 < e~ /* for all z € [0, 7].
Collecting the terms together, we have,
3n—11 exp(—m2k/2n?)

xk 2 < _ .
1Q Ullrv < 4 4k 7 2(1 — exp(—3n2k/2n?))
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4.2. Lower Bound. Inequality [6]is valid for our new @) as well. Using
the diagonalization in (7)) for p,_; (assuming that n > 1), Inequality
implies that

1Q* — Ul|pv > i (%) ’(—cos% + 1)k + (— cos% — 1>k
>1 1+cos(r/n)\" 1
~ 4 (f) ok

S 1 2k ik ™k 1
= \"PUT 2 T 060t T 20005 ) T 2k

—a? /4—a*/96—25 /400

for n > 7; in the last time we used the inequality e
(cosx +1)/2 for x € [0,1/2].
Therefore, we arrive at

Theorem 4.1. Fiz the probability measure QQ on Dic,, such that Q(a) =
Q(a* 1) = Q(x) = Q(a™x) = 1/4.

For any odd n > 1 and any k > 1, we have

107 — U2 < 3n—11 exp(—n?k/2n?)
V=" 4 4k 2(1— exp(—3n2k/2n2))

For any odd n > 7 and any k > 1, we have
1 ( 2k 7k ok

1P\ 7002 T 960t T 20008

L
. ) - gz <1Q* = Ul

Comparing the bounds in Theorem [B.3] to that in Theorem [Z.1], we
conclude that the mixing time for the non-symmetric random walk is
approximately half of the mixing time of the symmetric random walk.
It would be interesting to give a “purely” probabilistic proof of this

phenomenon.

APPENDIX A. SOME INQUALITIES ON COSINE

Proposition A.1. For z € [0,7/2], cosz < e™*/2,
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Proof. We will show that for x € [0, 7/2], log(cosx) < —z?/2. Clearly

this is true when z = 0. And we have

1
AOBIORT) _ tane) <~
because 4202 — 1/ cos?(z) > 1 for x € [0, 7/2]. O

Proposition A.2. For z € [0,7], (14 cosz)/2 < e */4,

Proof. We will show that for z € [0, 7], log((1 + cosz)/2) < —z?/4.
Clearly it holds for x = 0. And we have

dlog ==t sin(x) x
dx  (Q+cos(z) = 2
because .
Irntn _ 1 1
dx 1+ cos(z) — 2
for x € [0, 7. O

Proposition A.3. For z € [0,1/2], e=#*/2=#*/12-1727/120 < ¢o(z).

Proof. Taylor expansion of log(cosx) around 0 gives for any 0 < z <
1/2:

2 1.4 1'5

log(cosx) = —% BT fl@')—,

where 0 < 2’ < z and
f(z') = =16 tan(z') sec(2’)* — 8 tan(z)? sec(z’)?
is the fifth derivative of log(cosx). Clearly, |f(z)] < |f(1/2)| < 17;

thus
log(cosz) > —— — — — e

U
Proposition A.4. Forz € [0,1/2], e=#*/4=#"/96=2/100 < (cos 2 41) /2.

Proof. Taylor expansion of log((cosz + 1)/2) around 0 gives for any
0<z<1/2:

2 xt x®

log((cosz +1)/2) = 7 T f(IL"/)EO,
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where 0 < 2/ < z and
1
f(2') = gsec@ﬁ/2)5c—11sn1¢ﬂ/2)—anlc&ﬂ/z))

is the fifth derivative of log((cosz + 1)/2).
Since the derivative of f,
1
f'(z) = —1—6(33 — 26 cos(z) + cos(22)) sec(2/2)° < 0
for all 0 < z < 1/2, we conclude that f(z) < 0and |f(2")] <|f(1/2)] <

0.3.

Therefore,
2 xt 0.3
1 1)/2) > - — — — 24
og((cosz +1)/2) > 5 " o6 120°
O
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