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Abstract: Let R be a positive random variable independent of S which is beta distributed. In this paper we
are interested on the relation between the distribution function of R and that of RS. For this model we derive
first some distributional properties, and then investigate the lower tail asymptotics of RS when R is regularly
varying at 0, and vice-versa. The applications we present in this paper concern a) the simplicity of Dirichlet
distributions, b) asymptotics of the sample minima of elliptical distributions, and c) the effect of the scaling on

the asymptotics of aggregated risks.
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1 Introduction

Let R be a positive random variable independent of S € (0,1) almost surely. In this paper we discuss the

random scaling model

K]

W RS, (1.1)

with W the scaled version of R (g stands for equality of the distribution functions). In order to derive
distributional properties of W we need to specify the distribution function of S; a tractable instance with
various applications is the simple case that S is a beta distributed random variable.

Numerous investigations and application of (LI]) and related models are available in the literature. We mention
some recent contributions, see also the references therein: Tang and Tsitsiashvili (2003, 2004), Gomes et al.
(2004), Galambos and Simonelli (2004), Maulik and Resnick (2004), Denisov and Zwart (2005), Nadarajah
(2005), Nadarajah and Kotz (2005), Jessen and Mikosch (2006), Tang (2006, 2008), Pakes (2007), Pakes and
Navarro (2007), Charpentier and Segers (2007, 2008, 2009), Hashorva (2008, 2009a,b, 2010), Hashorva and
Pakes (2009), McNeil and Neslehova (2009a,b), Hashorva et al. (2010), Liu and Tang (2010).

In a financial or insurance framework, the random scaling model (I appears naturally with W the deflated
risk arising from some loss or investment R which is independent from the random scaling/deflating factor S.

Other prominent applications in the literature concern modeling of network data, see e.g., D’Auria and Resnick
(2006, 2008).

If the random variable R is not directly observable, but the distribution of S is known, and W is observable,
a natural question arising from () is the recovery of the distribution function (df) of R, or its estimation.
Such a question arises for instance when estimating the true claim cost of a glass insurance coverage. Indeed, if

R;,i > 1 models the losses payed to claims reported from some glass coverage of a motor portfolio, the insurer
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is interested in the estimation of the true claim cost W;. However, these costs are typically deflations of R;,
where the deflator S; explains the presence of fraud or other effects. In this setup R; is not observed.

In certain cases the df of the scaling random variable is known, or it can be estimated, which prompts the
insurer to attempt to recover the df of the true losses. This is possible when the df of W is a beta-product

convolution, i.e., the scaling random variable S is beta distributed.

The principal aim of this paper is the investigation of the lower tail asymptotics of W if that of R is known,
and vice-versa. Recent results and applications concerning the relation of upper tail asymptotics are presented

in Hashorva and Pakes (2009) and Hashorva et al. (2010).

Our working assumption on R is that its df belongs to the min-domain of attraction of some univariate extreme
value distribution function. We focus particularly on the case S is beta distributed. This model is interesting
since it allows us to recover distributional and asymptotical properties of R when those of W are known, and

vice-versa.

Distributional properties and results such as lower (upper) tail asymptotics of beta-product convolutions are of
certain importance for insurance application when dealing for instance with the modeling of small (large) claims
which are typically affected by some random deflation factor. In fact, from the financial point of view, insurance
companies do not suffer from small claims but from the large ones, however, understanding of small claims is
important for at least two reasons: a) claim handling is expansive even for zero-losses or very small ones, b)
the choice of deductibles and the calculation of pure premiums can be significantly improved if the effect of
inflation/deflation on small claims is adequately modeled. In finance, modeling of the effect of a deflator, which

can practically ruin an investment, is very important.

We present in this paper three applications of our results:

a) First we answer the following question: Are multivariate Dirichlet distributions simple? In the recent paper
McNeil and Neslehova (2009) it is shown that L;-Dirichlet distributions are closely related to Archimedean
copula, which is being widely used in finance and insurance, see e.g., Embrechts et al. (2001), Juri and Wiithrich
(2002, 2003), Miiller and Scarsini (2005), Charpentier and Segers (2007, 2008, 2009), Embrechts et al. (2009)

and the references therein.

In fact the Archimedean copula is defined only in terms of a univariate survival function, see e.g., McNeil and
Neslehova (2009b) or Charpentier and Segers (2009). Our first application shows that the whole distribution
function of a weighted Dirichlet random vector is also defined solely by a univariate survival function, which is
actually a consequence of the beta-independent splitting property (see e.g., Hashorva (2008)) and the random
scaling model behind these distributions. For those not familiar with multivariate Dirichlet distributions we
mention that a prominent subclass is that of elliptical ones with the Gaussian and Kotz type distributions being

two canonical examples.

b) Our second application concerns the asymptotic behaviour of the minima of elliptical random vectors; we
show that the multivariate sample minima is attracted by some multivariate df with independent components,

provided that the associated random radius has df being regularly varying at 0.

¢) In our last application we consider the aggregation of two risks with special dependence structure similar to
that of bivariate elliptical random vectors. Aggregation of risks is of special importance in insurance and in
various statistical applications, see the recent contributions Alink et al. (2004), Denuit et al. (2005), Albrecher
et al. (2006), Dhaene et al. (2008), Asmussen and Rojas-Nandaypa (2008), Embrechts and Puccetti (2008,



2009a,b), Asmussen et al. (2009), Embrechts et al. (2009), Foss and Richards (2009), Geluk and Tang (2009),
Geluk and Tang (2009), Mitra and Resnick (2009), Valdez et al. (2009).

Brief outline of the rest of the paper: We proceed with a section dedicated to notation and preliminary results.
In Section 3 we discuss some distributional properties of the beta random scaling model.

Lower tail asymptotics for W and R is investigated in Section 4. The above mentioned applications are placed
in Section 5. Proofs of all the results are relegated to Section 6. In the Appendix (last section) we present some

basic properties of the Weyl fractional-order integral operator.

2 Preliminaries

In this section we present our notation and discuss briefly the Weyl fractional-order integral operator and
regularly varying functions. Throughout the paper «, 3 are two positive constants, and B, g denotes a beta
random variable with density functions

F(a + ﬂ) a—1

—— -z
Mo T rey

where I'(+) is the gamma function.

In the following R is a positive random variable with df H (we write R ~ H) and H, g is the df of W with
stochastic representation ([LI). We assume throughout this paper that H(0) = 0, i.e., the lower endpoint of
H equals 0. In the sequel the upper endpoint of H is denoted by w with w € (0,00]. In this setup the df of
W is said to be a product convolution distribution given in terms of H and the df of S. As mentioned in the
Introduction when S is beta distributed with parameters «, 8, (write H, g for the df of W), then the relation
between H and H, g is very tractable due to the role of the Weyl fractional-order integral operator. We refer
to H, g alternatively as a beta-product convolution.

Next, we introduce the aforementioned operator acting on real-valued measurable functions h defined on (0, o).

For a given constant 8 € (0, 00) the Weyl fractional-order integral operator I is defined by

1 oo
Igh)(z) = —/ — )8 h(y)dy, x=>0.
(Ish)(x) T ), W) ) dy

Since Ighy with hy(z) = exp(—Az),z > 0, A € (0,1) is well-defined and

b

ING))

hy is a fixed point of Ig. Now, if for any € > 0 we have

(Ishy) () [ =2y ey dy = exp(-ha), >0 (2.1)

/ 2P h(x)| de < oo,
€

which is abbreviated by h € Zg, then (Igh)(x) is almost surely finite for all z € (0, c0).
It follows easily that

Hyp(z) = %xo‘(lgp_a_BH)(x), z € (0,w), with ps(x):=2°s€R (2.2)

showing the importance of the Weyl fractional-order integral operator in the setup of beta random scaling.

When a = 1 we have P{B; 3 > s} = (1 — 5)?,s € (0,1), hence ([22) simplifies to

Hople) = [ (1= /s dH(), Hopim 1~ Hop



This leads us to the introduction of the Weyl-Stieltjes fractional-order integral operator 73, , with g : (0,00) = IR

a measurable weight function defined by

Goata) = 5 [ =0 g dHG), e 0.0)
With this notation we have
ﬁl,ﬁ(‘r) = P(ﬁ'i_ 1)(L76+17P1—BH)(:I:)7 T e (va)' (2'3)

When 8 =d €N, then I'(3)(J3,p,_, H) is the Williamson d-transform which plays a crucial role in the analysis
of Li-norm Dirichlet distributions and Archimedean copula, Fang et al. (1990), and McNeil and Neslehova
(2009a,b).

For the derivation of the lower tail asymptotics of W we impose an assumption on R motivated by univariate
extreme value theory. Specifically, we assume that R ~ H is regularly varying at 0 with some index v € (0, 00),
ie.,

H(tx)
;?01 H(z)

£, Yt e (0,00). (2.4)

We write alternatively H € RV, or R € RV,. (Z4) is equivalent with the assertion 1/R is regularly varying
at infinity with index —v, or the df of 1/R is in the max-domain of attraction of the Fréchet df &, (z) =
exp(—x~7),x > 0. See Resnick (1987), Bingham et al. (1987), Reiss (1989), Embrechts et al. (1997), Falk et al.
(2004), De Haan and Ferreira (2006), Jessen and Mikosch (2006), or Omey and Segers (2009) for more details

on regularly varying functions and max-domain of attractions.

3 Distributional Properties of Beta-Product Convolutions

In this section we discuss the model ([LI) with S being beta distributed with parameters oz and 8. Since we
assume that H(0) = 0, then H, 5(0) = 0, and further as shown in Hashorva et al. (2007) H,, g possesses a

positive density function h, g given in terms of the Weyl-Stieltjes fractional-order integral by

hop(r) = %xa*(mammm e (0,w). (3.1)

Clearly, if H possesses a density function h, then

(Tsp-aon H)(@) = Ipp_ o s )(@), =€ (0,0). (3.2)
In particular we have for some § € [0,1),n € IN

hinm-s(@) = Tn+1—-08)ITn-sp; ,h)(x), z€(0,w). (3.3)

Let D™ denote the n-fold derivative operator (we write alternatively f(™ instead of D f). Now, if hg"}l_ 5
exist almost everywhere, by the properties of the Weyl fractional-order integral (see Lemma[7.1)) it follows easily

that utilising B3] we can recover h as

P h(z) = %(Mg_é)m, z € (0,w) (3.4)

as already shown in Corollary 2.1 of Pakes and Navarro (2007). When 6 = 0 by (7)) in Lemma [7.1]

ha) = %hwhl,n(m), 2 € (0,w). (3.5)



A more general result is stated in Theorem 2.1 of the aforementioned paper. Namely, if h exists and h € 71445

(h € T,—s is instead assumed therein, which is a misprint), then

h(z) = (_1)"F( G 2T D™ G hans)(z), x € (0,w) (3.6)

a+n—19)

provided that hg{nzli s exists almost everywhere. When o > 0 formalising we arrive at:

Theorem 3.1. Let H,H, g be two distributions as above where 8 =n—9,0 € [0,a],n € IN. Let h, hq g denote
the corresponding density functions of H and H, g, respectively. If h((ln)ﬁ(x),:c > 0 exists almost everywhere,
then (B8 holds.

We present next two examples.

Example 1. a) Consider the case
a € (0,00), B=delN.

If h((ldzi exists almost everywhere, then Theorem Bl implies

h(z) = (_1)drF(o‘> 22D D (py hoa)(z), € (0,w). (3.7)

(o +d)

b) Suppose that
a=1/2, B=d-1/2, delN.

Again, if hg%_ d-1/2 exists almost everywhere
r'a/2) 4
M) = O D sy )@), 7€ 0.0) (3.

holds, which reduces for a = 1/2 to

h(:v) = _F(1/2)(11/2D(1)p1/2h1/2,1/2)(30), z € (0,w). (3.9)

Example 2. Let H, g be the df of I',4 .x, a Gamma random variable with positive parameters o, A and density
function given by .

hap(x) = %a)xo‘l exp(—Az), =z € (0,00).
Since p1—q(z)Ha g(x) = ha(x)A*/T(a),x > 0, with hy as in the Introduction, then (3] implies that A is the
density function of I'y3,), a Gamma random variable with parameters o + 8, A. If I'p4 3 » is independent of
B, p, this means

d
Pax =TatsrBa,s;
which is a well-known property of gamma and beta random variables, see e.g., Galambos and Simonelli (2004).

A key fact when dealing with independent beta products is that if B, is beta distributed with positive

parameters A = a + 3, being further independent of B, g, then we have the stochastic representation
d
Ba gBx~y = Ba,g4+- (3.10)

In the case f = d € IN we might further write

d
d
Ba,d = H Boz-l—d—i,la
i=1



with Boyd,1, ..., Ba,1 independent beta distributed random variables. The above stochastic representation is

crucial for the recursive calculation of hq g.

Since h need not always exist, it is of some important to recover the df H when H, g is known. Utilising (3.10)
this can be achieved iteratively as shown in the next result.
Theorem 3.2. Let H, H, g be two distribution functions of the random scaling model (ILTl) with H(0) = 0. If
Bo:=0>p01 > > Pk > Bry1 =0,k € {0,IN} are such that B;—1 — B; € (0,1],i = 1,...,k+ 1, then there
exist distribution functions Hy := H, Hy, ..., Hy41 = Hy g determined iteratively by

I'(a+5)
(e + Bi-1)

with 6; :== 14 B; — Bi—1. Furthermore, H;;i=1,...,k+ 1 possesses a density function h;.

Hi—l(x) xa+ﬁi71 (a + Bi)(l&'p—a—,@i—lHi)(x) - (‘-751'7177017131' Hl)(x)}v T e (va)v (3'11)

We illustrate next ([BI1]) by two examples.

Example 3. Consider H, H, g with
a€(0,00), B=delN.

With 3, =d —14,i=0,...,d there exist H; with density function h;,7 =1,...,d such that Hy = H,Hqg = H, 3

and

Hiy(z) = ﬁxwﬂ“ (0 + Ba= Pt Hy(w) — =P ()
— Hi(x)_zhjg, z € (0,w), ie{l,....d}. (3.12)

This example shows that when h((ldzl exists, then we can calculate h recursively by

zhi (x)
a+pi’

hii(z) = whi(@ _

o z € (0,00),

which is an alternative calculation to 7). Note that if & = 1, then H can be determined explicitly by the
inverse of the Williamson d-transform (see Proposition 3.1 in McNeil and Neslehovd (2009a)).

Example 4. In an financial context assume that an investment R ~ H (positive) is being subjected to some
deflation effect so that the return after a period of time (say a year), is W 2 RS with deflator S being uniformly
distributed in (0,1). The fact that S 4 Bi 1 and Example 3 imply that H and the df H; ; of W are related by

H(z) = Hii(z) —zhi1(z), Vze (0,w), (3.13)

with w the upper endpoint of H. Furthermore, if hgli exists, then almost surely in (0, w)

This implies

lmif/%xhlxl(x) = mlgri xzhy1(z) = 0.

Next, if for some constant v we have
Ei%xhl,l(x)/Hl,l(I) =€ [0, 1],

then by Proposition 2.5 in Resnick (2007) Hy,1 € RV,. Further, (313) implies

lim le_%

s—oc Hy(1/)



which can be also written alternatively in terms of survival functions as (set R* := 1/R)

. P{R*¢ >z} 1
lim = ,
z—oo P{R* >z} 1—v
where £ = 1/B; ;1 is a Pareto random variable with parameter 1. Karamata’s Theorem (see e.g., De Haan and
Ferreira (2006), Resnick (2007)) implies thus if v € [0,1), then also H € RV,. Another proof of this fact is
given in Proposition 5.2 of Maulik and Resnick (2004). By (BI3) a converse result can be easily established.
Note in passing that since h(z) = :zrhgli () we have h € RV, _4 if and only if hgli € RV, 2,7 €lR.

4 Lower Tail Asymptotics

In this section H, g is the product convolution of H with the beta distribution with parameter «, 8. Hashorva
and Pakes (2009) and Hashorva et al. (2010) discuss the asymptotic behaviour of the survival function H, g :=
1 — H, g, when H belongs to some max-domain of attraction of a univariate extreme value df. As shown in
Hashorva and Pakes (2009) H and H, g belong (if so) to the same max-domain of attraction. Such results
are important for insurance models, since the random scaling does not effect the max-domain of attraction.
Another application concerns the tail asymptotics of the Archimedean copula, since if 3 is an integer, then H; g
equals 1, the density generator of an Archimedean copula, see McNeil and Neslehova (2009a) for details. The
asymptotic behaviour at 0 of the inverse of v is investigated in Charpentier and Segers (2007, 2008, 2009), see
Remark ([I2) below.

Complementing the findings of Hashorva and Pakes (2009) we focus next on the lower tail asymptotics of H, g,
which boils down to determination of the min-domain of attractions of H, g.

When dealing with positive random variables the min-domain of attraction, for say the df H, is determined by
the max-domain of attraction of the df H, of 1/R. Since H is a df with lower endpoint 0, only the Fréchet or the
Gumbel max-domain of attraction for H, is possible. The first assumption is equivalent with H satisfying (2.4])
with some positive index . In Theorem B2 we show that this implies that 1/W has also df in the Fréchet max-
domain of attraction, which turns out to be the case if H, is in the Gumbel max-domain of attraction. Further,
we prove a converse result for the Fréchet case.

We state next the main result of this section.

Theorem 4.1. Let R ~ H be a positive random variable being independent of S = B, g, and define the
beta-product convolution df Hy g with lower endpoint 0 via the random scaling model (LI). We have:

a) If H satisfied 2.4) with some v € [0,00), then Hqo g € RV~ with v* := min(y, ). Furthermore, if o %

. Hap(s)  _
5{{3 W = KO‘:V S (0, OO), (41)

where Ko = E{R™} if a > v and

T+ Ala-7)
Kon = NCNCEY ) € (0,7).

b) If 1/R has df in the Gumbel maz-domain of attraction, then Hy g € RV,.

c¢) If Hy g satisfies (Z4) with some v € (0, ), then H € RV, and hapg € RV, _;.

Remark 4.2.



1. In the setup of Archimedean copula Charpentier and Segers (2009) consider the asymptotics at 0 of 1~!
with 1 the generator of some Archimedean copula (in the notation of McNeil and Neslehova (2009a)). In the
light of findings of the aforementioned paper 1~! = (H;1)7!, i.e., it is the inverse of the survival function of
a beta-product convolution (o = 1,8 = 1). By Proposition 2.6 (v) in Resnick (2007) =1 € RV,,a € [0, o0]
implies that H  is regularly varying at infinity with index 1/a. For the general k-dimensional Archimedean
copula 1 = (Hy_1)"% k € IN. Consequently, the asymptotic findings of Charpentier and Segers (2009)
concern the asymptotics of the survival function H and FLk and that of hq 1(z) as © — co. See Hashorva and
Pakes (2009), Hashorva et al. (2010) for related asymptotic results. Finally, note that the identity BI3) of

Example 4 can also be utilised to deal with these functions.

2. Statement a) of Theorem (1] can be formulated by dropping the distributional assumption on the random
scaling variable S ~ G assuming simply that 1/S is regularly varying at infinity with index a € (0,00). This
implies that (A holds and

Koy=FE{R %}, v<a, Koiy=E{S7}, ifa<n.

Note that when a = v, and E{S™*} = E{R™“} = oo, then again (@I holds and further K, , = oo, see
Lemma 4.1 in Jessen and Mikosch (2006), and Problem 7.8 in Resnick (2007). In the special case that

F(z)=(14o0(1))ecx®, G(z)=(14o0(1))ecx® 210

for ¢, € (0, 00) then we have

Koo =—(1+o0(1)ac*zInz, x]0,
which follows from the aforementioned lemma.

3. It is well-known (see e.g., Resncik (1987), Embrechts et al. (1997)) that if a df F'is in the Gumbel max-domain
of attraction, then if F(z) < 1,Vax > 0 we have 1 — F' is rapidly varying at infinity, i.e.,

1— F(ex

IHOOTF(@)) =0, Ve>1.

The Gumbel max-domain of attraction assumption in statement b) of Theorem ] can be weakened to: The
random variable 1/R has a rapidly varying survival function. By Theorem 5.4.1 of de Haan and Ferreira (2006)
it follows that E{1/R} < co. Hence if a € (0, 1] applying Lemma 2.1 in Gomes et al. (2004) (which generalises

Breiman’s Lemma) we obtain H, g € RV,.

4. If a € (0, 00), B = d, then by @) regular variation of h holds if the same is true for D (p;_ohqa.q). When

« = 1 the latter reduces to h((lez-

5. Statement c¢) in Theorem E.1] does not hold in general when v = a. For @ = 1 and a special df H; 5, this is
shown in Example 5.3 of Maulik and Resnick (2004).

We give next two simple examples.

Example 5. In the random scaling model ([L1]) assume that the scaling variable S is such that S? = By, (k—1)/2s
and the df H of R satisfies (Z4) with v € (0,00). Applying Theorem LIl W? has df belonging to RV, /, with

~* := max(v, 1). Consequently,
H,p € RV,-, and hqpg € RVy-_1.

Example 6. Let H be the df of I'4 3.\ as in Example 2. Then H is regularly varying at 0 with index o + .
Theorem [Tl implies that H, g is regularly varying with index «. This can be shown directly, since in view of

Example 2 H, g is Gamma distributed with parameters o, A.



5 Applications

In this section we provide three applications concerning multivariate Dirichlet distributions. A canonical example
of such distributions is the Gaussian one, and a well-known subclass of Dirichlet distributions is the class of
spherically symmetric (for short spherical) distributions. A spherical random vector X in IR* k& > 2 with
almost surely positive random radius R has stochastic representation RU with U being uniformly distributed
on the unit sphere of IR¥ being further independent of R. All the components of X have the same marginal
distribution which can be a drawback for various statistical applications. Recently McNeil and Neslehova
(2009a) show the strong relation of Li-norm Dirichlet distributions with the Archimedean copula, which is
widely used in insurance and financial applications.

In general the multivariate dependence of Dirichlet distributions does not reduce to that implied by Archimedean
copula, which is proved by the fact that Dirichlet distributions need not be exchangeable. Roughly speaking a
multivariate Dirichlet random vector has stochastic representation given in terms of products of beta random
variables, thus being closely related to the beta random scaling model of this paper.

A natural question that arises is how tractable are such random vectors? In our first application we show that
even when only one marginal distribution of a weighted Dirichlet random vector (see below for the definition)
is known, it is still possible to calculate the whole multivariate distribution of the weighted Dirichlet random
vector. By definition this is also the case of Archimedean copulas with multivariate dependence being defined

solely by a single univariate distribution function.

Our second application concerns elliptical random vectors; we derive the joint asymptotic independence of

sample minima.

The last application is motivated by the dependence function of bivariate elliptical random vectors. Our asymp-
totical result is of some relevance when dealing with lower tail asymptotics of aggregated risk. As mention in
the Introduction aggregation is a central topic in various applications; for insurance and financial applications
refer to Embrechts et al. (2001) and Denuit et al. (2005).

5.1 Are Dirichlet Distributions Simple?

We give first the definition of a weighted Dirichlet random vector in IR*, k > 2. Let R ~ H be a positive random
variable being independent of some k-dimensional random vector U. We call X with stochastic representation

X2 RU a weighted Dirichlet random vector if further

k—2 k—1
v < (T1(1 VIO T (= VR T VR T ] V;) (5.1)
i=1 =1

holds with
EiBe(ql), 1§Z§]€, ‘/;>0, ‘/‘pr iBa“ﬂla aiuﬁiupiurie(()?()o)? 1§Z§k—1’

where Be(g;) is a Bernulli random variable taking only two values {—1,1} with P{T; =1} = ¢; € (0,1],7 < k.
Further assume that 73,...,T%,V1,...,Vix_1 are mutually independent. When ¢; = 1/2,i < k and p; = r; =
p € (0,00), then X is a L,-Dirichlet random vector, see Hashorva at al. (2007).

If we know the df H, then the df of X, and in particular that of each component X; can be easily derived.

Next, suppose that R is unobservable, and we have incomplete information about X, say only the df of @Q; of
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| X;| for some ¢ with 1 < ¢ < k is known. Assume further that ¢; = ¢ € (—1,1),7 < k with ¢ some known
constant, or all ¢;s are also known. This is the case for X a L,-Dirichlet distributions with ¢; = 1/2,7 < k. By

the definition we have the following stochastic representation
i—1
" g Bﬁi,ai H ‘/]TZR g BﬁiyaiR;'k-
j=1
Next, in the light of Theorem the df of R} can be calculated iteratively. Proceeding similarly we see that
the df H of R can be calculated iteratively. Thus the whole df of X can be recovered if we know only the df

| X

@;, which explains why these multivariate distributions are simple. Indeed, they are multivariate distributions,
however they can be recovered/determined by a single univariate df. When H € RV,,~v € [0,00) by Theorem
@1l we have that Q; € RV,, with

Vi = min(%ﬁiﬁ', 1;%517104]‘1?]‘)-

In the special case that X is a L,-Dirichlet random vector, then

Yi :pmin(v/p,lgglgiglajvﬁi), i <k.

Clearly, if a; = (;,1 < k, then ~; does not depend on 4. This is for instance satisfied with «; = 8; = 1/p =
1/2,i < k and U being uniformly distributed on the unit sphere of IR* yielding

v = max(l,y), 1<i<k. (5.2)

We remark that RU is in this case a spherical random vector if additionally ¢; = 1/2,i < k.

5.2 Elliptical Distributions and Asymptotics of Sample Minima

When U is uniformly distributed on the unit sphere of IR k > 2, and A is a k-dimensional nonsingular real
matrix, then the random vector X = RAU is elliptically distributed. It is well-known that the distribution
function of X depends on ¥ := AAT but not on the matrix A itself. By the properties of U (cf. Cambanis et
al. (1981)), if further the main diagonal of ¥ consists of 1s, i.e., ¥ is a correlation matrix, then by Lemma 6.1

in Berman (1983) (see also Berman (1992))
X, 4x,2-x,LRU,, i<k (5.3)
Further we have
X2 L RBijsy jj, ki=2+j-1,j=0,1,

where R is independent of By /g /2. Clearly, the random variable | X1 is a deflation of R by S = /By /2,2
As in the previous application, if we know the df of say X1, then the df of the associated random radius R can
be calculated iteratively. In view of Theorem Bl we have further that R possesses a density function, which
can again be calculated iteratively (or directly applying ) and (38])), provided that X; possesses a density
function which has an almost surely finite [th derivative.

Next, in view of ([&2)) |X11] has df @ € RV, € (0,1] which is the case if for instance H € RV,,~v € (0,00).

For such @Q we define a sequence of constant a,,,n > 1 asymptotically by
P{a;' > X1 >0} = 1/(2n).

It follows that a,,* = L(1/n)n~7, with L € RV, a positive slowly varying function at 0, i.e., lim, o L(¢/n)/L(1/n) =

1,Vec € (0,00). For such constants we have the convergence in distribution

d .
anMni%MiNgrw ngf, n — oo,
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where My; := mini<;<n|Xj;|,7 = 1,2 and the df G, is given by
Gy(x) = 1—exp(—27), x>0. (5.4)
Since for u € (0, 00) small enough

P{|Xy| <u,|Xy] <u} =0, 1<i#j<k

we have
lim L =0, 1<i <k
w0 P{|Xu| <u} Sifis
it follows that M, := (M1, ..., M,;) has asymptotic independent components meaning that the joint conver-

gence in distribution
d
(anMnl, e ,anMnk) — (./\/ll, e ,Mk), n — 0o

holds with My, ..., M} as above being further independent. To this end, we note that the convergence in
distribution above can be reformulated for the more general class of asymptotically elliptical random vectors

(see Hashorva (2005) for asymptotic properties).

5.3 Aggregation of Two Risks: Lower Tail Asymptotics

If X is a k-dimensional elliptical random vector as above, then for given constants p;,7 < k we have

d
> mX = [ ) X,
1<5<k 1<j<k

which is a well-known property for the Gaussian random vectors. Moreover we have for any pair X;, X, # j

(X0, X;) £ (S0t + /1= p3%), (S1,8) £ (RS, RTNV1=57), S~ \[Birp,  (55)

with p;; € (—1,1) the ijth entry of the correlation matrix ¥ and (S, S2) a bivariate spherical random vector with
associated random radius R, such that R? 4 RQBl_,k/Q,l and T; 4 Be(1/2),i = 1,2. Furthermore Ty, Ty, R, S

are mutually independent.

If X is a L,-Dirichlet random vector, the above stochastic representation does not hold in general. In this
application we show that we still can determine the lower tail asymptotics of linear combinations by dropping
distribution assumptions. Motivated by (.0) we consider the lower tail asymptotics of a bivariate random

vector (X,Y),),p € (—1,1) with stochastic representation

(X,Y,) < (Tle, pTLRS + jToRA/1 — S?), 5i=+/1- 2, (5.6)

where T, < Be(qi),q € (—1,1), R ~ H and S ~ G such that G(0) = H(0) = 0,G(1) = 1. As in the elliptical
setup here again Ty,T5, R, S are assumed to be mutually independent. Since |X| 4 RS, then the lower tail
asymptotics of |X| can be established by Theorem [£1] under asymptotic assumptions on R and S. We note
in passing that asymptotic copula properties of (X,Y),) are discussed in the recent contribution Manner and
Segers (2009). Further, remark that as mentioned in Remark [£2] we do not need to specify G, apart from the
asymptotic condition G € RV,.

We derive next the lower tail asymptotics of |Y,| under the following additional assumption on G: For all

positive ¢ small enough

Glp+1)— Glp—1) = L0, G(F+1)—G(F—1) = Ly, apaz € [0,00), (5.7)
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with L,, Ly € RV;. Condition (G.0) can be easily checked. In the special case that the df G possesses a positive
density function g continuous at p and p, then (.7 is satisfied with

ap=ap=1, and L,(t) = 2+0(1)g(p), Lp(t) = (2+0(1))g(3), tL0. (5.8)

We have now the following result.
Proposition 5.1. Let (X,Y,),p € (0,1) be a bivariate random vector with stochastic representation (T.0]).
Suppose that

R~HeRV, S~GecRV,, a,ve(0,00)

and [B1) holds with some a,, a5 and L,, L. Assume further that if v, = ag, then L,(x) = cLz(x),Vx > 0 with

some positive constant c. Then we have
|X| € RVVM |YP| € RV’YQ’ (59)
where 1 := min(a,y) and v2 = min(7y, oy, ap).

A simple instance when we can apply Proposition 5] is when G possesses the density function ¢g. In view of

(E3) the index 5 equals min(v, 1). The following corollary is an immediate consequence of the above discussion.

Corollary 5.2. Let G, H,(X,Y,),p € (—1,1) be as in Proposition [5.1], and let (X,,,Y),n > 1 be independent
bivariate random vectors with the same df as (X,Y,). If G € RVi, and a,,b,,n > 1 are constants such that

P{|X| < 1/an} = P{|Y,| < 1/b,} = 1/n, for all n large, then we have the joint convergence in distribution
(an min |X;[,b, min |YJ|) 4 (Ml,Mz) n — oo, (5.10)
1<j<n 1<j<n

with My, My independent with common df Gpin(,1) defined in (B.4).

6 Further Results and Proofs

Lemma 6.1. Let T1,T% be two random variables taking values —1,1 with P{T1Ty» = —1} € (0, 1] being indepen-
dent of the scaling random variable S ~ G. For gien p € (0,1) set S, := |pT1.S + pTo/1 — S2|. If G satisfies
G, then we have

P(S,<u) = (1+0(1))g—1(pu)™ Ly(w) + (1 + 0(1))g-1,1(pu)** Ly(u), u L0, (6.1)
where q; j == P{T1 =i,T> = j}.
Note in passing that if G possesses a positive density function g continuous at p and p, then (G1]) reduces to

P{S, <u} = (1+0(1)2P{T'Ty = —1}[g(p)p + g(P)plu, u 0.

PROOF OF LEMMA By the assumptions S € (0,1) almost surely, and 7}, j = 1,2 assumes only two values

{—1,1}. Hence we may write for any u € (0, 1) small enough

P{S,<u} = P{T1=1T,=-1}P{|pS - p/1— 52| < u}
+P{Ty = —1,Ty = 1}P{|p\/1 - 82 — pS| < u}.

Using further the fact that S is independent of 77,7 we obtain

P{lpS —pV/1- 52| <u} = P{-u<pS—p/1-52<u}
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A+ (1+0(1))pu

= (1—1—0(1))/~ dG(s)

—(1+0(1))pu
= (14 0(1)(pw)*" Ly(w), u 0.

As above we have further
P{lpv1—5>—pS| <u} = (1+0(1))(pu)"Ly(u), ul0,
thus the result follows. O

PRrROOF OF THEOREM Theorem 3.3 in Hashorva and Pakes (2009) shows an iterative formula for calculating
the survival function H, when the survival function H, s is known. The proof of the theorem is established

with the same arguments of the aforementioned theorem utilising further (I0). O
ProoF oF THEOREM FI] a) Let W < RB, s with df H, g. First note that

Lla+ph) .

P{BQ)B < S} = (1 + 0(1))m$ s

s10 (6.2)

implying thus H, g € RV,. Since for any s € (0, 00)
1 1

P{W<S}:P{R*BZ”3>1/S}, R* = E’ BZ,,B ;:m

the lower tail asymptotics of W is determined by the upper tail asymptotics of the random product R*Bj ;.
When v € (0, «) we have

E{(B.3)"} <00, ¥ € (1,0),
thus applying Breiman’s Lemma (see Breiman (1965), Cline and Samorodnitsky (2004), Gomes et al. (2004),
Denisov and Zwart (2005), Jessen and Mikosch (2006), de Haan and Ferreira (2006), or Resnick (2007)) we have
H, 3 € RV,, and further

Na+pB) Tla—9)
Fla) T(a+p-7)

E{B,3} =

Next, if a < 7, since
E{(R")*} <00, Vo' €(0,7)

applying again Breiman’s Lemma we find H, 3 € RV,. When a = 7, the claim follows from the well-known
result of Embrecht and Goldie (1980) on asymptotics of the product of two regularly varying random variables

with equal index of regular variation, see also Lemma 4.1 in Jessen and Mikosch (2006).

b) It is well-known (see e.g., Resnick (1987)) that if R* = 1/R has df in the Gumbel max-domain of attraction,
then E{(R*)°} < oo for any § > 0, hence since B, s is regularly varying at 0 with index «a the claim follows by

Breiman’s Lemma.

¢) We show the proof utilising the result of Theorem 321 With the notation of the aforementioned theorem we
have that there exist distribution functions Hy := H, Hy, ..., Hy+1 = H, g determined iteratively by

1—‘(04 + ﬁl)
I'la+ Bic1)

with 6; = =1+, — Bi—1 €[0,1) and By == > 1 > -+ > B > Pry1 := 0. By the assumption on H, g for any

Hi—l(x) $a+ﬂi71 [(O‘ + Bi)(Iéip_a_ﬂi_lHi)(x) - (j5i7p7a7ﬁiHi)(x)i| , Vz e (07 OO),

x > 0 we have (set A\gy1:= a+ Br41 + 1)

(Iék+1p—>\k+1Hkl+1)(‘r) = / (y - $)6k+1_1y_>\k+lHk+l (y) dy



_ xa—ﬂka+l($) / (y — 1)5k+1—1y—)\k+lHk+1 (xy)/Hyy1(x) dy.
1

Applying Karamata’s Theorem (see Embrechts et al. (1997), or Resnick (2007)) we have

F(6k+1)(l5k+1p7>\k+1HkJrl)(x) =

Similarly we obtain

F(5k+1>(j5k+1ﬁplf>\k+l Hpy1)(z) =

(1+ o(1))z 5% Hyps (x) / (y — 1)Prn—ly ety gy
1

F(5k+1)F()\k+1 — 041 — 7)
C(Ags1 =) 7

(1+ o(1))x % Hypn (x)

/ (y — )% Ly A dH 4 (y)

o0
ottt [ ety (o)
1

(4 o) porey, Hes)(a), @ L0,
Consequently,
) = (o) ety g, o ORI
= oy @t I HOEI ) a0

(a+ Br)T(a+ Brt1 — )

hence Hj, € RV,,. Proceeding iteratively we find that Hy = H € RV,
Next, in view of (6.3 and the fact that H € RV, € (0, 00) we obtain as above

hap(z) =

establishing thus the claim.

F(a'i_ﬁ) a—1 > _ZCﬂ_l —a—B+1
F(Oz)r(ﬂ) A (y ) Yy + dH(y)
I+ ) S o
S @ [ =Dy dH () H ()
e e M R el
(14 0(1)) Pfj(;ﬁ) pf}ig % HO) g

;"B, xl0

x ] 0.

14

d

ProoF oF THEOREM [5.1] The proof follows with the same arguments as in the proof of Theorem [l applying

further the result of Lemma

7 Appendix

We present below some basic properties of the Weyl fractional-order integral operator /3.

Lemma 7.1. Let 3, c be positive constants, and let h : (0,00) — R be a given measurable function.

a) Igh is continuous at 0, i.e.,

Ioh = h.

If h is the positive density of some df H with lower endpoint 0, then for any a > 0 almost surely

(Jop—a—pH)(z) = 27 Ph(x),

x> 0.

a

(7.1)
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b) If h € Ig and when § € (0,1)

[ -y < oo
holds for some ¢ positive, then (Igh)(x) is finite and continuous for all x > 0.
c) If h € Ig., then
Igl.h = I.Igh = Ig+ h. (7.3)

d) Let D™ denote the n-fold derivative operator (n € IN ). If the n-fold derivative D™ h exists almost everywhere
and D™h € s, then

D™Ish = I1zD™h, and DPI, = (-1)*L,, k=1,...,n. (7.4)
e) For any df H with H(0) = 0 and upper endpoint w € (0, 0o] we have

(Tp+1p-sH) (@) = a(lgp-1-pH)(x), x€(0,w). (7.5)

PRrROOF OF LEMMA [T If I,h is almost surely finite for all y > 0 small enough, then by Lemma 2.2 of Pakes
and Navarro (2007) passing in the limit (y J 0) to the moment generating function of I, it follows that Iph = h.
Using ([B2) establishes further (Z2). Statement b) is mentioned in the Introduction of Hashorva and Pakes
(2009). Both ¢) and d) are shown in Lemma 8.1 of the aforementioned paper. e) follows immediately from (2.2])
and (23], and thus the result follows. O
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