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1 + ,
����-������������� ���!����"# !���"��

���#�!$�%��$ [1], ����&��%�&���'.�' [1] ��(�- K !

/0 (�� u∗ ∈ o

P �(Æ β, )) Kx ≥ β‖Kx‖u∗, ∀ x ∈ P\{θ}) �*�+"�)�!��
���-���������'*�-�!/0��!Æ� �,�*�!-"1 P �.

1'+'#$�#�- K(,-"1 P �.1) � !/2""��!�����-��"
)-��������.�'30��"1%&'�!�/()0Æ4��"5*�/()
0Æ4��62��!1���"+7�32� [2] 8���'

�+'81%�( E � Banach +," P � E 8�031'445 “ ≤ ” �61 P 5

6�'# u∗ > θ, - Eu∗ = {x |x ∈ E �� λ > 0, )−λu∗ ≤ x ≤ λu∗}, 7 Eu∗ � E ���-
+,'# x ∈ Eu∗ , - ‖x‖u∗ = inf{λ | λ > 0,−λu∗ ≤ x ≤ λu∗}, 7 Eu∗ 878Æ90 Banach
+,! Pu∗ = P ∩ Eu∗ � Eu∗ �03.1'

� x ∈ E\(P ∪ (−P )) .9�-��
x = Ax, (1.1)

7 x :0�-�� (1.1) ����'
� x0 ∈ E, .9 x0 	= θ, λAx0 = x0, λ �/9Æ"7: λ � A �:;4" x0 � A �<

=:;4 λ �:;;Æ'

:; 1[3] ( D ⊂ E, A : D → E, u∗ > θ. �#0>� ε > 0, �� δ > 0, ))< x ∈ D,
‖x − x0‖ ≤ δ ?"� −εu∗ ≤ Ax − Ax0 ≤ εu∗, 7:�- A � D � u∗- 1@'��- A � D

��2!0=! u∗- 1@"3: A � D � u∗- 1@'

* >4<5��67 (10671167) =>A8?
B@9:A2007-11-19, BBCC@9:A2008-09-18.
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0�G?@"A6+'B�-��(*�

(H1) K : E → E 0EH,����-"#0>� x ∈ P , �� u∗ > θ  (Æ δ > 0,
β = β(x) > 0, ))

δ‖Kx‖u∗ ≤ Kx ≤ βu∗, ∀ x ∈ P. (1.2)

(H2) f : E → E 0EH,�-!.9 f (θ) = θ.
(H3) A = Kf : E → Eu∗ 0 u∗- 1@�C1@�-' A′

θ ��" 1 ,� A′
θ �:;4"

! A′
θ �F= 1 �CI:;4�JÆ?Æ@ 0DÆ'< A /2� Eu∗ �?" A′

θ  0"
r(A′

θ) > 1, h 0 A′
θ �<=K!:;4�0:;;Æ"!�� α0 > 0, )) α0u

∗ ≤ h.
(H4) �� u1 ∈ −P\{θ}, )) u1 < Au1.

A 1 �*� (H1) 8-" u∗ > θ L,�' [1] 8� u∗ ∈ o

P , G?&E�-"1 P �.

1'FM ? Pu∗ �.1! u∗ ∈
o

Pu∗ , *H- Kx ≥ δ‖Kx‖u∗ 8�8Æ� E 8�8ÆL,�
Eu∗ 8�8Æ'

A 2 6= Eu∗ GI1@HI- E, JI A : Eu∗ → Eu∗ , A : E → E !�C1@�-'
A 3 K0 h � A′

θ �<=K!:;4�0:;;Æ"J h ∈ Pu∗ , N6 Pu∗ �.LB"
��(Æ α0, β0 > 0, )) α0u

∗ ≤ h ≤ β0u
∗.

2 CDEF
:G 1 �*� (H1)–(H4) 9K"7�-�� (1.1) 62�!1���'
H 6=�- K  f �EH,�"N�- A &�EH,�'- u′

1 = Au1, 6*� (H1)
B"��(Æ β1 = β(u1) > 0 .9

−u′
1 = K(−f(u1)) ≥ δ‖K(−f(u1))‖u∗ = δ‖Au1‖u∗,

−u′
1 = K(−f(u1)) ≤ β1u

∗,

 
Au′

1 − u′
1 = K(f(Au1) − f(u1)) ≥ δ‖K(f(Au1) − f (u1))‖u∗ = δ‖Au′

1 − u′
1‖u∗,

J
−β1u

∗ ≤ u′
1 ≤ −δ‖Au1‖u∗, (2.1)

Au′
1 ≥ δ‖Au′

1 − u′
1‖u∗ + u′

1. (2.2)

6*� (H3)  [1] 8M� 1.1, �� h ∈
o

Pu∗  τ0 > 0, ))#J�� τ ∈ (0, τ0] �

A(−τh) < −τh, τh < A(τh). (2.3)

,OL

τ0 <
δ‖Au1‖

β0
,

6I 3  H (2.1), � u′
1 < −τ0h. L

δ1 < min
{

δ,
δ‖Au1‖ − τ0β0

τ0‖h‖ + ‖Au1‖
}
,
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R6I 3  H (2.1), 1%#0>� τ ∈ (0, τ0], �

−τh − u′
1 ≥ δ‖Au1‖u∗ − τ0β0u

∗ ≥ δ1(τ‖h‖ + ‖Au1‖)u∗ ≥ δ1‖ − τh − u′
1‖u∗.

�SG5
τh − u′

1 ≥ δ1‖τh − u′
1‖u∗, τ ∈ (0, τ0].

-
M = {x ∈ E | x ≥ δ1‖x − u′

1‖u∗ + u′
1}.

I>- u′
1 ∈ M , )B M � E 8��+TPO"QL M � E �UVR'

< x ∈ M ?"6 f �,�-B f (x) ≥ f (u′
1). R6*� (H1) B

Ax − Au′
1 = K(f(x) − f(u′

1)) ≥ δ1‖K(f(x) − f(u′
1))‖u∗ = δ1‖Ax − Au′

1‖u∗,

KL6H (2.2), �
Ax ≥ Au′

1 + δ1‖Ax − Au′
1‖u∗

≥ δ1‖Au′
1 − u′

1‖u∗ + u′
1 + δ1‖Ax − Au′

1‖u∗

≥ δ1‖Ax − u′
1‖u∗ + u′

1,

J Ax ∈ M , JI A(M) ⊂ M .
6 A �EH,� (2.3) HB"#0>� τ ∈ (0, τ0], �

A2(−τh) < A(−τh), (2.4)

A(−τh) − A2(−τh) = K[f(−τh) − (f (A(−τh))]
≥ δ1‖K[f(−τh) − (f(A(−τh))]‖u∗

= δ1‖A(−τh) − A2(−τh)‖u∗. (2.5)

6= P �031"QL4P, D = {x ∈ E | u′
1 ≤ x ≤ θ} �Q'=�GWL

R > max
{τ0β0 + β1

δ2
+ ‖u′

1 − Au′
1‖, 2 sup

x∈D
‖x‖ + 2‖u′

1‖
}
,

R8 δ2 = min{δ1,
1

‖u∗‖}. #0>� τ ∈ (0, τ0], -

Ωτ = {x ∈ M | ‖x − u′
1‖ < R, ! Ax 	≥ τh}.

XS u′
1 ∈ Ωτ , N Ωτ 0 M ��+�QTO'6 Ωτ �.L*X� Ωτ ⊂ Ωτ0 , τ ∈ (0, τ0].
-

S1 = {x ∈ Ωτ0 | x ∈ P\{θ}, x 	≥ τ0h, x = Ax},
S2 = {x ∈ Ωτ0 | x ∈ −P\{θ}, x ≥ u′

1, x = Ax}.
� S1 	= ∅, S2 	= ∅, 7�� ξ0 > 0, ))

S1 ≥ ξ0u
∗, S2 ≤ −ξ0u

∗,

#0>� x ∈ S1, 6= f �EH,�" f (x) > f (θ) = θ, R6*� (H1), �� β(x) > 0, ))

δ1‖x‖u∗ ≤ x = K(f(x)) ≤ β(x)u∗. (2.6)
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6 A � E � u∗- 1@�"JI�� δx > 0 ))#0>� y ∈ S1 ∩ N(x, δx), �

−δ1‖x‖
2

u∗ ≤ y − x = Ay − Ax ≤ δ1‖x‖
2

u∗, (2.7)

R8 N(x, δx) = {z ∈ E | ‖z − x‖ < δx}. 6 (2.6), (2.7) G)

y ≥ δ1‖x‖
2

u∗. (2.8)

*X"
⋃

x∈S1

N(x, δx) � S1 �TST'YK0 A �C1@�"! AS1 = S1 ⊂ Ωτ0 ��QO"N

S1 �Z#UO'KL�� S1 ��/TST",[!U�"1%�( N(x1, δx1), N(x2, δx2),
· · ·, N(xn, δxn) � S1 ��/TST"J

S1 ⊂
n⋃

i=1

N(xi, δxi).

-

ξ1 =
δ1

2
min{‖x1‖, ‖x2‖, · · · , ‖xn‖},

6 (2.8) 1%G)
S1 ≥ ξ1u

∗. (2.9)

�SV"1%GI5*�� ξ2 > 0, ))

S2 ≤ −ξ2u
∗. (2.10)

- ξ0 = min{ξ1, ξ2}, 6 (2.9), (2.10) �

S1 ≥ ξ0u
∗, S2 ≤ −ξ0u

∗. (2.11)

L

τ1 = min
{

τ0,
1
2
ξ0

}
.

-

G1 = {x ∈ Ωτ1 | �� η > 0, )) Ax ≤ −τ1h − ηu∗},
G2 = {x ∈ Ωτ1 | Ax 	≥ τ1h, Ax 	≤ −τ1h},

6�V�\�B"Ωτ1 � M 8��QTO"G1 ⊂ Ωτ1 , G2 ⊂ Ωτ1 � M 8��+�QTO"
!� S1 	= ∅ ?"� S1 ∩ Ωτ1 = ∅.

� x ∈ Ωτ1 � A �,W0"7�WÆXY
(1) x ≤ −τ1h.  ?6 (2.5) ) x = Ax = A2x ≤ A2(−τ1h) ≤ A(−τ1h) − δ‖A(−τ1h) −

A2(−τ1h)‖u∗ ≤ −τ1h − δ‖A(−τ1h) − A2(−τ1h)‖u∗, N x ∈ G1;
(2) x 	≤ −τ1h.  ?"6= x = Ax, 1%� Ax 	≤ −τ1h, N x ∈ G2. 67GB" A �

Ωτ1\(G1 ∪ G2) �E�,W0'=�"XZ][Y�\Z�"1%�

i(A,Ωτ1 , M) = i(A, G1, M) + i(A, G2, M). (2.12)
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�� x0 ∈ ∂G1 � 0 ≤ t1 ≤ 1, .9 x0 = t1Ax0 + (1 − t1)u′
1, 76 x0 ∈ G1 B u′

1 ≤ x0 < −τ1h,
QL x0 ≤ Ax0 ≤ A(−τ1h) < −τ1h. =�6 (2.5), 1%�

Ax0 ≤ A2x0 ≤ A2(−τ1h) ≤ −τ1h − δ‖A(−τ1h) − A2(−τ1h)‖u∗,

N x0 ∈ G1, 7^ x0 ∈ ∂G1 ]['K76][Y�G^,�� 03�)
i(A, G1, M) = i(u′

1, G1, M) = 1. (2.13)

+V5*
x − Ax 	= tu∗, ∀ (t, x) ∈ [0, +∞)× ∂Ωτ1 . (2.14)

\5]"� (2.14) H,9K"7�� x1 ∈ ∂Ωτ1 , t1 ∈ [0, +∞), ))

x1 = Ax1 + t1u
∗. (2.15)

- B1 = {x ∈ ∂Ωτ1 |Ax ≥ τ1h}, B2 = {x ∈ ∂Ωτ1 |Ax 	≥ τ1h}, 7 ∂Ωτ1 = B1 ∪ B2. �
x0 ∈ B1, 7 Ax1 ≥ τ1h, R6 (2.15) H) x1 ≥ τ1h, _B x1 > τ1h (^7 x1 = τ1h, =��
x1 = Ax1 + t1u

∗ = A(τ1h) + t1u
∗ > τ1h + t1u

∗ > τ1h, ][). 6*� (H1) �

Ax1 ≥ δ‖Ax1 − A(τ1h)‖u∗ + A(τ1h) ≥ τ1h + δ‖Ax1 − A(τ1h)‖u∗.

=�"6 A� u∗-1@�"�� δ2,))< ‖x−x1‖ < δ2 ?"Ax ≥ Ax1− 1
2δ‖Ax1−A(τ1h)‖u∗ ≥

τ1h + 1
2δ‖Ax1 − A(τ1h)‖u∗. L x1 ∈ ∂Ωτ1 , N�4A {yn} ⊂ Ωτ1 , )) yn → x1(n → ∞). =

�< n _`a?"� Ayn ≥ τ1h + 1
2δ‖Ax1 − A(τ1h)‖u∗,  ^ yn ∈ Ωτ1(Ayn 	≥ τ1h) ]['�

x1 ∈ B2, 7 ‖x1 − u′
1‖ = R, 6*� (H1) � (2.15), GI)-

x1 − u′
1 = Ax1 + t1u

∗ − u′
1 ≥ Ax1 − Au′

1 + t1u
∗

= K(f(x1) − f(u′
1)) + t1u

∗ ≥ δ‖Ax1 − Au′
1‖u∗ + t1u

∗

≥ δ2‖Ax1 − Au′
1‖u∗ + t1δ2‖u∗‖u∗ ≥ δ2‖Ax1 − Au′

1 + t1u
∗‖u∗

≥ δ2‖x1 − Au′
1‖u∗ ≥ δ2(‖x1 − u′

1‖ − ‖u′
1 − Au′

1‖)u∗

≥ τ0h − u′
1 ≥ τ1h − u′

1,

J x1 ≥ τ1h, QL Ax1 ≥ A(τ1h) > τ1h,  ^ x1 ∈ B2 ]['6�5*� (2.14) H9K'
L (2.14) H`bJ A � ∂Ωτ1 �a,W0"67�c A(M) ⊂ M B A � Ωτ1 �4= M

�,W0KÆ i(A,Ωτ1 , M)��'- a = sup
x∈Ωτ1

‖Ax‖, b = sup
x∈Ωτ1

‖x‖,R8 Ωτ1 = Ωτ1 ∪∂Ωτ1 . W

L p, q, )) q||u∗‖ > p > a+b, 7#0>� x ∈ Ωτ1 , � Ax+qu∗ ≥ Au′
1 +qu∗ ≥ u′

1 +qu∗ > u′
1,

J Ax + qu∗ ∈ M , ! ‖Ax + qu∗‖ ≥ q‖u∗‖ − ‖Ax‖ > p − a > b ≥ ‖x‖, 67B,W0KÆ
i(A + qu∗,Ωτ1 , M) ��"d!

i(A + qu∗,Ωτ1 , M) = 0. (2.16)

#0>� (t, x) ∈ [0, 1] × Ωτ1 , - H(t, x) = (1 − t)Ax + t(Ax + qu∗), 7� H(t, x) ∈ M . 6
(2.14) H_5 H(t, x) 	= x, ∀ (t, x) ∈ [0, 1] × ∂Ωτ1 , =�be (2.16) H�,W0KÆ�G^,
��")

i(A,Ωτ1 , M) = 0. (2.17)
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6*� (H3) B" θ � A �fK,W0 [4], R6' [5] GB"�� θ _`F�_c

B(θ) ⊂ Ωτ1 , )) θ � A � B(θ) `�d!,W0"!�

i(A, B(θ), M) = 1. (2.18)

6 (2.12), (2.13), (2.17)  (2.18), dXZ,W0KÆ�GÆ��
i(A, G2\B(θ), M) = i(A,Ωτ1 , M) − i(A, G1, M) − i(A, B(θ), M) = −2,

KL A � G2\B(θ) 62�!1,W0 x∗, I>- (2.11) H Ωτ1 , G1, G2 �.L"GB x∗ �
A ����'

A 4 +'a�!1+�)-��������"d!Q.� 1 �5*e�8,bge
θ &��� (1.1) ��"a� (2.13) H�,W0KÆ�G��cGI)-!1h�"

LM 1 �.� 1 �*�9K"7�-�� (1.1) 62�)1,G��"J!1h�"
!1d� !1���'

�S=.� 1 �5*"1%cGI)-I+.�'
:G 2 �*� (H1), (H2)  (H3) 9K"Y(�� u1 ∈ P\{θ}, )) Au1 < u1, 7�-

�� (1.1) 62�)1,G��"J!10�"!1d� !1���'

3 N O
+e&'+V/()0Æ4��

x′′ + f(x) = 0, 0 ≤ t ≤ 1, (3.1)

x(0) = 0, x(1) = αx(η), (3.2)

R8 0 < α < 1, 0 < η < 1, f ∈ C[R, R]. /()0Æ4�� (3.1), (3.2) if=+V�
Hammerstein f���g`��

x(t) =
∫ 1

0

G(t, s)f(x(s))ds, (3.3)

R8
G(t, s) = k(t, s) +

αt

1 − αη
k(η, s), (3.4)

k(t, s) =
{

t(1 − s), 0 ≤ t ≤ s ≤ 1,
s(1 − t), 0 ≤ s ≤ t ≤ 1.

(3.5)

+eg-I+�(*�

(F1) f(u) : R → R 1@!EH," f(0) = 0.
(F2) lim

u→0

f(u)
u = β, !�� n0 ∈ N , )) λ2n0 < β < λ2n0+1, R8 λ1 < λ2 < λ3 < · · ·

0 sin
√

x = α sin η
√

x �0�4A'
(F3) lim

u→−∞
f(u)

u < 2(1 − αη).

.L���- K h+

(Kx)(t) =
∫ 1

0

G(t, s)x(s)ds, x ∈ C[0, 1].
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:G 3 �( (F1)–(F3) 9K"7Æ4�� (3.1), (3.2) 62�)1,G��"J!10
�"!1d� !1���'

H - E = C[0, 1], E �8Æi0 ‖ · ‖, P = {x | x(t) ≥ 0, ∀ t ∈ [0, 1]}, u∗ = t,
fx = f(x(t)), x ∈ E. XS" K, f : E → E.

6;Æ k(t, s) ��7j_36
G(t, s) ≥ δtG(τ, s), ∀ τ, t, s ∈ [0, 1], (3.6)

R8
δ =

αη(1 − η)
1 + α − αη

.

(1) 5* (H1) .9'6 G(t, s) > 0, ∀ t, s ∈ (0, 1), B K �EH,�'#0>� x ∈ P , a
�H (3.6), �

(Kx)(t) =
∫ 1

0

G(t, s)x(s)ds ≥ δt

∫ 1

0

G(τ, s)x(s)ds = δt(Kx)(τ), ∀ τ ∈ [0, 1],

 >hJ Kx ≥ δt‖Kx‖, G?i* K : Eu∗ → Eu∗ � 0�'#0>� x ∈ P , 6 (3.4) B

Kx(t) =
∫ 1

0

G(t, s)x(s)ds ≤ 1 − αη + α

1 − αη

∫ 1

0

x(s)ds · t.

J (H1) .9'L (H2) Pk6*� (F1)  f �.L36'

(2) 5* (H3) .9'- Ax = A1x + A2x, R8

A1x =
∫ 1

0

k(t, s)f(x(s))ds, A2x =
αt

1 − αη

∫ 1

0

k(η, s)f(x(s))ds.

j_5* A1, A2 : E → E �C1@�'6 A2 �jkH_B"A2 : E → Eu∗ &�C1@�'

I>-;Æ k(t, s) �jkH"_5 A1 : E → X �C1@�"R8 X = {x ∈ C1[0, 1] | x(0) =
x(1) = 0}, 8Æ0 |x|1 = ‖x′‖. j_l6 X ⊂ Et(1−t) ⊂ Eu∗(u∗ = t). K0Z#=8Æ | · |1 �
Um Z#=8Æ ‖ · ‖u∗ �Um!>hJ� [0, 1] �Q0Um"6Pjk.�BHIlm�
1@�"KL A2 : E → Eu∗ �C1@�'N A = A1 + A2 : E → Eu∗ �C1@�'

6' [2] M� 4 B" A′
θ = βK, �S=I�5*"B A′

θ � 0�" r(A′
θ) > 1, 1 ,� A′

θ

�:;4"! A′
θ �F= 1 �CI:;4�JÆ?Æ@ 0DÆ'

- h 0 A′
θ �<=K!:;4�0:;;Æ"J h .9 h = λ1A

′
θh = αλ1Kh. 6=

Kh ≥ δt‖Kh‖, K7�� α0 > 0, )) α0u
∗ ≤ h. *� (H3) .9'

(3) 5* (H4) .9'6=

lim
u→−∞

f(u)
u

< 2(1 − αη),

N��_`a� M > 0, )) f(−M)
−M < 2(1 − αη), - u1 = −M , 6' [2] G5 (Au1)(t) >

u1(t), t ∈ [0, 1].
A 5 ' [2] 8&\��/()0Æ4���������"*' [2] 8-"

lim
|u|→+∞

f(u)
u

< 2(1 − αη),
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L+'-"

lim
u→−∞

f(u)
u

< 2(1 − αη),

#$�.��*�"nS)-�������"!' [2] 8��],n�=+''
A 6 ��' [5] .� 3.1 ��]"GIl*� (F1) 8 f �EH,�mo0.9nÆp

qoo*�'
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EXISTENCE OF SIGN-CHANGING SOLUTIONS

FOR NONLINEAR OPERATOR EQUATIONS

AND ITS APPLICATIONS

CUI Yujun ZOU Yumei LI Hongyu

(College of Information Science and Engineering, Shandong University of Science and Technology,

Qingdao 266510)

Abstract In this paper, the existence of sign-changing solutions for nonlinear operator
equations is discussed. The abstract results generalize the existing ones. As an application,
we investigate the existence of sign-changing solutions for some three-point boundary value
problem is investigated.

Key words Fixed point index, sign-changing solution, cone, three-point boundary value
problem.


