Tr. J. of Mathematics
1 (1997_) , 61 — 68.
© TUBITAK

SOME NEW SEQUENCE SPACES DEFINED BY A
SEQUENCE OF MODULI

Ayhan Esi

Abstract

In this paper we introduce and examine some properties of three sequence spaces
defined by using a sequence of moduli.

Introduction

Ruckle [6] used the idea of a modulus function f to construct the sequence space
[e o]
L(f) = {a(xx) : D f(lzk]) < o0}
k=1

This space is an F'K space and Ruckle proved that the intersection of all such
L(f) spaces is ® the space of finite sequences, thereby answering negatively a question of
A. Wilansky; “Is there a smallest F'K -space in which the set {ej, ez, ...} of unit vectors
in bounded?”

The space L(f) is closely related to the space I; which is an L(f) space with
f(z) = z for all real > 0. Ruckle proved that, for any modulus f,

L(f) cly and L(f)* = 1

where
L) = {y = (yx) Zlykrk|<oofoallmEL(f)}
k=1

is the «-dual of L(f).

Let A = (ank) be an infinite matrix of nonnegative real numbers and let p = (py)
be a sequence of real numbers such that p; > 0 for all & and supy pr = H < oo. This
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assumption is made throughout the rest of this paper. We write An($)2ank|axk|p’“ if
k
the series converges for each n ad A, ,(z) = Zamklxk+n|p’< if the series converges

k
for each m and n. (Here and afterwards summation without limits run from 1 to o).

Following Ruckle [6] and Maddox [2], we recall that a function f : [0,00) — [0,00) such
that modulus f is

(i) f(z) =0 if and only if z =0,
(ii) f(z+y) < f(z) + f(y), forall 2 >0,y >0,
(iii) f is increasing,
(iv) f is continuous from the right at 0.
It follows from (ii) and (iv) that f must be continuous everywhere on [0, 00).

In the present note we introduce and examine some new sequence spaces by using
a sequence of moduli.

Definition 1. Let F' be a sequence of moduli and suppose that A = (ami) be a
nonnegative reqular matriz. We define

wolA,p, F] = {a: € w: limZamk [fk(|a:k+n|)]pk = 0 uniformly in n} ,
k

w[A,p, F] = {w € w: limZamk [fk(lxk_m - L])]pk = 0, for some L, uniformly in n} .
k

Weo|A,p, F] = {x €w: supX:am;c {fk(|xk+n])rk < oo} ,

mn

For a sequence of moduli F = (f) we give following conditions:

(C1) supy fe(t) < oo for all ¢ > 0;

(Cq) limy ¢ fx(t) = O uniformly in k > 1.

We remark that in case fy = f(k > 1), where f is a modulus, the conditions (C})
and (C3) are automatically fulfilled.

When fp = f and p, = 1 for all k, we denote these sequence spaces by
wolA, fl,wl[A, f] and wx[A, f]. If * € w[A, f]; we say that z is strongly almost A-
summable to L with respect to the modulus f.

When A = (ami) = (C,1) Cesaro matrix, fr = f and pp = 1 for all k, we obtain
generalization of the sequence spaces [Fo(f)],[F(f)] and [Fs(f)] which were defined by

Pehlivan (7). If z € [F(f)], we say that z is strongly almost convergent to L with respect
to the modulus f.
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If [¢] denotes the set of all strongly almost convergent sequences, Maddox [1]
g im L3 L| =0, uniformly in
=<z:lim— Tkin — L] = 0, uniform n
' m k+ y

Note that if A = (C,1) Cesaro matrix py = 1 and fx(z) = z for all k, then
w[A,p, f] = [¢]. Also in this case weo[A,p, f] = leo-
We now establish a number of useful theorems.

Therem 1. wolA,p, F|,w[A,p, F] and we[A,p, F] are linear spaces over the complex
field C.

Proof. We consider only w[A,p, F]. Others can be treated similarly. If H = sup; px
and K = max(1,2771), we have Maddox [3] (p. 346).

|lak + bi [Pt < K - (|ag[P* + [bg|P*) (1)

Suppose that * — Li(w[A,p,F]) and y — Ly(w[A,p, F]). For \,u € C, there
exists M) and N, integers such that [A\| < M) and |p| < N,. For (1), we write

Amn[F(\z + py — (AL1 + pLlo)e)] < K(M)" Ap o (F(z — Lye))
+ K(NM)HAm,n(F(y - L2e)) (2)

Pr
Where Ay o F((z)) = ) Gmi [fk(|xk+n|)] and e = (1,1,1,...).
If follows from (2) Az + py — ALy + pLa(w[A, p, F]) and completes the proof. O

Theorem 2. Let A be o nonnegative matriz and F = (fi) be sequence of moduli. If
(C1) holds then,

w[A,p, F) C weo|A, p, F]

Proof. It is a direct consequence of Property (1). o

Theorem 3. wo[A,p, F| and w[A,p,F] are complete linear topological spaces para-
normed by g defined by

N

{S o[t

g(x) = sup
n,m k

i
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Where M = max(1,H = sup,, px).

Proof. From Theorem 2, for each z € w{A,p, F|,g(z) exists. Clearly g(0) = 0,g(z) =
g(—z) and by Minkowski’s inequality g(z +y) < [9(z)] + g(y). We now show that the
scalar multiplication is continuous. Whence A — 0,z — 0 imply g(Az) — 0 and also
z — 0, A fixed imply g(Az) — 0. We now show that A — 0,z fixed imply g(Az) — 0.
Let = € w[A,p, f], then as m — oo, a

b = Zamk {fk(|$k+n - Ll)rlc — 0 uniformly in n.
k

For |A| < 1 we have

1

{zamk[fkwmn)}’”}‘w ~{Som [ =32+ 2]}

{zamk (#1101 4n = AL)) + fk(w):)}”’“}

k

L
M

IN

By Minkowski’s inequality

< {Zamk (£ (1O i ‘AL)I)]”}

k

L
M

S

+{Zamk[fk<|<u>l)]”’“}

< {Z A [fk(lfkm - L|)}pk}ﬁ + { Z amk [fk(l)\ka - ALI)TM}

k>n k<N

+ @amk [h(i(uﬂ)}”f

Let € > 0 and choose N such that for each n,m and k > N implies b,,, < €/2.
For each N, by continuity of fy for all k, as A — 0,

{ 2 ami {fk(l)‘(x’”" - L)I)rk * {Zamk [fk(IALD]pk}V — 0

k<N k

Then choose § < 1 such that |A| < § implies

1

oo <

&}~

k<N
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Hence we have

{Zm {fk<|m+n|)]“}% <e

and g(A,z) — 0(A — 0). Thus w|A, p, F] is paranormed linear topological space by g.
Now, we show that w[A, p, F] is complete with respect to its paranorm topologies.
Let (z') be a Cauchy sequence in w[A, p, F]. Then, we write

G(z' —27) -0 as 4,j — 00 (3.1)

Hence for each fixed n and k, as i,j — oo, we have

(54 (| @k — 2e)))] ™ =0

By continuity of fi for all k&

-

lim [fk (I(J:;H»n - xi+n)|>rk = [fk (yll_ﬂnoo' (x§c+n - x{c+n)

3,]— 00 i

Since fy is modulus for all k&,

lim |(z%, — 27 =0
§,j—r00 ( k+n k+n)

and for each fixed n and k (z},,), be a Cauchy sequence in C. Since C is complete, as
i — 00(Th 1) — (Tken) say. Now from (3.1), we have for € > 0, there exists a natural
number T such that

{Zamk (. xzml)rk}v <e (52)
k

for all m,n and 4,j > T. Since for any fixed natural number N, we have from (3.2)

M

Zamk [fk(l(rz+n—mi+n)|)]pk <e (3.3)

k<N
for all m,n and i,j < T. By taking 7 — oo in the above expression we obtain

M

IR PA(ETE))] i

k<N
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for all m,n and ¢ > T. Since N is arbitrary, by taking N — oo we obtain

{?amk[ﬁc(m—ka\)]”} <e

for all m,n and ¢ > T that is

S

g(z* — ) — 0 as 1 — oo and thus z* — z as 1 — oo.

Also for each i, there exists L* with
) . Pk
S| (JEhen = 1])| =0 (= o0) (3.0
k

uniformly in n. From Regularity of A and (3.4), we have [fi(]L'—L’|)] — 0 as i,j — oo,
for all k and (L') is a cauchy sequence in C, so (L¢) converges to L, say.
Consequently we get

Zamk [fk<|(l"k+n - L)|)rk—’ 0 (m— o0)

k

uniformly in n. So that « = (zx) € w[A,p, F] and the space is complete.

Theorem 4. Suppose that A be a nonnegative regular matriz and F = (fy) be sequence
of moduli, then;

(i) loo C WoolA,p, F]

(if) If F = (f) is uniformly bounded on [0, 0), w[4,p, F] = w.

(iii) If 0 < pr < qx and gx/px is bounded, w[A4, ¢, F] C w[A4,p, F].
Proof. (i) and (ii) are trivial.

(iii) If we take wi . = [fe(|Zk+n — L])]P* for all k and n, then, using the same
technique of Theorem 2 of Nanda [5] it is easy to prove (iii) m|

Theorem 5. Let F = (fi) is uniformly bounded on [0,00) and A be a monnegative
reqular matriz. When z € woo[A,p, F)
Zakwk is convergent if and only if (ay) € .
k
Proof. The sufficiency is easy. For necessity that (a;) ¢ ®. Hence there is a strictly
increasing (k(m)) of positive integers k(m) such that |aym)| > 0,m =1,2,3, ...
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We define the sequence y by

1 —
e 0 k=km)
Yk =
0 , k#k(m)

Since F = (fx) is uniformly bounded on [0, c0) then,
Pk
Zamk [fk(iyk+n|)] < o0
k

hence y € woo[A,p, F] but >, ax-yx = D, 1 = co. This is a contradiction to ), ax -y
convergent. This completes the proof. a

Corollary Let F = (fi) is uniformly bounded [0,00). Then,
[woo[A,p, F]]” = ®

8
Where |[woo[4, p, F]] = {y = (yx) : Zykmk < oo orall z € woo[A,p, F]} is the
k
B-dual of we[A, p, F] and ® denotes the space of all finite sequences.

Theorem 6. Let F = (f) be a sequence of moduli and A be a nonnegative regular
matriz. If (C1) and (C2) hold then

w[A,p] C w[A,p, F|

Where w[A, p| = {x € w: limy, Zamk(|wk+n - L|)p'c =0, for someL, uniformly in n} ,
k

Proof. Using the same technique of Theorem 4 of Maddox [2] it is easy to prove of the

Theorem. O

Theorem 7. Let A be a nonnegative regular matriz and F = (fi) be sequence of moduli.
If
8= li¥n(fk(t)/t) > 0 for all k, then

w(A,p| = w[A,p, F]

Proof. In Theorem 6, it was shown that w{[A,p] C w[A,p, F]. We must show that
w[A,p, F] C w[A,p]. For any modulus function, the existence of positive limit given with
B was given in Maddox [4]. Now 8 > 0 and let = € w[A,p, F)]. Since 3 > 0, for every
t > 0 we write fx(t) > B.t for all k. From this inequality, it is easy to see that x € w[A, p|.
This completes the proof. O

Let F = (fx) and G = (gr) be sequences of moduli. The next theorem shows the
relation between w[A,p, F] and w[A,p, G] for sequences for moduli F and G.
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Theorem 8. Suppose that F' = (fi,) and G = (gi) be sequences of moduli and gy > fy
for all k, then,

lim Ix(@)
z=00 gp ()
Proof. It is trivial. O

< oo implies w[A,p, G] C w[A,p, F|
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MODULUS FONKSiYONLARININ BiR D_izisi YARDIMIYLA
TANIMLANMIS BAZI YENI DizZi UZAYLARI

Ozet

Bu galigmada modiiliis fonksiyonlarinin bir dizisi yardimiyla baz: yeni dizi uzay-
lar tanimlanmig ve bu uzaylarin sagladu bazi ozellikler verilmigtir.
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