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Abstract

Starting from a standard noncommutative gauge theory and using the Seiberg-
Witten map we propose a new version of a noncommutative gravity. We use con-
sistent deformation theory starting from a free gauge action and gauging a killing
symmetry of the background metric to construct a deformation of the gauge theory
that we can relate with gravity. The result of this consistent deformation of the gauge
theory is nonpolynomial in Aµ. From here we can construct a version of noncommu-
tative gravity that is simpler than previous attempts. Our proposal is consistent and is
not plagued with the problems of other approaches like twist symmetries or gauging
other groups.

1 Introduction

Since the construction of the deformation of Einstein gravity from string theory a lot of
effort to understand possible deformations of gravity has been done. In particular the
construction of a consistent deformation of Einstein gravity motivated by the idea of
space-time noncommutativity using the tools of Moyal deformation has been a recur-
rent subject of discussion along the last years. From one hand we have models starting
from the standard action of gravity to implement a modification just by changing the
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standard product of functions by the Moyal star product. This approach has many draw-
backs as the fact that the Moyal product is not invariant under the basic symmetry of the
underlying theory. An alternative was proposed in [1] based on the idea of twist symme-
tries. Unfortunately this approach is also problematic mainly because is based also on flat
space-time technics to perform the deformation. Moreover it was shown in [2] that the
deformation of Einstein gravity that comes from this approach does not coincide with the
deformation obtained from string theory in the corresponding limit. Other approaches to
deform gravity along the same lines based on deforming gauge theories of gravity using
Seiberg-Witten map are [3]. This deformation of the underlaying gauge group have its
own problems as the covariant derivative can not be used to construct a consistent Moyal
star product compatible with the gauge symmetries of the theory [4].

In this note we will present a different idea to deform gravity using the tools of con-
sistent deformation of gauge theories that we expect could save some of the impediments
of previous deformations. The idea is based on a non polynomial deformation of the
Yang-Mills action that changes the action and the gauge symmetries in a particular way
merging properties that comes from the original gauge symmetries and space-time sym-
metries [5]. In this sense our approach is more related with the idea of emergent gravity.
In particular general relativity itself will emerge from our deformation as a gauge theory
of space-time translations (teleparallel gravity, see [6] and references there in). It also can
be related to the idea of gauging a global gauge symmetry because our deformation is
constructed using a killing vector of the flat space background metric. The corresponding
deformation of the gauge symmetry constructed here incorporate local Poincaré transfor-
mations in the deformed gauge transformation. This promotes global Poincaré symme-
tries to local ones, yielding gauge theories of Poincaré local symmetries like gravity itself.
The advantage of our approach as compared to previous ones is that the noncommutative
deformation enters here through the Seiberg-Witten map of the standard noncommutative
Yang-Mills action. Then we proceed to implement the consistent deformation of this non-
commutative gauge theory to a new action that is nonpolynomial in the gauge fields Aµ

and a corresponding nonpolynomial gauge symmetry. Interestingly enough this action
can be cast in the form of a Yang-Mills action in a curved space-time whose induced metric
depends in a given way on the gauge fields and the killing vectors of the background met-
ric. At the end of this process we will not have yet a noncommutative theory of gravity.
To this end we will need to identify the internal gauge group of the deformed Yang-Mills
action with the space-time indices. Using the killing vectors of space-time translations of
the background metric we succeed in the construction of our model of noncommutative
gravity.

We will not compare our result with previous ones in the literature as the aim of this
note is just to present as clear as possible the idea of our construction leaving for a fu-
ture work the details of the comparison with previous works and the phenomenological
implications of our model. It is also not clear that our action can be recast in the form of
an action with noncommutative fields and Moyal star products. All that we have here is
the formal series in the noncommutative parameter θµν that involves the vielbein and its
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derivatives (in the first order formulation). A previous attempt to use teleparallel gravity
as an starting point to construct a model for noncommutative gravity was given in [7].

In the next section we will deform, using the tools of consistent deformation theory
[8], the Maxwell action as a toy model to present the basic ideas of this nonpolynomial
deformation and show up the basic tools that we will need in the case of Yang-Mills
theory. In section 3 we will describe the corresponding deformation for a Yang-Mills
theory with a gauge group whose generators are the killing vectors of the background
metric. In subsection 3.1 we relate the resulting deformed gauge theory with Einstein
Gravity. Here our choice is to gauge the translational invariance of the background metric
to construct a version of teleparallel gravity that we take as our starting point to make
contact with the gauge theory. Section 4 contains the basic results of our paper where we
present the noncommutative deformation of the theory constructed in section 3. Section
5 is devoted to conclusions, open questions and future work.

2 Deformation of Maxwell Action: A Toy Model

To simplify the presentation of our ideas let us first construct the consistent deformation
of the Maxwell action with gauge field Aµ,

S(0) = −1

4

∫

d4xFµνF
µν , (1)

where Fµν = ∂µAν − ∂νAµ in flat space-time with ηµν = diag(+,−,−,−) and we rise and
lower indices with the flat metric (FµνF

µν = ηµαηνβFµνFαβ). This action is invariant under
Abelian gauge transformations

δ
(0)
λ Aµ = ∂λ, (2)

and under global conformal transformations (in d=4)

δAµ = ξνFνµ, (3)

where ξµ is a conformal Killing vector of the flat four dimensional space-time

∂µξν + ∂νξµ =
1

2
ηµν∂ρξ

ρ. (4)

To deform the free theory given by S(0) we will add to it a term of the form

S(1) =

∫

d4xAµξ
ν(−1

4
δµνFρσF

ρσ + FνρF
µρ). (5)

This deformation is based on a vertex that is not gauge invariant. As a consequence this
deformation change the gauge symmetry. Notice also that the deformation term (5) can
be written as a coupling with the current jµ = ξνTν

µ where Tν
µ is the conserved sym-

metric and traceless energy-momentum tensor associated with the global symmetry (3).
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The corresponding deformation of the gauge symmetry (2) is a solution of the consistent
deformation algorithm [8] that to first order in the deformation parameter is

δ
(0)
λ S(1) + δ

(1)
λ S(0) = 0. (6)

A solution of this consistence condition is

δ
(1)
λ Aµ = λξνFνµ. (7)

It turns out that this deformation can be constructed to any order in the deformation
parameter1. The result is

L = −1

4
(1 + ξρAρ)F̂µνF̂

µν , δλAµ = ∂µλ+ λξνF̂νµ, (8)

where

F̂µν = Eρ
µE

σ
νFρσ, Eρ

µ = δρµ −
ξρAµ

(1 + ξ · A) . (9)

Notice that this deformation produces a new theory that is non polynomial in the fields
Aµ. A surprising feature of the Lagrangian (8) is that it can be rewritten in “curved space”
with “metric”

gµν = ηαβe
α
µe

β
ν , eαµ = δαµ + ξαAµ, (10)

whose inverse is
gµν = ηαβEµ

αE
ν
β , det g = −(1 + ξ · A)2. (11)

Using this notation the Lagrangian (8) can be written as

L = −1

4

√
−ggµρgνσFµνFρσ, (12)

i.e. as Maxwell Lagrangian in a curved space with “metric” that depends on the gauge
fields Aµ and the killing vector field ξµ in the way given by (10). Notice also that the “field
redefinition” given by2

eαµ = δαµ + ξαAµ, (13)

play the role of a “vielbein” in this curved space-time (eµαE
α
ν = δµν ). For reasons that will

be clear later we will restrict ourselves to the case

∂ρξ
ρ = 0, (14)

i.e., Poincaré killing vectors of the background metric, ξρ = Λρ
αx

α + aρ . Defining

ω =
λ

(1 + ξ · A) , (15)

1We will call this deformation parameter κ and can be reintroduced in the above calculation through the
rescaling κAµ, κλ and dividing the Lagrangian by κ2.

2Strictly speaking this in not a field redefinition because we are not mapping the same number of degrees
of freedom in each side.
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it is easy to show that the deformed gauge transformations (8) are now

δωAµ = ∂µω + LεAµ = ∂µω + εν∂νAµ + Aν∂µε
ν , (16)

where εµ ≡ ωξµ and Lε is the Lie derivative along the vector εµ. As a consequence of this
transformation rule for the gauge fields Aµ the “metric” (10) transforms as

δωgµν = Lεgµν = ερ∂ρgµν + gρν∂µε
ρ + gµρ∂νε

ρ, (17)

and the “vielbein” as,
δωe

α
µ = ερ∂ρe

α
µ + (∂µε

ρ)eαρ + ωΛα
ρe

ρ
µ, (18)

where we have used (16) and the fact that ξµ is a general background killing vector (i.e.
it satisfy the condition (4)). As stated above we are considering only killing vectors of
the form ξρ = Λρ

αx
α + aρ where Λρ

α is a constant antisymmetric matrix (global Lorentz
rotation) and aρ a constant vector (global translation). From this transformation rule we
notice that eαµ transform under diffeomorphisms as space-time vector with the index µ but
as a global Lorentz vector with index α.

Notice also that with this procedure we do not have a local Lorentz transformation
because we have at our disposal only one local parameter ω and we need six local pa-
rameters to achieve this goal. Moreover the number of fields of our construction are four
gauge fields Aµ while gravity needs ten fields gµν . We conclude that with the field content
of our toy model we can not have anything like gravity. The field redefinition given by
(13) is not one to one. As we need more fields on the gauge theory side to implement
gravity we will consider in the next section the same deformation but now for the Yang-
Mills theory as our starting point. The noncommutative version of our toy model will be
presented in section 4.1.

3 Deformation of Yang-Mills theory

Our next step is to generalize the previous deformed Maxwell model to the Yang-Mills
case. The aim of this generalization is to include more local parameters in the deformed
theory in such way that at the end we can compare the resulting Yang-Mills deformed
theory with Einstein gravity. We want to take advantage of the fact that the proposed
deformation of Maxwell theory presented in the previous section render the usual gauge
transformation of Maxwell theory into a diffeomorphism transformation as applied to the
fields gµν . Of course this does not imply that the deformed Maxwell theory is equivalent
through a field redefinition to Einstein gravity. The deformed action can not be recast in
a form such that the only fields included in it are gµν and its derivatives. Nevertheless
we will provide a mechanism that allows to construct an action that can be written just in
terms of gµν . As gµν have the correct gauge transformation to implement diffeomorphisms
the resulting action will be Einstein gravity. This aim is not possible by using just the
deformed gauge theory. We need to construct different invariant actions and adjust the
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coefficients of a particular linear combination of them to recover Einstein gravity. To
achieve this goal we will use a formulation of first order gravity based on the torsion
rather than the usual construction based on the curvature of space-time. This version is
well known under the name of teleparallel gravity [6] (See also the books [9] and [10]).

In order to allow for more local gauge parameters we will define a usual Yang-Mills
theory with a gauge group whose generators are TA, A = 1, 2...N where N is the range
of the gauge algebra and identify the gauge algebra of the Yang-Mills theory with the
symmetry algebra of the killing vectors of the background metric. If we denote by fBC

A

the structure constants of the gauge group that means that the Killing vector fields ξ
µ
A

close under the same algebra3,

ξνA∂νξ
µ
B − ξνB∂νξ

µ
A = fBA

Cξ
µ
C . (19)

For that end consider the non abelian field AA
µ and its associated FA

µν given by

FA
µν = ∂µA

A
ν − ∂νA

A
µ + fBC

AAB
µA

C
ν , (20)

and the gauge symmetry
δAA

µ = Dµω
A, (21)

where
Dµω

A = ∂µω
A + AB

µ fBC
AωC. (22)

Consider also the usual Yang-Mills action given by

SYM =

∫

d4xFA
µνF

µν
A . (23)

Now to deform this free action using the same idea as in the toy model case developed in
the previous section, we propose a generalized deformed symmetry (cf. (16))

δAA
µ = Dµω

A + εν∂νA
A
µ + AA

ν ∂µε
ν = Dµω

A + LεA
A
µ , (24)

where
εµ ≡ ωAξ

µ
A. (25)

Now our question is if we can construct a non abelian action that is invariant under (24).
The answer is yes and can be constructed using the standard fields AA

µ and FA
µν but in a

“curved” space-time with metric4

gµν = ηαβe
α
µe

β
ν = 1 +As +AAT = ηµν +Aµν +Aνµ +AµρAν

ρ, eµ
ν = δµ

ν +Aµ
ν , (26)

3For example, for the translation group the notation ξ
µ
A means four independent vectors, say

(a0, 0, 0, 0), (0, a1, 0, 0), (0, 0, a2, 0), (0, 0, 0, a3) that we can put in one to one correspondence with ξµ = aµ of
our previous section.

4For other attempt to relate the geometrical content of teleparallel gravity with the gauge fields Aµ see
[11].
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where
Aµ

ν = ξνAA
A
µ . (27)

Notice that the field content of our theory will be given by the standard noncommutative
Yang-Mills fields and not by the matrices A. As in our previous model, surprisingly
enough, we have again the correct transformation properties of this “metric” as a usual
space-time metric, i.e., transform under the gauge transformations (24) as a symmetric
two-tensor but now under the diffeomorphism generated by εµ = ωAξ

µ
A

δgµν = Lεgµν . (28)

The vielbein transforms as a space-time vector for the index µ and as a local Lorentz
vector for the index ν

δeµ
ν = ερ∂ρeµ

ν + eρ
ν∂µε

ρ − 1

2
ωA(∂ρξ

ν
A − ηνσηρλ∂σξ

λ
A)e

ρ
µ. (29)

Taking into account that the generator ξA can be written as

ξ
µ
A = a

µ
A + (ΛA)

µ
νx

ν (30)

where ΛA is the global Lorentz matrix defined by the Poincaré symmetry of the back-
ground, we get

δeµ
ν = ερ∂ρeµ

ν + eρ
ν∂µε

ρ + (ωAΛA)
ν
ρe

ρ
µ. (31)

The equation (31) is the generalization of (18) to the non abelian case. In this way we can
see from the last term of this equation that now we can use the N parameters ωA of the
gauge theory to construct the required local Lorentz invariance of the “veilbeins”.

The inverse veilbeins are

Eµ
ν = δµ

ν − Â ν
µ , Eµ

νeν
ρ = δµ

ρ, (32)

and the inverse metric

gµν = ηµν − Â ν
µ − Â µ

ν + Â ρ
µ Âνρ, gµν = ησρEσ

µEρ
ν . (33)

where
Â ρ

µ = ξ
ρ
AE

A
BA

B
µ , (34)

and
EB

C(δAC + ξ
µ
CA

A
µ ) = δAB. (35)

With these ingredients we can now write a deformed Yang-Mills action invariant under
the given gauge symmetries,

L = −1

4

√−ggµρgνσFµν
AFρσA

= −1

4
(1 + ξ

ρ
AA

A
ρ )F̂

A
µνF̂

µν
A , (36)

where
F̂A
µν = Eρ

µE
σ
νF

A
ρσ, (37)

and Eρ
µ as defined in (32). A we will see this is not the only action that is invariant under

the given gauge symmetries (24).
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3.1 Relation with Einstein Theory of Gravity

We can also turn on other degrees of freedom like the spin connection but for simplicity
we will now work with the so called Weitzenböck formulation of gravity where the basic
degrees of freedom are the veilbeins and local symmetries are only the local translations
(not the full Poincaré group). These gravity models contain Einstein gravity as a particu-
lar case and can be constructed from the torsion tensor as opposed to the usual approach
in terms of the curvature Riemann tensor [6, 9, 10]. At the end it can be shown that the
two approaches are equivalent.

In this simplified framework we will gauge the abelian translation group of the back-
ground metric. Using the field redefinition that interchanges the role of the gauge field
AA

µ with the vielbein (26) we can define a new “field strength” as

Fµν
ρ = ξ

ρ
AFµν

A = ∂µAρ
ν − ∂νAρ

µ = ∂µe
ρ
ν − ∂νe

ρ
µ. (38)

where FA
µν is the usual Yang-Mills field strength given by (20). Notice that as we are

gauging an abelian symmetry the structure constants are zero. In particular the covariant
derivative (22) can be replaced in this case by the usual derivative.

By making the crucial observation that this redefined field strength (38) can be related
to the Ricci rotation coefficients Ωµν

ρ of the standard construction of Weitzenböck gravity,
we can now build from the deformation of the abelian Yang-Mills theory the correspond-
ing action of General Relativity. Up to an irrelevant numerical factor the torsion tensor
Tµν

ρ ∼ Ωµν
ρ. Now the explicit relation between the Ricci rotation coefficients and the field

strength of the deformed gauge theory is

Ωσκ
ρ = F̂ ρ

σκ = Eµ
σE

ν
κFµν

ρ. (39)

In terms of Ωµν
ρ the deformed Yang-Mills Lagrangian (36) is

L = −1

4
e Ωµν

ρΩµν
ρ, (40)

where we have identified the factor (1 + TrA) as the determinant of the vielbein5. Since
there is no curvature tensor available in this construction the most general Lagrangian
for this theory of gravity can be written as a combination of the so called Weitzenböck
invariants

I1 = ΩµνρΩ
µνρ, I2 = ΩµνρΩ

ρµν , I3 = Ωµρ
ρΩµ

σ
σ. (41)

The Pellegrini-Plebańsky Lagrangian [16] is

L = eciIi. (42)

5It is worth noticing that the Weiberg-Witten theorem [12] is not violated in our approach because we are
not constructing the graviton directly from the field theory. To make contact with gravity we need to con-
sider also other invariants (see below). We can mention also that the background of our noncommutative
theory is not the Minkowski metric alone but we have also the background tensor θµν .
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To fix the coefficients ci in order to have Einstein gravity it is instructive to write the
linearized action. Denoting the symmetric part of Aµν by AS

µν and the antisymmetric
part as AA

µν and retaining terms up to second order in A, using the field redefinition
e → 1 +A in the Pellegrini-Plebański Lagrangian (42), the result is [9],

S[AS,AA] =

∫

d4
[

1

16
(2c1 + c2)∂µAS

νρ∂
µASνρ − 1

16
(2c1 + c2 − c3)∂µAS

νρ∂
νASµρ

− 1

8
(c3)∂µAS∂νASνµ

+
1

16
(c3)(∂AS)2 − 1

16
(4c1 + 2(c2 + c3))∂µAS

νρ∂
ρAAνµ

+
1

16
∂µAA

νρ∂
µAAνρ − 1

16
(2c1 − 3c2 − c3)∂µAA

νρ∂
ρAAνµ

]

. (43)

To recover Fierz-Pauli action we need to fix

2c1 + c2 + c3 = 0 (44)

i.e., to decoupling the symmetric and antisymmetric part. The solution is c1 = 1, c2 =
2, c3 = −4. Of course we can construct the full nonlinear action by the use of our field
redefinition to get

L = e(ΩµνρΩ
µνρ + 2ΩµνρΩ

ρµν − 4Ωµρ
ρΩµ

σ
σ). (45)

This is the desired Hilbert-Einstein action. It is interesting to observe that all the invari-
ance under diffeomorphisms is recovered only with this particular choice for the coeffi-
cients ci. It is also worth noticing that this action is not only invariant under the local
transformations (31) but also is actually invariant under the full local Poincaré transfor-
mations just because the Einstein-Hilbert action is invariant under this symmetry. With
this form of the Einstein-Hilbert action in terms of the vielbein eνµ we can check that the
combination of terms given by (45) is such that the action can be written in terms of the
fields gµν and its derivatives as the standard action of General Relativity. In the following
section we will construct the noncommutative counterpart of this action.

4 NC gravity from the deformed gauge theory

The construction of NC models of gravity is plagued with difficult obstacles among we
can mention the existence of a noncommutative constant parameter θµν with two space-
time indices and that at first sight break diffeomorphism invariance to a small group, the
group that preserves this constant matrix or space-time tensor according to the physical
interpretation that we want to impose on it. The other, related problem is the covariance
of the so called star ⋆ product under diffeomorphisms. By twisting it [17, 1] we can save
the ⋆ product from inconsistencies with tensor calculus in such a way that maps products
of tensors to tensors or in a general setting the representation of a product of tensors in
the product of their respective representations (giving up the Leibniz rule) but usually we
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are stalled with the problem of what is the geometric meaning (or sense) of the ⋆ product
in a curved space-time. A third also related problem comes from the existence of a map
from noncommutative gauge field theory to a commutative standard field theory but at
the cost of introduce an infinity tower of new vertices with higher order derivatives where
the noncommutative tensor plays a crucial role. The field redefinition needed to perform
this audacious task is the Seiberg-Witten map. The fate of the nonabelian ⋆-gauge group
under this map produces a new standard gauge group. But it is unavoidable that the
group gauge algebra must be extended to the enveloping algebra of the associated group.
As a consequence the map of degrees of freedom could be ill defined. Only the groups
that close under its enveloping algebra are strictly allowed (see [18] for a discussion).
Another point worth to mention here is that the ⋆ product can not be generalized by
replacing standard derivatives with covariant derivatives [4].

4.1 Noncommutative Toy Model: Maxwell case

The aim of this section is to play with the model developed in the previous sections to
see in what sense and at what extent we can deform it to construct a noncommutative
gauge field theory. In a second move we want to construct from the noncommutative
generalization of our model a noncommuative gravity that with some fortune could be
free of the difficulties alluded in the previous paragraph. This new deformation is a non-
commutative deformation with parameter ϑ. The noncommutative deformation can be
applied to the original gauge theory or to the nonpolynomial deformed one. We will try
the noncommutative deformation of the original gauge theory because this deformation
is now well understood and under control [19, 20]. We will develop the deformation of
the gauge theory using the Seiberg-Witten map. As is well known this map to first order
in ϑ is

F 1
µν = −1

2
θσρ({Aσ, ∂ρFµν} − {Fµσ, Fνρ}), Fµν → Fµν + F 1

µν , (46)

where {·, ·} is the anticommutator and θσρ is the noncommutative tensor defined by6

[xµ, xν ]⋆ = iϑθµν . (47)

The effect in the noncommutative Maxwell theory

L = −1

4
ηµρηνσFµν ⋆ Fρσ, (48)

of this field redefinition is to add a new effective vertex to the free Maxwell action S(0)

and the gauge symmetry is now the usual one (2). Adding this new vertex to the non-
polynomial deformation of our toy model (8) we have,

S(1) = Aµj
µ +

(

−1

4

)

2θµσFµνTσ
ν ≡ S(1) + S

(1)
NC , S = S(0) + S(1) (49)

6We will take the not very extended interpretation that θ is a Lorentz tensor and that the ⋆ product
is covariant under global Poincaré transformations. For details see [21]. We will absorb the deformation
parameter ϑ in the definition of θµν .
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where jµ = ξνT µ
ν and Tν

µ = −1
4
δν

µFαβF
αβ+FνρF

µρ is the energy-momentum tensor of the
original Maxwell action. For simplicity we will take only the first order deformation in ϑ.
Our next step is to deform this new action S = S(0)+S(1) to all orders in κ as in the section
2 while keeping just the first order deformation in ϑ . It turns out that this deformation
can be done and the sum of all the powers in κ gives 7

L = −1

4
(1 + ξρAρ)

(

F̂µνF̂
µν + 2θµσF̂µν T̂

ν
σ

)

, (50)

where F̂µν = Eρ
µE

σ
νFρσ and T̂ ν

σ = −1
4
δνσF̂αβF̂

αβ + F̂σβF̂
νβ. The deformed gauge symmetry

is
δλAµ = ∂µλ+ λξνF̂νµ. (51)

To show that the NC deformation is consistent we can calculate the gauge variation of the
Lagrangian (50) under the deformed transformation (51). Under the basic assumption
that the tensor θ is invariant under the background metric killing vector that we want to
gauge

Lξθ
µν = 0, (52)

the result is

δL = −1

4
∂ρ

(

ερ(1 + ξ ·A)
(

F̂µνF̂
µν + 2θµσF̂µλT̂

λ
σ

))

= ∂ρ(ε
ρL) (53)

So for example in the case of a translation ξµ = aµ with aµ a constant, the condition
(52) is automatically valid and the complete deformation of the action (50) and its gauge
symmetry (51) is not obstructed.

4.2 NC Gravity from deformed NCYM Theory

The next step is to try the same trick but with the Deformed Yang-Mills theory. The
generalization of our idea, presented in the previous section, to the case of the YM theory
is straightforward. We start from the NCYM action in flat space-time

L = −1

4
ηµρηνσFµν

A ⋆ FρσA
(54)

where
FA
µν = ∂µAν − ∂νAµ − [Aµ, Aν ]

A
⋆ (55)

and the usual ⋆ gauge symmetry. Applying the Seiberg-Witten map (up to first order in
the deformation parameter)

FC
µν → FC

µν +
1

2
θαβdABC

(

FA
µαF

B
νβ − AA

α∂βF
B
µν +

1

2
fBDEAA

αA
E
β F

D
µν

)

, (56)

7 In the context of noncommutative Maxwell theory the use of the SW map to write the noncommutative
action with a metric that depends on the gauge fields was worked in [13]. It is interesting to compare the
result in this reference with our resulting action (50). Other attempts to get emerget gravity comes from
Matrix models where similar relations between gauge fields and a “metric” can be found [14].
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we obtain

L = −1

4

(

Tr(FµνF
µν) + θαβdABCF

Aµν(
1

4
FB
βαF

C
µν + FB

µαF
C
νβ)

)

, (57)

where we are taking the trace over the group indices as usual and the coefficients dABC

are defined by
{TA, TB} = dABCTC . (58)

Notice that this theory is defined on the global gauge algebra of the Poincaré group that
comes from the algebra of the killing vectors of the background metric. This theory is
invariant under the usual nonabelian gauge symmetry

δAA
µ = Dµω

A, (59)

and the global symmetry defined by

δBA
A
µ = ξνBF

A
µν , (60)

for each B. Now we perform the same steps to deform this action (to first order is ϑ) to
all orders in κ. The new action is

L = −1

4
(1 + ξ

ρ
AA

A
ρ )

(

Tr(F̂µνF̂
µν) + θαβdABCF̂

Aµν(
1

4
F̂B
βαF̂

C
µν + F̂B

µαF̂
C
νβ)

)

, (61)

where F̂µν = Eρ
µE

σ
νFρσ. The deformed gauge symmetry is

δwA
A
µ = Dµω

A + ωBξνBF̂
A
νµ. (62)

or
δAA

µ = Dµω
A + εν∂νA

A
µ + AA

ν ∂µε
ν = Dµω

A + LεA
A
µ , (63)

where
εµ = ωAξ

µ
A. (64)

The action is invariant under the deformed symmetry (62) provided

ωALξAθ
µν = 0. (65)

Recall that the global symmetries of the background that we want to gauge are of the
form ξ

µ
A = (ΛA)

µ
νx

ν + (aA)
µ. From the definition of θµν (47) and using (65) we deduce

ωA(ΛA
µ
ρθ

ρν + ΛA
ν
ρθ

µρ) = 0. (66)

From this relation we can choice the simplest solution to gauge only the global transla-
tions and turn off the local Lorentz transformation ωAΛA = 0 making contact with telepar-
allel version of gravity (see below). We will see that the full invariance of gravity will be
recovered at the end. We can read the condition (65) in two different ways: One is that
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all the local Lorentz transformations are turned off but the global symmetries of the back-
ground are of course still alive as well as the local translations. Indeed from the definition
of ε we can deduce that only the local translations are turned on. The other is to impose
that ΛA

µ
ρθ

ρν + ΛA
ν
ρθ

µρ = 0. This condition implies that the Lorentz group collapse to a
smaller symmetry group SO(1, 1)× SO(2) [15].

The condition (65) do not restrict in any sense the definition of noncommutativity as
stated in (47) because this noncommutation of the coordinates is invariant under global
translations.

The content of the condition (65) is to gauge less symmetry than the deformation (51)
is capable to gauge. This is a central point in the construction of our model for noncom-
mutative gravity. The base gauge symmetry upon we are constructing gravity from the
deformed NCYM action are only local translations. This versatility of the gauging proce-
dure adopted here allow us to construct a model that in principle is free from the usual
obstructions present in many models of noncommutative gravity8.

As a consequence of the condition (65) the transformation rule for the vielbein (31)
becomes

δeµ
ν = ερ∂ρeµ

ν + eρ
ν∂µε

ρ. (67)

In that case the transformation rule associated with the vielbein comes only trough its
lower space-time index. In this sense we are turning off the local Lorentz rotations associ-
ated with the frames defined by the vielbeins. The frames are “rigid” and the associated
theory of gravity that emerges from here is the teleparallel gravity [9, 10]. This framework
will be used here to build a noncommutative gravity theory. The reason why we need to
impose the condition (65) is to preserve the gauge invariance of our noncommutative
model.

As we will choose the translations as the only symmetries that will be gauged then
we can use the same rules to construct noncommutative gravity as the ones that we have
used to construct standard gravity from the commutative deformed action (36). Namely

to identify the Ricci rotation coefficients Ω with F̂

Ωσκ
ρ = F̂ ρ

σκ = Eµ
σE

ν
κFµν

ρ, (68)

and
Fµν

ρ = ξ
ρ
AFµν

A = ∂µAρ
ν − ∂νAρ

µ = ∂µe
ρ
ν − ∂νe

ρ
µ. (69)

The next move is to substitute this expressions in the noncommutative action (61) and
build the analogs of the invariants Ii for the noncommutative case. In this way we will
end with a version of a noncommutative Pellegrini-Plebanski Lagrangian that is the cen-
tral result of our note

LNCG = LPP + LNC , (70)

8In the case of the gauge theory the generators of gauge symmetries are constructed from the global
symmetries ξA with local parameters ωA. For space-time symmetries the generators are local and given by
εµ. To relate them we need to a map from each generator ξµA to εµ given by (64).
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where LPP is the usual Pellegrini-Plebanski Lagrangian (with the coefficients adjusted in
such a way to recover Einstein Gravity) and LNC is the non commutative correction to
gravity.

As we have essentially four copies of the Maxwell action the non commutative de-

formed YM action is (after the identification of the Ricci coefficients Ω with F̂ ),

L1 = e

(

Ωµν
ρΩµν

ρ + θαβdρσδΩ
ρµν(

1

4
Ωσ

βαΩ
δ
µν + Ωσ

µαΩ
δ
νβ)

)

, (71)

for some suitable coefficients dρσδ = 1 (dρσδ = 1 when the indices are equal and zero
otherwise, just the sum of four Maxwell terms as stated above) and the identification of
det eνµ with the factor in front of the noncommutative Lagrangian (61).

This is a central result of this article. To identify the others invariants that correspond
to the noncommutative version of the invariants Ii we read from (71) the replacement in
terms of Ω in the form

Ωµν
ρ → Ωµν

ρ + (ΩNC)µν
ρ
, (72)

and we found

(ΩNC)µν
ρ = θαβdσδ

ρ(
1

4
Ωσ

βαΩ
δ
µν + Ωσ

µαΩ
δ
νβ). (73)

Using this dictionary we can write the corresponding noncommutative quadratic invari-
ants

L2 = e (ΩµνρΩ
ρµν + Ωρµν(ΩNC)µνρ + Ωµνρ(ΩNC)ρµν) . (74)

Taking into account that the trace of ΩNC is

(ΩNC)µ = (ΩNC)µν
ν = θαβdσδ

ν(
1

4
Ωσ

βαΩ
δ
µν + Ωσ

µαΩ
δ
νβ), (75)

the last noncommutative invariant is

L3 = e (ΩµΩ
µ + 2Ωµ(ΩNC)µ) . (76)

The searched noncommutative gravity Lagrangian is then

LNCG = L+ 2e (Ωρµν(ΩNC)ρµν + Ωρµν(ΩNC)µνρ + Ωµνρ(ΩNC)ρµν − 4Ωµ(ΩNC)µ) . (77)

5 Conclusions

In this note we have explored the construction of a noncommutative version of the Einstein-
Hilbert Lagrangian starting from a consistent deformation of a gauge theory. The basic
aim of our approach is to jump across the swamp that plagued the previous versions
of noncommutative gravities: non covariance of star products, the constant θµν and the
problem of Lorentz invariance, no-go theorem for the noncommutative deformation of a
general gauge theory, the meaning of space-time symmetries in noncommuative theories
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among others. One advantage of our approach is that our starting point is a gauge the-
ory where we have control of the noncommutative deformation using the Seiberg-Witten
map. Then we deform this theory using the consistent deformation theory to obtain a new
gauge theory that is nonpolynomial in the gauge fields Aµ. This action can be rewritten
as a “geometrical” action with a metric gµν(A) that depends on a given way of the gauge
fields Aµ and the deformed gauge transformation induces a space-time transformation
for the metric that coincide precisely with the usual diffeomorphisms as applied to the
metric gµν(A). We found that the teleparallel version of gravity is a natural candidate
to construct a noncommutative gravity. The reason is that this version of gravity can be
constructed from gauging only the global translations of space-time. The central result of
this note is the LNCG where we succeeded in the construction of a first order correction in
θ of the Einstein-Hilbert Lagrangian. We left for a future work the interpretation of this
correction terms, the issue of if this new Lagrangian can be deduced from a star product
and the relation of this deformation of gravity with the corresponding one that comes
from string theory. It could be also of interest to extract phenomenological implication of
our result.
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