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CERTAIN MEROMORPHICALLY STARLIKE
FUNCTIONS WITH POSITIVE AND FIXED SECOND
COEFFICIENTS

M. K. Aouf € H. E. Darwish

Abstract

In this paper we consider the class XS} .(a} consisting of meromorphically
starlike univalent functions with positive coefficients and fixed second coefficients.
The object of the present paper is to show coefficient estimates and closure theorems
for this class. Also, we obtain the radius of convexity for functions belonging to the
class XS .(a).
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1. Introduction

Let 3, , denote the class of functions of the form

Qg ad
= — n " o>0; nZO 1.1
F2) = 2+ P an (oo > On 20 (11)

which are regular and univalent in the punctured disc U* = {z: 0 < |z| < 1}. Denote by
Y55 (a) the class of functions f(z) € £, , which satisfy the conditions

zf '(2)}
Req — > o 1.2
& -
for z € U* and 0 < a < 1. The functions in ¥£5%*(a) is clearly meromorphic starlike
univalent of order « in U*. The class ¥£S}(a) was introduced by Mogra [2]. We note
that for a, = 1, the class £S5} (a) = ¥%,(a), was studied by Juneja and Reddy [1].

We begin by recalling the following lemma due to Mogra [2].

*AMS (1991) Subject Classification. 30C45 and 30C50.

311



AOUF & DARWISH

Lemma 1. Let the function f(z) be defined by (1.1). Then f(z) is in the class LS} ()
if and only if

[e o]

Sl + a@)an] < (1 - a)a,. (1.3)

n=1

In view of (1.3), we can see that the functions f(z) defined by (1.1) in the class
Y53 (o) satisfy the coefficient inequality

(1-oa)
< . 1.4
a1 = (1 +a)ao ( )
Hence we may take
1- o
gy = L= ooy (1.5)
14 a)

Making use of (1.5), we now introduce the following class of functions:

Let ¥S; (a) denote the subclass of ¥.5;(a) consisting of functions of the form

fz) = %+(—1(T—Jﬁ.%—)ocz+;anz”, (1.6)

where

o >0,a, >0and 0 < c< 1.

In this paper we obtain coefficient inequalities for the class £.S} .(«) and closure
theorems. Further, the radius of convexity is obtained for the class S} (a). Techniques
used are similar to those of Silverman and Silvia [3] and Uralegaddi [4].

2. Coefficient Inequalities

Theorem 1. Let the function f(z) be defined by (1.6). Then f(z) is in the class
S5 (a) if and only if

o0

D l(n+a)an] < (1 - a)ao(l - o). (2.1)
n=2
The result is sharp.
Proof. Putting
1- o
I e PP (2.2)
1+ a)
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in (1.3) and simplifying we get the result. The result is sharp for the function

_ a0 (11— a)aocz (1 —a)as(l—c)
&=+ a5 n+a)

2", (n>2).

(2.3)

Corollary 1. Let the function f(z) defined by (1.6) be in the class 2S5 (). Then

(1—-a)a,(1—r¢)
(n+a)

an

(n>2).
The result is sharp for the function f(z) given by (2.3).
Corollary 2. If 0<c¢; <y <1, then

XS, (@) C XS, ().

0,C2

3. Closure Theorems

Using Theorem 1, we can prove the following Theorems:

Theorem 2. Let the functions

X
24D an;z™(ae; > 0,05, > 0)

n=2

() = Bod (1 —a)agc
.f](z) - Z] + (1+a)]

be in the class .S; () for every j =1,2,..,m. Then the function

bo (1 —a)b,c > n _
WZ—F anz (bo > O,bn Z O)

n=2

is also in the same class XS} (a), where

1 & 1«
by = - z;a"*j and b,, = — Zlan,j(n =1,2,..).
j= i=

Theorem 3. The class £S} () is closed under convez linear combination.

(2.4)

(3.3)

313



AOUF & DARWISH

4. Radius of Convexity

Theorem 4. Let the function f(z) defined by (1.6) be in the class ©.S} (o). Then f(z)
is meromorphically convex of order p(0 < p < 1) in 0 < |2z| < r1 = ri{a,c, p), where
r1(a, ¢, p) is the largest value for which

(B-pl—ale , nn+2-p0-a)1=0) i, _

4.1
1+ ea) (n+ «) (4.1)
for n > 2. The result is sharp for the function
a, (1—a)aee (1—a)a,(l-c) ,
(2= . 4.2
fn(2) ~ ) z it o) 2" for somen (4.2)
Proof. It is sufficient to show that
"
Z;/((Z)) + 2‘ <1-p(0<p<1)for0<|z| <rifa,cp).
z
Note that
” 2(1 a)asc 2 1 n+1
zf"(2) (I+a) + Yy n(n+ agr
+2 — — <1-p (4.3)
f'(2) Go — (li;)"Cr? — Yoo yna,rntt
for 0 < |z| < r if and only if
(3= p)(1 = @)oo, | o
2 — T < (1 - o- 4.4
ey o+ Sonlnt < (- pa (4.4
Since f(z) is in the class .S} (a), from (2.4) we may take
1- ol —c)A
) 7 ) (4.5)
(n+a)
where A, >0 (n > 2) and
<t (4.6)
n=2
For each fixed r, we choose the positive integer n, = n,(r) for which %r”“ is
maximal. Then it follows that
o
Z n(n+2 — prtl < No(No +2 — p)(1 — a)ay(l —c) protl (4.7)
n=2 (TLO + Ot)
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Then f(z) is convex of order p in 0 < |z| < r1(a, ¢, p) provided that

(3—p)(1— oz)aocr2 no(no + 2 — p)(1 — a)as(l —¢)
(1+a) (no + @)

retl < (1 - pla,. (4.8)

We find the value 7, = r,(a,c, p) and the corresponding integer n,(r,) so that

B-p)(l—a)ec 5, Moo +2-p)1 =)L =) not1 _

1-p. 4.9
Then this value r, is the radius of meromorphically convex of order p for functions be-
longing to the class XS} (a). O
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Ikinci Terimleri Sabit ve Positif Olan Baz Yildizcil Meromorf Fonksiyon
Siniflar1 Uzerine
Ozet

Baslikta ad: gecen sinif igin katsay1 kestirimleri, kapanig teoremleri elde edilmigtir.
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