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ON HIGH ORDER RIESZ TRANSFORMATIONS
GENERATED BY A GENERALIZED SHIFT OPERATOR

Ismail Ekincioglu & 1. Kaya Ozkwn

Abstract

In this paper, we determine high order Riesz transformations by using generalized
shift operators and giving some of their properties

1. Introduction

Let us consider Riesz Transformation as

. T —Yj .
(B =limen [ sy (G=1,2.m)
e—0 |g; — y|
le—yl>e
(=) . . .
where ¢, = —;5~. In this transformations the difference x —y can be regarded as an

ordinary shift 7E)pzeration.

In 1987, Riesz transformations have been determined by considering generalized
shift operator by I. Aliev [1].

In this study, we determine the high order Riesz transformations generated by
generalized shift operators that are ordinary shift according to first n — 2 variables and
are also Rt shift according to the last two variable [5].

2. Background and Notation

Let RI" = {z = (21,22, ... Zn-1,Tn) : Tpno1 = 0, Tp > 0}. Let the space of
testing functions Z, (R;}) = Z, be class of all C* functions ¢ on R;} (i.e. the partial
derivatives of ¢ exist and are continuous) such that

sup |2’ (D%p)(z)| < oo
IERi

11991 Mathematics Subject Classification: 44A15,47B37
2 This paper is dedicated to Ord.Prof.Dr. C ARF
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for all n-tuples o = (aq,az,...,a,) and 8 = (B, B2,...,0,) of nonnegative integers,
D = gutezttan [9p9zy? - drgn . The dual space of Z, is denoted by Z/ . We
define £, ,, ., space

B

s = /|f(x>|%i":1x3wdm <o

Lo, = § (@) [|f(2)]

Rt

where v1,v; > 0 and 1 < p < 0o. The principal value of f(z) is

eofo)=lim [ S, ocz,.

0<e< |z
0<zy < @
0<zp-1 <

Let Ap be the Laplacean-Bessel operators,

2 52 2 0?2 2u, O 2uy O

Ag = - —— = T 0
PE Lol o T Ty oy T 0 vz >
If
d®u  2v; du 2 '
dr2+ - dr+)\u 0 u(0) , v (0)=0 (A>0) (1)
and

dzu 2V2du 2 /
Szt oo A =0 w(0)=1, J(0)=1 (A>0) (2)

then solutions of equations (1) and (2) are denoted by Ju—3(Ar) and j,, _1(Ar) respec-
tively. The Fourier-Bassel transformations can be defined by

[Feel(y) / p(2)e TV g, 1 (@no1Yn-1)T0 "y 1 (€nyn )T de,
o

n

Y2 € Z+.
and its invers transformations can be given by

[F5'el(y) = [Feel(-y), ¢ €2y

where,
<z Yy >=z1y1+T2y2 + - 4+ Tp-2Yn—2 and
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2

¢, = (2m)7 T 27 (b + )7 T(ve + 3)7!
The generalized shift operator is denoted by TY [6], [2],

™ ™
TinD(I) = Cy / /(p[.T” - y” = \/Ii—l + yi_l - 2xn—1yn—1 cosag,
0 0
\/ 2 2 s 2v1—1 2up—1
2 4+ y2 — 2x,yYn COS ag] sin asin adaidog

F(l/l + %) F(Z/z + %)
L(v)I(3) T(v2)0(3)

where 'y’ € R, 5 and ¢, =

3. High Order Riesz Transformations Generated By A Generalized Shift
Operator

In this section, we consider generalized shift operator which has ordinary shift
according to first n — 2 terms and are also RT-shift according to the last two terms.
We study relations between the Fourier-Bessel operator and this generalized shift oper-
ator. We give the Fourier-Bessel transformation of homogeneous polinomial which holds
Laplacean-Bessel equations. Finally, we define Riesz transformations related to the shift
operators and so we show that this Riesz transformations holds the condition of classical
Riesz transformation [5].

Theorem 3.1. If Py(z) = Pi(z1,79,...,22_1,22), is a homogeneous polynomial with

order k which holds ApPy(x) =0 Laplecean Bessel equations, then

—ly|?

[Pe(z)e 7] (y) = 2= kHntv2t )ik Py () 3

where - denotes Fourier-Bassel transformations.
Proof. By. [3] and [7], [8],
if ”,y" € R,—2 and « > 0, then

- . e n—2 a2
(2m) " / emolz"Pia"y >dw”=(§) Tt ®)
Rn_2

If v>—-1,a >0 and J,(br) is Bessel function, then

r —ar? v b’ =2
/6 r +1Jy(b7")d7‘ = WC da (4)
0

Since J,(r) = [2"T'(v + 1]"*r4,(r), by (3) and (4) we have

L nt2uy+2v
Fp(e @) (y) = et (20) " F 2, ye Rt
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Hence
2 1" // . v 2
/ e|73[ +2i="y") Jul—%(xn—lzyn—l>xi 11 juzﬁ—(‘rn 2yn) ; 2dz
RET
F(V2—§- %)F(I/l +%) n—

= 22 71'— 71:‘/‘2

If we apply differential operator

g 0 0

P(— =
’“(atl’atz " Ot o

,Bt,_1,Bt,)
to (5), then we obtain

2 : "o . .
Py(a)eloH200 5y (212t y)220, v (Tn2ty)zn > d

Rit
I'(va + 3y + Ly .

=Q() 222 2 71'_ e

where Q(t) is a polynomial and

0?2 2v 0

By =5+ = —
“ =52 T o

k=n-—1,n.

Using the following formula [7].

. 17‘cosa 2v—1

Jy_1(r) e (sin @) da
vTa F (v) Fl

0

we have

n—2 1 1 NI
Qt) = 22[7TTF(1/1 + E)F(Ul + 5)]—1 Pk(x)e|t!2—\t|2+21(z ")

- i . _ 2
/62123”)3 cos;p sm (p)Zu 1d90 / 621$n—1tn—1 cosoz(sn,1 Oz)2y lda xn"llx%zd:c
0 0

n— 1 1
= 22[7rTzI‘(1/1 + E)F(ug + 5)]‘1 / Py(z)z2, 222 dx

RET

F(Vl + l/2+ // —|z’ — zt”|2 — (22 +i%t2 — 2%z t, cosga)(mn‘p)m/l 1
F(l/l)F( ) T'(vo)T
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€~(ri_1+i2ti_1 —2iTp_1tn_1 CcOS a)(

sin a)*2 "t dpda
By the properties of 7Y, we obtain

n— 1 1 ’
Q) = 2T T+ P+ ) [ AT, e ¥ aeade

RS

Q(=it) = 2°[r "7 T(vr + )F(V2+ )] / (T3, Pula)]e”® a2 do

RIT

frz=70(0<r<oo,0€St={z|]=1, z,_1,2, > 0}), then

Q(=it) = c,- / pinRe / To o Pelrd,rd)022622, | e dr (6
0 S+

where ¢,« = 22%7%21_‘(1/1 + )2 + 371
Applying the mean value theorem for Agu =0, [4] to (6), we have

oo

/T2V1+2V2+nfle—r2dr — Pk(t)
0

Q(_it) F(I/1+Z/2+

and

2 NI AN . ”
/ Pk(a:)eIml +2i(a"t )] Yy (xn 12ty _1)x2 z, 1jV2__(l'n2t )22 da

RIT

o 2 2 (v + Ty + 2
:Pk(lt)e [t] T2 (2 2;2( L 2)

Since P are homogeneous, we have

[Pulw)e o) = 2=ttt D)k p(y)e

and so the theorem is proved O

Now we theorem is proved.

Lemma 3.2. If

/f(el,eQ,...,fq,,,l,e )02 6%72dSt =0

S+
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) @)

|$’n+2u1+21/276 v.p |x|n+2u1+2u2

then

for € — 0, where

vrfe)=tm [ [@)p(@)a a2 ds g e 7,

0<e< |z
0<zy, <00
0<zp_1 <©

Proof. The proof follows immediatly from the representation.

|z 201 2
/|x|"+2vl+2uz co(@)z, 2z, de

:/ £ (%)

Wﬁy‘z_—e[s@(ﬂﬁ) 0(0)]z 22 da

lzl<1

+/ ()

2v 2
|27|n+21/1 +2vz—¢ cp(m):cn 113: “de.

|z]|>1

By considering Theorem 3.1 and Lemma 3.2, we have

Theorem 3.3. Let P, be homogeneous polynomial with order k, then

k

Pk t 2"+2V1+2V2 -k F(i) Pk(y)

k+n+2v1+21/2
2

VP | (V)
|$[k+n+2 1+2v I( ) |y|*

where : denotes Fourier-Bassel transformations.
Proof. Let us consider
—n—2v,—-2v t
Fylf(an)](t) = a2~ Fp[f(2))(5)

By (7) and Theorem 3.1 we have

[Pk(ZU)e_a[m\Z]:(y) — (QQ)*(k+v1+V2+%) e L@;I Pk( )
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If p € Z,, then

[ Plw)e™ 5 plajatnatinde = (2a) (reret D

Ry

/ Pi(z)e 012  p(x)e2 22, du (8)
R

Et+nt2u) 42vg—e—2
2

If we apply « to (8), integrate with respect to o from 0 to co and use

o0

/evaiz‘2ak+n+2ué+2u27€_1da _ 1_‘ <k +n+ 21/1 + 21/2 — 6> |$|~(k+n+2ul+21/2—e)
2

0

then we have

r (k tnd it 2ve - 6) / 2] iC) o(z)x22 22 da
e

2 —(k+n+2vy +21/2—e) n
R}
Hence ) P
v vo+n
s () o [ B
Ry
Therefore
k

[ Pk('r) ]( ) ~27ﬁ%w+eik, F(%) . Pk(y)

|x|k+n+2u1+2ure - T (k+n+21/21+21/2—e) |y|k+e
By Lemma 3.2, we have

k
P Py () () = 2~ 242 L (%) Pi(y)
' |x|k+n+2ul+2u2—e y) = T (k+n+221/]+2l/2) |y|k

Thus, the proof is complete. m|

Now we give the Riesz transformations generated by generalized shift operators what we
call Riesz-Bessel transformations.

Definition 3.4. Let TY be generalized shift operator. Then

P,
(R(Bk)f)(f) = Ck(n, Vi, V2) <pUWIS+(2:IZﬁV2 * f) (6)
. P T v v
= cx(n,v1,12) lim / W%;%TI/QTE Ty de
0<e< |z

0< zp <00
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is called Riesz-Bessel transformation with order k for f(z) € Z, where

iz vovy [k 2y + 2 EN1 !
(s vy, vg)2 2D é*“r( ot ) [r (_)] k=12, ..

2 2

Let Pr(z) be homogeneous polynomial with order k and AgP; = 0. By Theorem
3.3, we have

Py (§)
€1
We note that in (9) i*P;|¢|=* is a factor corresponding to the transformation Rg).

Now consider Riesz-Bessel transformations with order one. Note that the number
of these transformations is n — 2 and (5 =1,2,...,n — 2)

(R5) (6 =+ T28 p) (9)

. T vy v
(Rp, £)(§) = er(n, v, ) lim / Wﬂfﬂf)xi_lxi *dz (10)
0<e<|z

0 <xn < o0
0<zp1 <0

where,

ci(n,v,ve) =2 2 —

N

We have also two Riesz-Bessel transformations with order 2 such that

nizyeag (1+TL+2V1 +21/2> 1

. PZ(iE) T v v
(R2Blf)(€) = CZ(na V1, VZ) lg% / lw|2+n+2u1+21/2 T§ f(g)xi~1x$t *dx (11)
0<e< |z
0< a2y <00

O<zny <@

where,

nt2uq+2v 2 2 2
ealn, v, vg) = 252 %HZF( +n+2V1+ Vz)

and corresponding polynomial to Py are

2V1+21/2+2 2 2 2
Pyz)= 222 Tz -2 -2
2(217) %+V1+V2 | | Tn—1 T
and 2wy + 2w + 2
141 1)
P’ - _ 2 2 2
2(17) TL+21/1+21/2|1‘| +xn-1+xn

It can be easily shown that AP, =0 and AgPj = 0. Then, by (9) we have

2y + 200 +2 282, 282
SHvitee 2 P

(a1 (6= ( )@
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and ) )
21 +2v+2 &y & >

- 4ol o
n+ 2v1 + 219 €12 €12 1©

(Rp, ) (€) = (

‘We note that

(1)

n—2

2v1 +2v5 + 2
(Rp,;)* + Rp,_, + Rp, = <—1 + —1;>

! 21 + 215+ 1

<.
I

wehere E is the identity operator in L, (R}).
(i) If 1 < j,k <n-—2 then

o?f
81‘j8$k

= —Rp, + Rp,ABf, fez,

(iii)
2114 21 + 2

[(an + an71)f](y) - 21/1 + 21/2 +n N

Rp, — Rp, .| Apf

¢ w0
8z2 =z, Oz,

where B, =

Remark By using the same method, this proof also can be given in general for this
transformations generated by generalized shift operators that are ordinary shift operator
according to m variables and are also R -shift operators with respect to k variables.
Here m + k =n.
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GENELLESTIRILMiS OTELEME OPERATORU iLE ELDE EDILEN
YUKSEK MERTEBELi RIESZ DONUSUMLERI

Ozet

Bu caligmada Genellestirilmis Oteleme Operatérii yardimiyla yiiksek mertebeli
Riesz doniigiimleri ve bu déniiglimlerin baz 6zellikleri verilmistir.
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