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A BERRY-ESSEEN BOUND FOR EMPTY BOXES
STATISTIC ON THE SCHEME AN ALLOCATIONS OF
SEVERAL TYPE BALLS*

S.A. Mirakhmedov & O. Saidova

Abstract

A Berry-Esseen bound for the number of empty cells in the scheme of independent
and random allocation of balls of s type into different cells is obtained.
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Introduction

Let my balls be of first type and ny be balls of a second type, etc., and n,
balls of sTh.type be distributed independently and randomly into N different cells,
in such a way that each ball of ith type has probability p;; of landing into kth cell,
pi+--+pn =1 i=1,...,8. Let po(s) = po(s,N,n1,...,ns) be a number of
empty cells after all ny,...,ng losses. If s =1 we deal with multinomial scheme of an
allocation and po(1) is a well-known empty box test statistic (see, for example, Koichin,
Sevastjanov, Chistjacov (1976)). For example, the random variable (r.v.) uo(s) used as
test statistic for verification of homogeneity hypothesis.

Here we get a bound for remainder in the central limit theorem for pg(s). Our
theorem generalizes the result of Quine and Robinson (1982).

Result. We consider the case that s is fixed and N = N(nq,...,ns) is growing

as one of mq,...,ng increases. Suppose that forall j=1,....,sand k=1,...,N
Npjr <Cp and n; <exp{CiN}. (1)
Here and in what follows, C;, C;(-) are positive constants not dependent on N, nq, ..., n..
Denote

Ajm = 1Djms A = Mm + - Aem, o =n;/N,
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1
An(s) = Z exp{—Am}, ae= — Z Aem exp{—Am},
€ m=1
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exp{—Am (1 —exp{-An}) — Z ozja? ,
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Theorem. Under condition (1) for arbitrary v > 0 there exist C(s,Co,v) such that

C(Sa CO) V)

S
() () < 1 1
wy'(x) < 2" |on(s) +; HE

Corollary 1. Under condition (1) there exist C(s) >0 such that

sup wﬁ) () < C(s

1 1
! e T |

Corollary 2. Suppose that N,nq,...,ns — o0 in such a way that on(s) — oo and (1)
is hold true. Then po(s) is asymptotically normal.

The result of Quine and Robinson (1982) is wﬁ)(x) < Coy'(1), which also follows
from our theorem since 012\[(1) < np: but in the general case we have 012\[ (8) <ni+---+ns.

Proof. It is clear that N

MO(S) = Z f(771ma . '7nsm)a
m=1
where 7;; is a number of balls of ith type in mth cell after nq,...,n. tosses, and

f0,...,0)=1 and f(y1,...,ys) =0 if y; >0 forsome i =1,...,s.

Let (;m be a Poisson with parameter Aj,, Q(,f) = (Cimy -, Csm), then

gm(C) = F(CE) — exp{=Am} + D ai(Gim — Aim).

i=1
From Corollary 2 of Mirakhmedov (1987) we get
S
(s) < C(S,k}) 1 9
wy (x)_71+|x|k Ban + By, N +1zzl\/n_1 (2)
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for any integer k£ > 0, where

N
Bren = E|gm (¢
m=1
We remark that
Z Dy (632
We rewrite 0% (s) and gy, ( () as follows:

Z [1— (14 M) exp{—Am}Hexp{—Amn}+ Z Z)\Jm exp{—Am} —a;)?, (3)

m=1j=1

gm(C2)) = () +exp{—Am} Z Cim—(14Am) exp{—Am}+Z(ai—exp{—Am})(gm—Aim»

Then for arbitrary b > 1 we get

s b
Elgm(Cr(rf))lb < 2'E f(Cr(ﬁs)) + eXp{_)‘m} Z Gim — (1 + )‘m) eXp{_)‘m}

+(25)071 Z la; — exp{—Am }® E|Cim — Am|”

i=1
= 2b_1A1m + (25)b_1A2m. (4)

The r.v. f( fﬁ(’)) has the same distribution as r.v. ©((im + -+ + Csm) where ©(0) = 1
and ¢(x) =0 if x > 0. Thus

b

Ay ©(Cim + -+ Com) +exp{—An} Z —(1+ Ap) exp{—Am}
i=1

IN

eXp{—)\m}(l —exp{— A} (1 + X))’ + A exp{—(b — 1)\, }

+Z|j_1_ Am P exp{—(b+ 1)\, } m—A' + AL CFAT(5)
j=2

because Cim + - + Csm is Poisson with parameter A,,. Since (14 u)e ™ < 1 for u > 0
and (3), we have

S Al < 3T exp{-An (L = exp{-An H1+ M) < o%(s). (6)
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From u2e 2% <1 and 2ue ™™ <1— (1+u)e *, we get
2

N N N
DAL <Y N exp{=20n} <2 (1= (14 M) exp{-An} < 20%(s).  (7)

Let b be odd, >°, -y and >°, -, be a sum on m such that A\, <1 and Ay > 1,
correspondingly. We have

Z AIII;n = Z exp{_b)‘m}[E(Clm + -+ Csm —-1- )‘m)b
Am<1 Am<1
+(=1)" (1 + )’ exp{=Am }] + (=15 exp{=An},
if A <1 then

b
E(Clm+' : '+Csm_1_)\m)b = Z CZ(_l)iE(Clm‘i" ' '+Csm)b_1 < C(b))‘zn_l_(b_l))‘m'

i=1
Therefore we get

oAl < > exp{=bAnHCOA, — (14 (b— DAn))(1 — (14 Ap) exp{—An})

Am<1 Am<1
N
< C(b) Z A2 exp{—2\,} < C(b)ox(s). (8)
m=1
Since (1 4+ Ap)® < 1+ (b — 1)\, + C(B)A2,, if A,y < 1. Using well known inequality

between moments of r.v., we obtain:

ST AT < DT exp{-bAn} ElCim + -+ Com”

o < )\WZZI(E(CIM +o - Cem — 1= )‘m)b+1)b/b+1 eXp{_b)‘M}
Am>1
< C(b) AZN A2 exp{—bAm} < C(b) AZN A2, exp{—2Am} < C(b)ok(5).(9)
From (5), (6), (7), (8) :n_d (9) follows N
i_l Apy < C(b)o(s). (10)

Let us estimate Zi\izl Ao, . We have

N
Z lag —  exp{=An}|” E|Com — Mem|” < Z (ax — exp{—Am })PE|Com — Am|® +
m=1 )\kmgl
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Z (ar = Nem)® ElCrom — M) PO < C(b) Z (ar, — exp{—Am })*Xem +

)\kmzl )\kmgl

exp{-An})PAe+ D Jak —exp{=An} " Alr | < C(B)o(s) +

—
S
e
I

Akm >1,0p<1 Akm>1,ap>1
b/2
Z lar, — exp{—=An}® )\kén. (11)
Aem>1,a,>1
Here, we used that A\gm, < Coa,...,ar < 1 and Mg < Cp if ag < 1, ElCm — Mem|? <
C(i) Mk -

Let Agmm > 1, ag > 1. Since ai < oz,?l we have

lar — exp{=Am A2 < apA/2 +1 < /Co/ar +1 < /Co+1.

Therefore

Yo (ak = exp{=An} ) < (VCo+ 1) 25 ar, — exp{=Am})*\em

Aem>1,a,>1
< (VCo +1)2720%(s).

From this and (11)
N
D Agm < C(b)oR(5). (12)
m=1

Thus if b is odd, then by (4), (10), (11) it follows that

N
> Elgm(CEIP < C(h)oR (s). (13)

m=1

If b is odd then the theorem follows from (2) and (13). If b is even then the
theorem follows from the well-known inequality between Ljapunov’s ratio and (2), (13).
Proof of theorem is complete. o
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