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������� [1] ��� �������� �!��"#�!"�� ��$%&

#� $ '!�!"�� "#%���&$%&'' ((()*+$)*+, -
. (,/0 [1]). Æ/$  -!"���12.)��&

+ V = {v1, v2, · · · , vn} -*Æ/� ε = {Ei|i = 1, 2, · · · , m} - V  3*4/5&0
Ei �= Ø, 1 ≤ i ≤ m, 1

m⋃
i=1

Ei = V, 6)+78 H = (V, ε) 93*��& |V | = n )9
H = (V, ε)  2� V ) 7)9,-� ε ) 7)9.&2/)�3/4*"05!�. H

�'6 H = (V, ε). 017: E ∈ ε, * |E| = r (2 ≤ r ≤ n), 6) H 9 r- ;)��&&
[1] )��� H 2)9.3���3/8 7:9:.45�67&;17: E1, E2 ∈ ε,
E1 �= E2, 4* E1 \ E2 �= Ø. Æ/<5 ��4-<.3��&

&�� H )�0179:�� . E1, E2 ∈ ε, 48& ε  3.== f1, f2, · · · , fk, >9

E1 = f1, E2 = fk 1 |fi ∩ fi+1| �= 0, 1 ≤ i ≤ k − 1, 6) H -?@ �:6-�?@ &01
A31. E1, E2 ∈ ε, 4* |E1 ∩ E2| ≤ 1, 6)�� H 9>? &

@� 1.1[2] 3*�� H )9 (d)- ?@ �017: E1, E2 ∈ ε, 8& ε  .==
f1, f2, · · · ,fk, >9 E1 = f1, E2 = fk 1 |fi ∩ fi+1| ≥ d, 1 ≤ i ≤ k − 1. 0�� H - (d)- ?@
 �117: E1, E2 ∈ ε, E1 �= E2, 4* |E1 ∩ E2| ≤ d, 6) H 9A; (d)- ?@ &

* ������B<=B (4900-k08225), >CCD��=B (10771080) ?ED@AFB=B (20070574006)

EFGHC
IDJKE2008-06-05, IFGGDJKE2008-11-19.
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@� 1.2 0 H )*3:.H*3*,- v, 6) v 9 H  3*KO-&IJ H 9
.3���L0 H 67KO-�6MKO-P8N H  3*?@OK&L#�3*KO-
Q1M97P3NRO �� 3*?@OK&0 H  7P3*?@OK4�-3*KO
-�6 H )9P��&

&�� H )�3*,- v )9QO �3/8SSTJ3:.&3:. E )9 H  3
*RS�3/8& E′ ∈ ε \ E, >9 E \ E′ ) A*,--QO &0 E )A*,-4-Q
O �6 E Q)9 H  3*RS&

@� 1.3 [3] + E -3*RS�)T H )UU E 9RSRU&+VRSRUSW�
VTRU9U�<9 ��)9V�� Graham LX&3*��)9%� �3/8 
Graham LX-W/&

@� 1.4 0�� H ?@1%��6) H 9�X&"0Y�0 H -3*A; (d)- ?@
 �X�117: E ∈ ε, 4* |E| = r (2 ≤ r ≤ n), 6) H 9 r- ;) (d)- �X&W#X�
;)>?�XP-;)A; (1)- ?@ %���&

@� 1.5 0 H  A*?@OK,Y-3* r- ;) (d)- �X,Y-3*KO-�6)
H 9 r- ;) (d)- Z[&"0Y�0 H 93* r- ;) (d)- Z[1�7KO- ( ;A*?@
OK4-3* r- ;) (d)- �X ), 6) H 9 r- ;) (d)- PZ[&

F (n, r, d) '6 n2Z[ r- ;) (d)-Z[ /\�\ f(n, r, d)=|F (n, r, d)|. G(n, r, d) '6
n 2Z[ r- ;) (d)- PZ[ /\�\ g(n, r, d)=|G(n, r, d)|. W#X�F (n, r, 1) ] G(n, r, 1)
O0'667]�67KO- n 2Z[ r- ;)>?%��� /\&\ f(n, 2) ] g(n, 2)
O0'667]�67KO- n2Z[Z[ *(�6 f(n, 2)=f(n, 2, 1), g(n, 2)=g(n, 2, 1).

1990 �� Takacs[4] ]YJ^N^(] Hermite _Z_9W�67KO- n 2Z[Z

[ $([_ (,`� 2.3). 2001 �����]a`\ [2] 9W�67KO- n 2Z[ r-
;)>?%��� 3*a`!_&Æ/9W�3b n 2Z[ r- ;) (d)- Z[] n 2Z

[ r- ;) (d)- PZ[ a`!_�c9W�67KO-  [2] ]_�� n 2Z[ r- ;
)>?%��� b3*a`!_�d9W��67KO- n 2Z[ r- ;)>?%��
� a`!_&bc�^d+_9W�67KO- n 2Z[Z[ Takacs $(!_�e
1d9W��7KO- n 2Z[Z[ $(!_&

2 ��`a

9�.Æ�2/).f[ 1
k!

(
n

a, · · · , a
)
ge n!

k!·(a!)k·(n−ka)!
, f) a  (g9 k. L#�

0! = 1, r − 1 ≥ d ≥ 1, 1h n ≥ 0 h�
(

n

0

)
= 1.

�b 2.1 [1] H -3*.(9 m  n 2 r- ;) (d)- �X�6 n = d + m(r − d).
T (n, r, d) '6 n 2Z[ r- ;) (d)- �X /\�\ t(n, r, d) = |T (n, r, d)|.
�b 2.2 [2] + n ≥ r > d ≥ 1, (r − d)|(n − d), 6

t(n, r, d) =
1
m!

(
n

a, a, · · · , a
)(

m

(
r

d

)
− m + 1

)m−2

, f) a = r − d, m =
n − d

a
.
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@b 2.1

f(n, r, d) =
�n−d

a �∑
m=1

1
m!

(
n − 1

ma + d − 1

)(
ma + d

a, · · · , a
)(

m

(
r

d

)
− m + 1

)m−2

f(n − ma − d, r, d)

+f(n − 1, r, d),

f) a = r − d, f(0, r, d) = 1.

� + H ∈ F (n, r, d), \ v1 9 H  3*i�6 f(n, r, d) * n 2Z[ r- ;) (d)- Z[l
j1-W f(n, r, d) *1 v1 9i n 2Z[ r- ;) (d)- Z[&2m$% f(n, r, d), f:W v1

k671HV67& H  3*?@OK)&3/ v1 -3*KO-�6n2 n − 1 *,-
8N3* n− 1 2Z[ r- ;) (d)- Z[�* f(n− 1, r, d) N�l&3/ v1 �-3*KO-�
�m+67 v1  ?@OK* m :.&I�� 2.1 Qg� v1 <& ?@OKlj* ma + d

*,-&6hhJTn2 n− 1 *,-)in ma + d− 1 *,- v1 oN3* ma + d 2

Z[ r- ;) (d)- �X�ej2 n−ma− d *,-8N3* n−ma− d 2Z[ r- ;) (d)-

Z[�I�� 2.2 Qg* 1
m!

(
n − 1

ma + d − 1

)(
ma + d

a, · · · , a
)(

m

(
r

d

)
− m + 1

)m−2

f(n − ma − d, r, d)

N�l&kI�� 2.1 Qg 1 ≤ m ≤ �n−d
a �, Lo�NO&

&#� 2.1 )\ d = 1, pQ19W67KO- ] [2] ]_�� n 2Z[ r- ;)>?
%��� b3*a`!_&

lm 2.1 f(n, r, 1) =
�n−1

a �∑
m=0

1
m!

(
n − 1
ma

)(
ma + 1
a, · · · , a

)
(ma + 1)m−2f(n − ma − 1, r, 1), f)

a = r − 1, f(0, r, 1) = 1.

&#� 2.1 )\ d = 1, r = 2, dQ19W67KO- n 2Z[Z[ 3*a`!_&
lm 2.2 f(n, 2) =

n−1∑
m=0

(
n − 1

m

)
(m + 1)m−1f(n − 1 − m, 2), f(0, 2) = 1.

I`� 2.2 Q1`qn Takacs !_�IrQ,^d9W n 2Z[ r- ;) (d)- Z[ 
a`!_ ''?&

lm 2.3 [4]

f(n, 2) = Hn(n + 1) − nHn−1(n + 1) =
�n

2 �∑
j=0

(−1)j (2j + 1) · n!
2j · j! · (n − 2j)!

(n + 1)n−1−2j ,

f) Hn(x) 9 Hermite _Z_�#X32

Hn(x) =
�n

2 �∑
j=0

(−1)j · n!
2j · j! · (n − 2j)!

xn−2j . (1)

9�n!`� 2.3, ^d��2=��&
�b 2.3 [5] (Abel st_) 1<* x, y, z, *

(x + y)s =
s∑

m=0

(
s

m

)
x(x − mz)m−1(y + mz)s−m. (2)
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�b 2.4 1) Hn−1(n + 1) =
n−1∑
m=0

(
n − 1

m

)
(m + 1)m−1Hn−1−m(n − m);

2) Hn−2(n + 1) =
n−2∑
m=0

(
n − 2

m

)
(m + 1)m−1Hn−2−m(n − m).

�ruHn 1),��Qn 2). &�� 2.3,; (2)_)\ x = 1, y = n, z = −1, s = n−1−2j

Q9

(n + 1)n−1−2j =
n−1−2j∑

m=0

(
n − 1 − 2j

m

)
(m + 1)m−1(n − m)n−1−2j−m. (3)

I (1) _] (3) _*
Hn−1(n + 1)

=
�n−1

2 �∑
j=0

(−1)j (n − 1)!
2j · j! · (n − 1 − 2j)!

(n + 1)n−1−2j

=
�n−1

2 �∑
j=0

(−1)j · (n − 1)!
2j · j! · (n − 1 − 2j)!

( n−1−2j∑
m=0

(
n − 1 − 2j

m

)
(m + 1)m−1(n − m)n−1−m−2j

)

=
n−1∑
m=0

(
n − 1

m

)
(m + 1)m−1

( �n−1−m
2 �∑

j=0

(−1)j · (n − 1 − m)!
2j · j! · (n − 1 − m − 2j)!

(n − m)n−1−m−2j

)

=
n−1∑
m=0

(
n − 1

m

)
(m + 1)m−1Hn−1−m(n − m).

lm 2.3 o�p 1 n .('vpln! f(n, 2) = Hn(n + 1) − nHn−1(n + 1). I
(1) _Qg H0(x) = 1 1 H1(x) = x. h n = 0, f(0, 2) = 1 = H0(1) NO&h n = 1,
f(1, 2) = 1 = H1(2) − H0(2) QNO&q+ 0 ≤ n ≤ k − 1 ho�NO�h n = k h�I`�
2.2 ]('vprs*

f(k, 2) =
k−1∑
m=0

(
k − 1

m

)
(m + 1)m−1f(k − 1 − m, 2)

=
k−1∑
m=0

(
k − 1

m

)
(m + 1)m−1(Hk−1−m(k − m) − (k − 1 − m)Hk−2−m(k − m))

=
k−1∑
m=0

(
k − 1

m

)
(m + 1)m−1Hk−1−m(k − m) − (k − 1)

·
k−2∑
m=0

(
k − 2

m

)
(m + 1)m−1Hk−2−m(k − m)

= Hk−1(k + 1) − (k − 1)Hk−2(k + 1) (�� 2.4),

I (1) _Qg Hn(x) = xHn−1(x) − (n − 1)Hn−2(x), L

f(k, 2) = Hk−1(k + 1) − (k − 1)Hk−2(k + 1)
= (k + 1)Hk−1(k + 1) − (k − 1)Hk−2(k + 1) − kHk−1(k + 1)
= Hk(k + 1) − kHk−1(k + 1).
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Teh n = k ho�QNO�nw&
f:W F (n, r, d)  G(n, r, d)  x0&J6�67KO-�Rt#� 2.1 Q92m #

�&

@b 2.2 g(n, r, d) =
�n−d

a �∑
m=1

1
m!

(
n − 1

ma + d − 1

)(
ma + d

a, · · · , a
)(

m

(
r

d

)
−m+1

)m−2

g(n−ma−
d, r, d), f) a = r − d, g(0, r, d) = 1.

lm 2.4 1) g(n, r, 1) =
�n−1

a �∑
m=1

1
m!

(
n − 1
ma

)(
ma + 1
a, · · · , a

)
(ma + 1)m−2g(n − ma − 1, r, 1), f

) a = r − 1, g(0, r, 1) = 1;

2) g(n, 2) =
n−1∑
m=1

(
n − 1

m

)
(m + 1)m−1g(n − m − 1, 2), g(0, 2) = 1.

�b 2.5[5] 3/ fn =
n∑

k=0

(
n

k

)
gk, 6 gn =

n∑
k=0

(−1)n−k

(
n

k

)
fk.

I#� 2.2 ]`� 2.3, Q19W�67KO- n 2Z[Z[ $(!_&

@b 2.3 u

(
n

n − k, k − 2j

)
=

n!
(n − k)! · (k − 2j)! · (2j)!

, (2j + 1)!! = (2j + 1)(2j − 1) · · · 1,

6

g(n, 2) =
n∑

k=0

� k
2 �∑

j=0

(−1)n+k+j

(
n

n − k, k − 2j

)
(2j + 1)!! · (k + 1)k−1−2j .

� + H ∈ F (n, 2), 6 H QV7* j (0 ≤ j ≤ n) *KO-�& H )Uyq j *KO-

Q9v3 3* H ′ ∈ G(n − j, 2). zr�1J7: 3* H ′ ∈ G(n − j, 2), wx j *KO-

Q9v3 3* H ∈ F (n, 2). J-

f(n, 2) =
n∑

j=0

(
n

j

)
g(n − j, 2) =

n∑
k=0

(
n

k

)
g(k, 2).

I�� 2.5 ]`� 2.3 Q9

g(n, 2) =
n∑

k=0

(−1)n−k

(
n

k

)
f(k, 2)

=
n∑

k=0

(−1)n−k

(
n

k

)( � k
2 �∑

j=0

(−1)j (2j + 1) · k!
2j · j! · (k − 2j)!

(k + 1)k−1−2j

)

=
n∑

k=0

� k
2 �∑

j=0

(−1)n+k+j n! · (2j + 1)!
(n − k)! · (k − 2j)! · (2j)! · j! · 2j

(k + 1)k−1−2j

=
n∑

k=0

� k
2 �∑

j=0

(−1)n+k+j

(
n

n − k, k − 2j

)
(2j + 1)!! · (k + 1)k−1−2j .

s 2.1 I#� 2.1–2.3 ]`� 2.3 Q9' 1.
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{ 1

n 1 2 3 4 5 6 · · ·
f(n, 2) 1 2 7 38 291 2932 · · ·
g(n, 2) 0 1 3 19 155 1641 · · ·
f(n, 3, 2) 1 1 2 11 111 1756 · · ·
g(n, 3, 2) 0 0 1 6 70 1225 · · ·

3 ���tu
yz9U�<*Z[�� $(o/4{Æ&%� |} [1−6], e3b Z[�� $

(v|dw4*}~&
xy 1 3P}~7*�oo (#X, [1])  n 2Z[�� $(v|&
xy 2 3b n 2Z[ r- ;) (d)- Z[] n 2Z[ r- ;) (d)- PZ[ $([_-

z{ ~

| } ~ �
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THE COUNTING OF UNIFORM ACYCLIC HYPERGRAPHS

LIU Muhuo

(Department of Mathematics, South China Agricultural University, Guangzhou 510642;

School of Mathematics, South China Normal University, Guangzhou 510631)

LIU Bolian

(School of Mathematics, South China Normal University, Guangzhou 510631)

Abstract In this paper, the recursion formulas for r-uniform (d)-hyperforests and r-
uniform (d)-real hyperforests with n labeled vertices are presented, and the explicit formulas
are obtained for forests with n labeled vertices having isolated vertices or none.

Key words Uniform hypergraph, hypertree, hyperforests.


