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LOCALLY FINITE BARELY TRANSITIVE
PERMUTATION GROUP WITH ALMOST NILPOTENT
POINT STABILIZERS

Mahmut Kuzucuoglu*

Abstract
We show that the groups mentioned in the title are solvable. Moreover, a point
stabilizer H of the locally finite barely transitive group G is almost nilpotent,
whenever the indices |H : HN H?| (g € G) have a finite upper bound.

Introduction

A group G is called barely transitive, if it has a faithful representation as a transitive
permutation group on an infinite set Q such that the orbits of its proper subgroups are
finite. Obviously a group G is barely transitive if and only if it has a subgroup H of
infinite index, which contains no non-trivial normal subgroup of G, and which satisfies
|[K : KN H| < oo for every proper subgroup K of G. Here the subgroup H is a point
stabilizer. In this article we shall study locally finite barely transitive groups, which we
shall call LEBT-groups.

It is an open question whether perfect LFBT-groups exist. Metabelian LFBT-
groups have been constructed by B.Hartley in [3] and [4]. And the general structure
of imperfect LFBT-groups is fairly well-understood: They are extensions of nilpotent
p-groups of finite exponent by a quasicyclic p-group, where p is a prime ([4], Love’s
Theorem).

First investigations of the question, in how far the structure of a point stabilizer H
influences the structure of the LFBT-group G, can be found in [7] and [5]: If H is almost
locally solvable, then G is a p-group, whose proper normal subgroups are nilpotent of
finite exponents. And if H is abelian, then G turns out to be metabelian. In the present
article we shall generalize this latter result as follows.

Proposition 1. Let H be a point stabilizer of the LFBT-group G. If H is almost
nilpotent of class c, then G is solvable of length at most c¢-(c+1).

Almost nilpotent point stabilizers show up for example in the following situation.
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Proposition 2. Let H be a point stabilizer of the LFBT-group G. If there ewists a
finite upper bound for the indices |H : HN HY| (g€ G) then H is almost nilpotent.
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Proofs of the Propositions

In the sequel, (;(G) will denote the i-th term of the upper central series in the
group G. We shall make use of the following two known results about LFBT-groups.

(1) ([6], Lemma 2.2) No LFBT-group contains a proper subgroup of finite index.

(2) ([7], Proposition 2) Every LFBT-group with solvable point stabilizers is the union
of an ascending chain of proper normal subgroups.

Proof of Proposition 1. Let Hy be a subgroup of finite index in H, which is
nilpotent of class ¢. Then Hy contains no non-trivial normal subgroup of GG and satisfies
|K : KN Hy| < oo for every proper subgroup K of G. Hence, from replacing H by Hy,
we may assume that H itself is nilpotent of class c.

Consider any proper normal subgroup K of G. Then the core A of KN H in K
is a normal subgroup of finite index in K. As a subgroup of H, the group A is nilpotent
of class at most c¢. Let B; denote the i-th term of the upper FC-central series in K .
Note that B; is normal in G. Because of (;(A) < B;, the quotient K/B, must be finite.
By (1) we have [K,G] < B,.

Next, we consider the quotients I'; = B;/B; ., for 1<i<e. Clearly the sub-
group (B; N H)B;_.1/B;_; is nilpotent of class at most ¢, and it has finite index in
the FC-group T';. Therefore the argument in the proof of [2], Lemma 3.10 shows, that
Cc(T';) has finite index in T;. But from (1), the group G can only act trivially on the
finite quotients T;/(.(T;) and (K/B._1)/((T.). Hence the quotients K/B._; and
B;/B;i-1 (1<i<c—1) are nilpotent of class < ¢+ 1. In particular, the arbitrarily
chosen proper normal subgroup K of G is solvable of length < ¢ (¢ + 1). Because of
(2), the whole group G inherits this property. O

Proof of Proposition 2. By [1], Theorem 3, the finite bound on the indices |H :
H N HI (g€@) leads to a normal subgroup N of G such that both of the indices
IN: NN H| and |H : HN N| are finite. In particular, N # G.

Consider any proper normal subgroup K of G. Then
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|IK:KNN|<|K:KNNNH|<|K:KNH|-|KNH:KnNHNN| < oo.

From (1), the group G must centralize the finite quotient K/K N N, whence
[K,K] < N. An application of (2) shows that [G,G] < N. From Love’s Theorem, N is
nilpotent then. In particular, H must be almost nilpotent. a

Question. Let H be a point stabilizer of a LFBT-group G. Is it true that, if H is
almost solvable then G is solvable?

References

[1] G.M. Bergman — H'W. Lenstra, Jr., Subgroups close to normal subgroups, J. Algebra 127
(1989), 80-97.

[2] B. Bruno, On p-groups with "nilpotent-by-finite” proper subgroups, Bollettino Unione Mat.
Italiana (7) 3-A (1989), 45-51.

[3] B. Hartley, A note on the normalizer condition, Proc. Camb. Phil. Soc. 74 (1973), 11-15.

(4] B. Hartley, On the normalizer condition and barely transitive permutation groups, Algebra
and Logic 13 (1974), 334-340.

(5] B. Hartley — M. Kuzucuoglu, Non-simplicity of locally finite barely transitive groups, to
appear in Proc. Edinburg Math. Soc., 1997..

[6] M. Kuzucuoglu, Barely transitive permutation groups, Arch. Math. 55 (1990), 521-532.

7] M. Kuzucuoglu, A note on barely transitive permutation groups satisfying min-2, Rend.
g g g
Sem. Mat. Univ. Padova 90 (1993), 9-15.

BIiR NOKTA STABILIZATORU HEMEN HEMEN NiLPOTENT OLAN
YEREL SONLU YALIN GECISKEN PERMUTASYON GRUPLARI

Ozet
Baghkta adi gegen gruplarin ¢ozilebilir gruplar oldugu gosterilmigtir. Yerel
sonlu yalin gegisken permutasyon gruplarinda bir nokta stabilizatori H igin |H :
H N H?|(g € G) indislerinin istten sonlu bir simir1 oldugu zaman H nin hemen
hemen nilpotent oldugu gosterilmigtir.
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