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ON EXISTENCE OF A MEROMORPHIC FUNCTION
WITH INFINITELY MANY OF DEFICIENT FUNCTIONS

Halil Ardahan

Abstract
Let {an(z) : {an(2)}n=1, w < oo} be a finite or denumerable set of entire
functions satisfying

T(r,an) <dor® +dn, n=12,...,

where do,d, > 0 do not depend on r,0 < a < 1.
In this paper we show that there is a meromorphic function of order 1 and normal
type having ai1(z),a2(z),...,an(2),..., as deficient functions.

1. Introduction

Goldberg [1, 2] constructed the first examples of meromorphic functions f(z) with
infinitely many deficient values in 1954. Modifications of these examples were presented
by W.K. Hayman in his monograph [3].

These meromorphic functions f(z) could have any positive order and a prescribed
finite or denumerable set of deficient values.

We shall prove the following theorem by using Hayman’s idea.

Theorem. Let {an(z) : {a,(2)}¥—;, w < oo} be a finite or denumerable set of entire

functions satisfying the conditions
T(ria,) <dg r*+d,, n=12,..., (1.1)

where do,d, > 0 do not depend on r and 0 < a < 1. Then there exists a meromorphic
function f(z) of order 1 and normal type such that

dan, f(2)) >0, n=1,2,...

This theorem seems to be of interest in connection with recent investigations related
to deficient functions (see e.g. [4], p.34-41).
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2. Proof of Theorem

Without loss of generality we can assume w = 0o, otherwise we can consider the

sequence a1(2),a2(z),...,0y(2), aw(2),ay(2),....

Let {n,}72, be a decreasing sequence of positive numbers such that > °n, = 1.

n
v

We set 9 =1 and for all 1 <n < oo define 6 =0, §, =75

;énv, (n=1, to 00).

We see that {6,}72; is an increasing sequence and 0 < 6,, < . Note that the well-known

inequality,
log™ M(r, f) < 3T(2r, f)

is valid for any entire function f(z). Therefore using (1.1), we have

log™ M(r,a,(2)) < 3(do2%r® +dy), n=1,2,...

whence
lan(2)] < €3 exp(3dy2°r®).

We now choose a sequence {c,}22 ; of positive numbers such that

o0 o<
S = E Cp < 00, Sy = E cne3d"<oo
n=1 n=1

and define

Fi(z) = Z cnan(2) exp(ze” "), Fy(z) = Z cn exp(ze” ),
n=1 nel

f(z) = F1(2)/ Fa(2).

We see that for |z| =7,

|Fi(z)] = chan(z) exp(ze )| < ch[an(z)|er
n=1 n=1

Z cpe’eddn exp(3do2“r®)

<
n=1
< Syexp(3do2°r® + 1),
|Fy(2)] < cher < Sy exp(r),

n=1

and so

T(r, f) <T(r, F1) + T(r, F5) + O(1) <log® M(r, F1) + log™ M(r, F5) + O(1)

< 2r +o(r), as T — 00.
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Suppose that n > 1 and that
1 1
O — = <0 <60, + —7n,. (1.4)
3 3
For v < n we have the following inequalities

1
0>0,— 57T, 0, < On—1, NMn—1 > Tn

3
1 1 2
0—6,>0,—0,.1— 5777771 = TMNn—1 — gﬁnn > gﬂﬂm
and for v > n, we have
1 1 2
617 -0 Z 0n+1 - en - 5777771 = TTn — 57”]71 = §7T77n

Hence, for all v # n, we have

2
T > 0—0,| > §7rnn.

2
cos(f — 0,) < cos(gmyn).
We now define
Fin(z) = Fi(z2) —cpan exp(ze‘w"),
Fon(z) = F(z)—c, exp(ze_w").

Thus if 6 lies in the range (1.4) and z = r exp(i4), then we have

Fi(z) = coan(2)exp(ze™") + Fy 5(2),
|Fin(2)] < Z evlay(2)| exp(r cos(8 — 6.,))
v=1,u%n
< Sy exp(3do2°r®) exp(r cos gwnn). (1.5)
In the similar way, for 6 lying in the range (1.4), we have
[Fan(2)] < 8 explrcos 27m) (16)
and so
[Ba(2)] = enexp(ze™) + Fon(2)] 2 |en exp(ze™ )| = |Fon(2)]
> cpexp(rcos gnn) — Sy exp(r cos %m]n)
> %exp(r cos gnn) (1.7)



for all sufficiently large r. Tuhs,

Fi(2) — an(2)Fa(2)
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we have

o0

Cnan(2) exp(ze ) + Z vy (2) exp(ze ")

vFEN

[e 9]
—Cnan(2) exp(ze ") — a,(z) Z ¢, exp(ze %)

v#EN
Fin(2) — an(2)F2n(2).

Using (1.5), (1.6), (1.2) and (1.7), we obtain

[F1(2) — an(2) F(2)|

|F1n(2)] + lan(2)] [Fo.n(2)]

f(z) —an(z < <
F(2) = anl2)l () Fo(e)]
2 2% e 2
= M(Sg + Slegd") exp(r(cos =71, — cos Enn
Cn 3 3
X
= M(SZ 4 Slegd")exp(—QT‘ Sin(g’]n) Sin(%nn
Cn

From this, we deduce that

1
+tl___ -
8 | e — an(2)
and so
m("'»anaf) 2
>

Thus in view of (1.3), we have

d(an(z), f(z) =lim inf

r—00
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> 3dy2%r® + 2rsin gnn sin %Un +0
2
> 3dg2%r + ?rni +0(1)
2

— gnir +o(r), as r— oo,

1 9n+%71’7[n 1
- ]0g+ —_— 1 df
2r P f(ri®) — a,(ri®)
2
gni +o(r), as r— oo

w3 40

mr 0, ) S e 3 00 1

T(r, f) r—=oo 21 4+ O(r) 9

(1)

=-n2 >0.

)
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