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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

utt = a(t)∆2l−1u +
m∑

i=1

ai(t)∆2l−1u(t − ρi, x) − p(t, x)u(t − σ, x)

−
n∑

j=1

qj(t, x)fj [u(t − δj , x)], (t, x) ∈ R+ × Ω ≡ G, t �= tk,

u(t+k , x) − u(t−k , x) = bku(tk, x), k = 1, 2, · · · ,
ut(t+k , x) − ut(t−k , x) = ckut(tk, x), k = 1, 2, · · ·

(1)

2&5�-'#8 u = u(t, x), R+ = [0,∞),Ω ⊂ RM 9$34#' ∂Ω @567'∆ 9 RM

8& M : Laplace ,<' l ≥ 1 9A;' ∆ru = ∆(∆r−1u), r ≥ 1, 8 r = 0 6'6 ∆ru = u.
78/3909B<:

∂∆ru

∂N
+ β(x)∆ru = 0, (t, x) ∈ R+ × Ω , t �= tk, r = 0, 1, 2, · · · , 2l − 2, (B1)

* :;=<>?�@CDA= (07C164) ;:;=E>��<?CDA= (06JJ5001).
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∆ru = 0, (t, x) ∈ R+ × Ω , t �= tk, r = 0, 1, 2, · · · , 2l − 2, (B2)

#8 N -D ∂Ω &BE/CFF' β(x) ∈ C(∂Ω , (0,∞)).
641&2�8'G&FGD3H<:EI
(H1) 0 < t1 < t2 < · · · < tk < · · · 9FDGHJ lim

k→∞
tk = ∞;

(H2) ρi, σ, δj 9GH;' i ∈ Im = {1, 2, · · · , m}, j ∈ In, J bk, ck > −1, k = 1, 2, · · ·;
(H3) a(t) ∈ PC(R+, R), ai(t) ∈ PC(R+, R+), p(t, x), qj(t, x) ∈ PC(R+ × Ω , R+), i ∈

Im, j ∈ In, HK PC -D'$/3-I&�5LH�;0IM6 t = tk, k = 1, 2, · · ·IJ40
NKG'.6 t = tk, k = 1, 2, · · · JLHL p(t) = min

x∈Ω
{p(t, x)}, qj(t) = min

x∈Ω
{qj(t, x)}, j ∈ In;

(H4) fj(u) ∈ C(R, R), J8 u �= 0 6' ufj(u) > 0, j ∈ In.

2 KLMN
OP 2.1 �; u(t, x) MI9BJK (1), (Bi)(i = 1, 2) &2'O u(t, x) N� x OP

LHP�'N� t 9L t = tk, k = 1, 2, · · · IJ40NKG&�5LH�;' u(tk, x) =
u(t−k , x), ut(tk, x) = ut(t−k , x), k = 1, 2, · · ·, JQQ9BJK (1), (Bi)(i = 1, 2).

OP 2.2 9BJK (1), (Bi)(i = 1, 2) &2 u(t, x) MI6 G +5�&'O(�RMQ&
T > 0, R6 (t0, x0) ∈ [T,∞)×Ω , NS$O u(t0, x0) = 0 EI3TRM u(t, x) 6 G +955
�&3

ST 2.1[15] S λ0 9/3 Robin PUBJK⎧⎪⎨
⎪⎩

∆φ(x) + λφ(x) = 0, x ∈ Ω , λ 9H; ,

∂φ(x)
∂N

+ β(x)φ(x) = 0, x ∈ ∂Ω
(2)

&J4PUB' φ(x) 9Q λ0 (%&PU�;'J β(x) ∈ C(∂Ω , (0,∞)), R λ0 > 0, φ(x) >
0, x ∈ Ω .

ST 2.2[15] S λ0 9/3 Dirichlet PUBJK{
∆φ(x) + λφ(x) = 0, x ∈ Ω , λ 9H; ,

φ(x) = 0, x ∈ ∂Ω
(3)

&J4PUB' φ1(x) 9Q λ1 (%&PU�;'R λ1 > 0, φ1(x) > 0, x ∈ Ω .
ST 2.3[16] S y(t) ∈ C2([t0,∞), R) J y(t) > 0, y′(t) > 0, y′′(t) < 0, t ≥ t0, R(RM&

θ ∈ (0, 1), R6 t1 ≥ t0, N8 t ≥ t1 6'$ y(t) ≥ θty′(t).
ST 2.4[17] S a(t), b(t) ∈ (R+, R) 9TUPU�;J b(t) ≥ 0; 0 < t1 < t2 < · · · < tk <

· · · J lim
k→∞

tk = ∞, y(tk) = y(t−k ); bk > −1, k = 1, 2, · · · ; τ IGH;3O

lim inf
t→∞

∫ t

t−τ

b(s) exp
(∫ s

s−τ

a(r)dr
) ∏

s−τ≤tk<s

(1 + bk)−1ds >
1
e
,

R��6?��V$O{
y′(t) + a(t)y(t) + b(t)y(t − τ) ≤ 0, t ≥ 0, t �= tk, k = 1, 2, · · · ,
y(t+k ) − y(t−k ) = bky(tk), k = 1, 2, · · ·
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VVWG2 (W-1 [17] 8&D� 2).

3 XYZ[\]^_
WX789BJK (1), (B1) 2&5�-3
OT 3.1 S<: (H1)– <: (H4) EI3O(RM& 0 < δ < 1, R6 θ ∈ (1− δ, 1), NS

lim inf
t→∞

∫ t

t−σ

θp(s)(s − σ) exp
(∫ s

s−σ

θλ2l−1
0 ra(r)dr

) ∏
s−σ≤tk<s

(1 + ck)−1ds >
1
e
, (4)

R9BJK (1),(B1) &.$5X264# G +5�'#8 λ0 �JK (2) YD3
` (&XÆC) GS9BJK (1), (B1) $4Y55�2 u(t, x), VY4Z-'SR6

T > 0, N8 (t, x) ∈ [T,∞) × Ω 6'$ u(t, x) > 0. Z T1 = T + max
i∈Im,j∈In

{ρi, σ, δj}, R(RM
(t, x) ∈ [T1,∞) × Ω , $

u(t − ρi, x) > 0, u(t − σ, x) > 0, u(t − δj , x) > 0, i ∈ Im, j ∈ In.

8 t �= tk, k = 1, 2, · · · 6'aM)<: (H3), (H4), ��� (1) PS

utt ≤ a(t)∆2l−1u +
m∑

i=1

ai(t)∆2l−1u(t − ρi, x) − p(t)u(t − σ, x), t ≥ T1. (5)

(5) O99[LJK (2) &J4PUB λ0 (%&PU�; φ(x), \N� x 6 Ω [U�'$

d2

dt2

∫
Ω

uφ(x)dx ≤ a(t)
∫
Ω

∆2l−1uφ(x)dx +
m∑

i=1

ai(t)
∫
Ω

∆2l−1u(t − ρi, x)φ(x)dx

−p(t)
∫
Ω

u(t − σ, x)φ(x)dx, t ≥ T1. (6)

� Green ]O\9B<: (B1), $∫
Ω

∆2l−1uφ(x)dx

=
∫

∂Ω

[∂∆2l−2u

∂N
φ(x) − ∆2l−2u

∂φ(x)
∂N

]
dS +

∫
Ω

∆2l−2u∆φ(x)dx

=
∫
Ω

∆2l−2u∆φ(x)dx = −λ0

∫
Ω

∆2l−2uφ(x)dx

= · · · = −λ2l−1
0

∫
Ω

uφ(x)dx, t ≥ T1, (7)

∫
Ω

∆2l−1u(t − ρi, x)φ(x)dx = −λ2l−1
0

∫
Ω

u(t − ρi, x)φ(x)dx, t ≥ T1, i ∈ Im, (8)

#8 dS 9 ∂Ω [&]UZ[3
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Z

V (t) =
∫
Ω

u(t, x)φ(x)dx, t ≥ T1,

R
V (t) > 0, t ≥ T1.

�9� (6)–(8) OPS

V ′′(t) + λ2l−1
0 a(t)V (t) + λ2l−1

0

m∑
i=1

ai(t)V (t − ρi) + p(t)V (t − σ) ≤ 0, t ≥ T1. (9)

� (9) O\>' V ′′(t) < 0, t ≥ T1, �9PÆS V ′(t) > 0, t ≥ T1. ]^['_OV^'RR
6 T2 > T1, NS V ′(T2) ≤ 0, ^_8 t ≥ T2 6'$ V ′(t) ≤ V ′(T2). ( t ^ T2 ) t U�'$

V (t) ≤ V (T2) + V ′(T2)(t − T2). 8 t → ∞ 6'$ lim
t→∞V (t) = ∞, _HQ V (t) > 0, t ≥ T1 _

`3

� (9) O$

V ′′(t) + λ2l−1
0 a(t)V (t) + p(t)V (t − σ) ≤ 0, t ≥ T1. (10)

`a'(D�.b<:8& θ, �a� 2.3 >'R6 T2 ≥ T1, $ V (t) ≥ θtV ′(t), t ≥ T2.
Z Z(t) = V ′(t), R� (10) $

Z ′(t) + θλ2l−1
0 ta(t)Z(t) + θp(t)(t − σ)Z(t − σ) ≤ 0, t ≥ T2. (11)

8 t = tk, k = 1, 2, · · · 6'��� (1) 8&��<:\Db 2.1 8&<:P>∫
Ω

ut(t+k , x)φ(x)dx −
∫
Ω

ut(t−k , x)φ(x)dx = ck

∫
Ω

ut(tk, x)φ(x)dx.

�9

Z(t+k ) − Z(t−k ) = ckZ(tk). (12)

`aP> Z(t) 9��V$O (11), (12) &4YVWG23.`<: (4) \a� 2.4 >'
(11), (12) VVWG2'_`3D� 3.1 Æc3

���V$O (9) $

V ′′(t) + λ2l−1
0 a(t)V (t) + λ2l−1

0

m∑
i=1

ai(t)V (t − ρi) ≤ 0, t ≥ T1, t �= tk.

0cd'PLS)/3ae3

OT 3.2 S<: (H1)– <: (H4) EI3OR6 i0 ∈ Im, (RM& 0 < δ < 1, R6
θ ∈ (1 − δ, 1), NS

lim inf
t→∞

∫ t

t−ρi0

θλ2l−1
0 ai0(s)(s − ρi0) exp

(∫ s

s−ρi0

θλ2l−1
0 ra(r)dr

) ∏
s−ρj0≤tk<s

(1 + ck)−1ds >
1
e
,
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R9BJK (1), (B1) &.$5X264# G +5�'#8 λ0 �JK (2) YD3
OT 3.3 S<: (H1)– <: (H4) EI'JR6 j0 ∈ In \H; Cj0 > 0, N8 u �= 0

6'$
|fj0(u)| ≥ Cj0 |u|. (13)

O(RM& 0 < δ < 1, R6 θ ∈ (1 − δ, 1), NS

lim inf
t→∞

∫ t

t−δj0

θCj0qj0(s)(s − δj0) exp
(∫ s

s−δj0

θλ2l−1
0 ra(r)dr

) ∏
s−δj0≤tk<s

(1 + ck)−1ds >
1
e
,

R9BJK (1), (B1) &.$5X264# G +5�'#8 λ0 �JK (2) YD3
` (&XÆC) GS9BJK (1), (B1) $4Y55�2 u(t, x), VY4Z-'0c�D

� 3.1 &Æb'SR6 T1 > 0, N8 (t, x) ∈ [T1,∞) × Ω 6'$

u(t − ρi, x) > 0, u(t − σ, x) > 0, u(t − δj , x) > 0, i ∈ Im, j ∈ In.

8 t �= tk, k = 1, 2, · · · 6'aM)<: (H3), ��� (1) PS

utt ≤ a(t)∆2l−1u + qj0(t)fj0(u(t − δj0 , x)), t ≥ T1.

aM)<: (13), �[OPS

utt ≤ a(t)∆2l−1u + Cj0qj0(t)u(t − δj0 , x), t ≥ T1.

[O99[LJK (2) &J4PUB λ0 (%&PU�; φ(x), \N� x 6 Ω [U�'S

d2

dt2

∫
Ω

uφ(x)dx ≤ a(t)
∫
Ω

∆2l−1uφ(x)dx

−Cj0qj0(t)
∫
Ω

u(t − δj0 , x)φ(x)dx, t ≥ T1. (14)

Z

V (t) =
∫
Ω

u(t, x)φ(x)dx, t ≥ T1,

R
V (t) > 0, t ≥ T1.

�9� (14) \ (7) OPS

V ′′(t) + λ2l−1
0 a(t)V (t) + Cj0qj0(t)V (t − δj0) ≤ 0, t ≥ T1.

d3&Æbec0c�D� 3.1 fgU�&Æb'fÆ6ade3D� 3.3 Æc3
3]789BJK (1), (B2) 2&5�-3
fb�a� 2.2 #0c�[]&�C'G&PSL3D�''gÆb.hd3
OT 3.4 S<: (H1)– <: (H4) EI3O(RM& 0 < δ < 1, R6 θ ∈ (1− δ, 1), NS

lim inf
t→∞

∫ t

t−σ

θp(s)(s − σ) exp
(∫ s

s−σ

θλ2l−1
1 ra(r)dr

) ∏
s−σ≤tk<s

(1 + ck)−1ds >
1
e
,
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R9BJK (1), (B2) &.$5X264# G +5�'#8 λ1 �JK (3) YD3
OT 3.5 S<: (H1)– <: (H4) EI3OR6 i0 ∈ Im, (RM& 0 < δ < 1, R6

θ ∈ (1 − δ, 1), NS

lim inf
t→∞

∫ t

t−ρi0

θλ2l−1
1 ai0(s)(s − ρi0) exp

(∫ s

s−ρi0

θλ2l−1
1 ra(r)dr

) ∏
s−ρj0≤tk<s

(1 + ck)−1ds >
1
e
,

R9BJK (1), (B2) &.$5X264# G +5�'#8 λ1 �JK (3) YD3
OT 3.6 S<: (H1)– <: (H4) EI'JR6 j0 ∈ In \H; Cj0 > 0, N8 u �= 0

6'$
|fj0(u)| ≥ Cj0 |u|.

O(RM& 0 < δ < 1, R6 θ ∈ (1 − δ, 1), NS

lim inf
t→∞

∫ t

t−δj0

θCj0qj0(s)(s − δj0) exp
(∫ s

s−δj0

θλ2l−1
1 ra(r)dr

) ∏
s−δj0≤tk<s

(1 + ck)−1ds >
1
e
,

R9BJK (1), (B2) &.$5X264# G +5�'#8 λ1 �JK (3) YD3
c O&3]&<:

lim sup
t→∞

∫ t

t−τ

b(s) exp
(∫ s

s−τ

a(r)dr
) ∏

s−τ≤tk<s

(1 + bk)−1ds > 1

hia� 2.4 8&gj<: (W-1 [17]8&D� 3), RiPLS)�jhk�41D� 3.1–
D� 3.3 #D� 3.4– D� 3.6 &N�9BJK (1), (B1) # (1), (B2) 25�&lae3

d e f g

[1] Bainov D, Minchev E. Oscillation of the solutions of impulsive parabolic equations. Appl. Math.

Comput., 1996, 69(2): 207–214.

[2] Fu X L, Liu X Z. Oscillation criteria for impulsive hyperbolic systems. Dynamics of Continuous,

Discrete and Impulsive Systems, 1997, 3(2): 225–244.

[3] Bainov D, Minchev E. Forced oscillation of solutions of impulsive nonlinear parabolic differential-

difference equations. J. Korean Math. Soc., 1998, 35(4): 881–890.

[4] hijkkmlnloipmmnqnrosopqnjrklk���s� 2000, 43(1): 17–26.

[5] tiu�vtwkmmumpvrpqnjrklk���s� 2001, 44(3): 501–506.

[6] Luo J W. Oscillation of hyperbolic partial differential equations with impulses. Appl. Math.

Comput., 2002, 133(2–3): 309–318.

[7] Fu X L, Liu X Z, Sivaloganathan S. Oscillation criteria for impulsive parabolic equations with

delay. J. Math. Anal. Appl., 2002, 268(2): 647–664.

[8] Cui B T, Liu Y Q, Deng F Q. Some oscillations problems for impulsive hyperbolic differential

systems with several delays. Appl. Math. Comput., 2003, 146(2–3): 667–679.



1678 R S V T U � T 29 W

[9] wqrkmmumpvrpqsnjrxk���s� 2004, 47(3): 579–586.

[10] Liu A P, Xiao L, Liu T.Oscillation of nonlinear impulsive hyperbolic equations with several delays.

Electronic Journal of Differential Equation, 2004, 24: 1–6.

[11] Cui C P, Zou M, Liu A P. Oscillation of nonlinear impulsive hyperbolic equations with several

delays. Ann. of Diff. Eqs., 2005, 21(1): 1–7.

[12] tuv�ywx�x�Eykzyz{xmmumpvrpqnz{jrxk|{||}��s�2006, 28(8):

138–142.

[13] tuv�x�Eykz{xmmnirumpvosopqnjrxk}~}��s (|�~), 2007, 45(1):

23–28.

[14] tuvkz{xmmumpvrosopqnz{jrxk}~��� 2007, 20(2): 357–360.

[15] Gilbarg D, Trudinger N S. Elliptic Partial Equations of Second Order. Berlin: Springer-Verlag,

1977.

[16] Philos C G. A new criterion for oscillatory and asymptofic behavior of delay differential equations.

Bull. Acad. Polon. Sci., 1981, 29: 367–370.

[17] Yan J R, Kou C H. Oscillation of solutions of impulsive delay differential equations. J. Math. Anal.

Appl., 2001, 254(2): 358–370.

OSCILLATION CRITERIA FOR NONLINEAR IMPULSIVE

DELAY HYPERBOLIC EQUATIONS WITH HIGHER

ORDER LAPLACE OPERATOR

LUO Liping YANG Liu

(Department of Mathematics and Computational Science, Hengyang Normal University,

Hengyang 421008)

Abstract Oscillatioy properties of a class of nonlinear impulsive delay hyperbolic partial
differential equations with higher order Laplace opertor is studied. By using the eigenvalue
function method and first order impulsive delay differential inequalities, some sufficient criteria
for the oscillation of all solutions of the equations are obtained under two kinds of different
boundary conditions. The results fully reflect the influence of impulse and delay in oscillation.

Key words Impulse, hyperbolic partial differential equation, oscillation, higher order
Laplace operator.


