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Abstract

The interaction of a bulk electron with conducting surfaces is studied by means of the Bohm-Pines
transformation in the second quantization formalism. The effective interaction potentials are obtained
for the case of one plane and two plane configurations in the form of electron-image electron scattering.
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1. Introduction

The electron interactions in an electron gas yield collective plasmon modes. Bohm and Pines [1] developed
a collective description of electrons for a three-dimensional degenerate electron gas placed in a uniform
background of positive charge. In order to obtain a plasmon description of electron interactions, a set of
supplementary field coordinates are introduced, N’ in number, which describe the collective motion of the
system. Hence, the model possesses a total of 3N + N’ degrees of freedom corresponding to electrons and
plasma oscillations, respectively. This extended system of electrons and plasma waves have the same physical
properties as the original system after imposing a set of N’ subsidiary conditions [2]. Grecu [3] calculated
the plasma frequency of the electron gas by treating it as a layered structure proposed by Visscher and
Falicov [4] by the method of equation of motion in the RPA. Apostol [5] pointed out that the plasmons
propagating in different layers of a solid are significantly coupled together via the electric field created by
in-plane charge for finite values of wave vector k. In other words, when we deal with a system of two
dimensional electron gas, the electron-plasmon coupling may not be negligible. Therefore, the quantum
system consists of electrons plus the plasmon field width the additional plasmon-plasmon coupling. These
requirements are already implemented by the canonical transformation method of Bohm and Pines. An
attempt employing self-energy approach to obtain the image potential near a surface is given in [6, 7].

In this paper the problem of a single bulk electron in interaction with an infinite conducting plane has
been solved for the cases of one and two planes, respectively, where the bulk electron is placed between the
planes for the latter case. A two dimensional quantum version of Bohm-Pines canonical transformation is
used in second quantization formalism (natural units are used).

The bulk electron-plane interaction effectively becomes electron-electron scattering mediated via plasmon
exchanges, where the second electron is in fact the image of the first one with respect to the conducting
plane. The effective potential evaluated for this interaction has both static and dynamic components. In
the static limit the effective potential reduces as expected to the classical potential obtained by the image
method of classical electrodynamics. Similarly, the image method result for two planes with an electron in
between is also obtained.
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2. 2D Quantum Version of Bohm-Pines Transformation

The basic Hamiltonian for a two dimensional electron gas in the second quantized form is

H= /d w*ﬁ)—wu /de R T V(- 7)) (), (1)

where 1 is the electron field computed as
(2)

07 = [ iz ™o

and V is the interparticle interaction potential. In the second quantized form H becomes

ay + = /d d2 d2k31 d2k2d2k33d2]€4
k2 2 (2 )

g - /d ko/’l d2k2h k2 z(kz kl) Pai
(2m)4 2m k1

—iky g —ike-p Y =1\ iksp ikep 1t
X e e V(pg—p'e e ap ap agp ag.

After making the transformation 73 = g/, 75 = g — p”’, we have
d2k31 d2k32 h2k32 1 = = d27“1 d T2
H = - Lap 6(ky — k1) + 5 | —mg—d’k1 d’ky d*ks d°k
/ @0f 2m ap ag, (k2 — k1) + 2/ 2n)F 107 K2 a7 K3 "Ry
tot —iky-(Fat7) —ikeTy kg7 ikg-(Fatit
Xag a; e ik (T2 +71) =ik T V(rg)es et (P27 )a,; ar,

B / d*ky Wk3 o
B (2m)* 2m

x V(k1 — kq) agla£2a53 ag,-

d?ky d?ky dPks dky -
i ag, 2 / (27‘(‘) 5[(k’1 + k’g) (k/’g + k/’4)]
(4)

The substitutions ki = k + 7, Ky =p— q, k:g p and k4 = k in the second term give
[ _h2k2 g+ [ oy S L V@l ot ga,
(2m)2 2m kK (2m)% (2m)% (2m)2 k+q P=a°p

in terms of single-particle operators. In order to obtain the collective motion of the planar electrons, charge

ay (5)

density operators are introduced as

(6)

A= [ LR i
T ) (2m)2 Y+g®

with the properties
[47. 47] = [AL AL] = [45. L] =0

In terms of the density operators A, the second term of the Hamiltonian (5) becomes

o Ad = ag_g. ol A = —ag, .

Pk
H = /(QT)QEO(k) GEGE

d’k d?p d%q ~ n + N
/ 2m? 2m? (2me ¥ @ (Onieq p-q % T Op-7 %5, %)
Ak St Ak n 2k ~ n
_ v Ta- — [ —/—— Tax- AL A-
/(2#)2 Eo(kz)akak /(27T)2V(0)akak—i—/(27T)2 V (k) o (
where
L k2
Eo(k/’) = %
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The potential part of the Hamiltonian (5) appears to be a purely kinetic term in terms of charge densities:

H= / (jﬂ’; [e(R)atag + 5V (R)ALAG), )
where
(k) = eo(k) + V(0). (10)

The Hamiltonian in (9) possesses two kinds of purely kinetic terms, one for single electrons and one for
electron densities. In order to reach the plasmon modes, Bohm and Pines [2] proposed to complete this
Hamiltonian by introducing the conjugate momenta P such that

H = Hy + H,, (11)
where
Hy = /ko e(k)ala (12)
o ] (2n)2 ROF
o~ L[ Lk [MQATAa—i—PTPa—i—M (ATP4+PTA4)} (13)
0—2(%)2 kARaE Pl E\AEYE B
My, = \/V(k) (14)
and P satisfies
Py W) =0. (15)

The additional terms clearly do not affect the space of physical states and the subsidiary conditions (15)
are restrictions which turn out to be consistent with the physical properties of the system. The definition of
M;, is signaling the onset of the medium-coupling region represented by plasmons. The plasmon modes are
represented by the electron density Hamiltonian H,. whereas the single electron term Hj is decoupled from
it.

The k-integration in the expression for H, is usually divided into two parts: the long range interaction
defined by the integration domain k < k., where k. is a cut-off for the collective behavior; and the shorter
range screened electron interaction for k > k.. However, we shall keep k. as a cut-off parameter throughout
the calculations to explicitly demonstrate plasmon contributions; but when evaluating the effective potential,
shall let k. — oo to include both types of interactions.

In two dimensions the Bohm-Pines transformation reads

U= ¢, (16)
where
d2k
5= ), T 050 "

k. is a physically set cut-off value for momentum and @);; are the conjugate collective coordinates defined
through

[Qp Pp| = i(2m)*3(k — &) (18)

The transformation of H by U up to second order terms in S, expressed as

H' =U'HU = H —i[S, H] — %[5, (S, H]), (19)
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involves the following commutators:

d?k’ )
S, Pl _/ (27)2 My Ay [Qp), Py = iM Ay,
[Sa [Sa Pk]] - [Sa AE] = 0
d’k d%q¢ -
(S, Ho] = / n? nye P MQs 4z alag]
d%q Pk (@ k-q\ 4
= M = —_— e - e
/ (2myz MaQa / ez \2m T Tm ) TRed™
g gy
[Sa [Sa HO]] = / (27‘(‘)2 (27‘(‘)2 Mg, MQ2Q§1 a2
d’k - - §
X/ g E T ) = el [ Ag a5 ]
Pq gy Q- ¢
= / (2T)2(2T)2 Mth MQ2Q§1 Q§2TA§1+§2
In terms of the transformed conjugate momenta,
Pé = UTPEU = P+ My A (20)
and the transformed Hamiltonian H,. becomes
1 d?k +
! / /
o = 5/ P (21)
2k & 2 T (F+9)
;o AR [P . T ogn
H) = / (27T)26(k)a1¥ak + z/ (27r)2Mqu/ e — O %
Pq gy R
_/ (27‘(’)2 (27T)2MQ1MQ2Q§1Q§2 TAﬁ-i-dé (22)
If the term with ¢; = —@> in the third integral is singled out and Q_s = —Qt is used, the Hamiltonian
for the system turns out to be
&h - P2q &2k 7 (F+9)
I T q T
= / me “M%% H/ (2n)? (2 e a T g
1 d’k d*q1 d?qe n TG i
- M. M..Ot. O- i -
2 /qa;sqa )2 (n)2 (amye M Me@aQn T T g
koo K &’k 1 d’k _;
[ G el [ Grpeioe +5 [ Gp AR )
(24)

Finally, the total Hamiltonian can be represented as
H' = Hy+ Hp + Hel—p,
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where
Hy — / (;l;I;QE(E)akak : E(E)Z%—% (0), (25)
Hy = %/(;i’;[ 1p 4 EM0lgm] 5 = alay. (26)
Hop = i / (;i]; (3;32 Mquq‘-(i + g)aga,;
3 o G o e B Q0T

(27)

Hyj is the free energy of single electrons, Hy, represents the quantization of planar charge density oscilla-
tions (plasmons) with momenta P and positions ). The electron-plasmon interaction, Hej—p expresses the
interaction of single electrons with plasmons.

A comment on the subsidiary conditions introduced in (15) is in order here. After the transformation,
constraint (15) becomes

(P = MAg) 1) =0, (28)
where Aj corresponds to the surface charge density o and My is given in Eq. 14. Equation 28 is actually
Gauss’ Law, namely

k:Pé =4rA; = V-.E=dmp, (29)

where E is the electric field due to planar charge and p is the charge density. Therefore, Bohm and Pines
procedure incorporates new degrees of freedom without disturbing the known physics.

3. Effective Electron-Plane Interaction

The effective potential for an infinite conducting plane-single bulk charged particle interaction can be
evaluated by using the two dimensional Bohm-Pines transformation given in the previous section. A single
electron is located a distance |Z] = d away from an infinite electrically neutral metallic sheet. In-plane
electron gas is in a uniform background of positive charge; therefore, the electrons can be assumed to be
quasi-free particles.

plane

8

[ X&

Figure 1. Bulk electron-plane configuration.

The interaction Hamiltonian for the system is

Hy = / dzdpd% V(5 - ', 2)6" (@6 (7)o (7)6(@), (30)
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where 1(p) corresponds to the electron field as given in Eq. 2 extending over the plane, and ¢(Z) is the
electron field defined in the bulk defined as

3 - =
&(Z) :/(;ZT’;Be"Wb,;. (31)

We let momentum vector k be conjugate to the position vector p in two dimensions. Hence, in three
dimensional space, momentum vector p'= k + (k will be conjugate to position vector ¥ = g+ zk.

Since Coulomb interaction depends on interparticle distances, it can be expressed in terms of momentum
flows in momentum space:

H] — /d2pd2p, d3p1 ko’ll koIQ d3p2 i(E2_El)'ﬁe’i(E;—Ei)~ﬁ'
@n)® (2r)? (27)? (2r)°
8 /dZ 6“62_61)2 V(ﬁ_ ﬁla Z)b;:gl agi agébﬁé

o /d3p1 ko/’ll ko/’IQ d3p2
) (2m)3 (2m)% (2m)2 (27)3

/dz 42 i(R2—F1)- ﬁez‘(E;—Ei).ﬁff/(p-*_ P by — el)b;a% ag, by, -

Substitution 7, = p” and 75 = g — p’ yields

o /d3p1 ko/’ll ko/’IQ d3p2
) @n)(2m)2 (20)2 (2m)

/d% =R+ ®—FDI7 L o Loty

/ Pry V(ra, by — )i B F0 7

P2

o /d3p1 d3p2 d kl d2
-~ (2m)3 (2m)3 (2m)?

d3p1 d3p2 ko/ +
B / (2m)3 (2m)3 (2n)2 (P2 = p1) by bma;;' Fy+ky—Fo

U2 — 1)d(k2 = Ky + K — B4) b, bpal, a

Another substitution p” = p> and p'= po — py gives the interaction term

2 3 3 /
- /(ij (;lw) (d )3 U by b5 k+k2 R (32)
where
U(ﬁ):U(EQ—El,EQ—El):(27r)2/d V(5 by — b1) e F2F0) 7 (33)
and
V(p,lo— 1) = / dzeF2:=F2)2 v (5 2 (34)

Momentum space vector ko — k1 conjugate to the position vector g, which lies over the surface, can
be considered as the parallel component of the vector p: Eg - El = p). This interpretation is immediately
apparent from Eq. 32, that there is no conservation for the perpendicular component of incoming momentum
p. This is because the metallic sheet is assumed to be rigid.

In terms of charge densities, the interaction Hamiltonian H; can be written as

3
HI:/(;;]))B U(p) BLAy, . (35)
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where
d3 /
T by
Bl = / @) bl bg (36)
&2k
A;EH = /(QT)Q a/;—i-;ﬁu GE . (37)

This interaction term can be rewritten by separating the momentum vector p’ to its parallel and perpen-
dicular components:

Ak ¥
where
dpy =
t_ =\t
my —/ 5 U(kz,pl)BE#n . (39)

The new Hamiltonian for the system consists of H', the Hamiltonian in the absence of bulk electrons
given in Eq. 9, the free energy of the bulk electrons, Hy bulk, and its interaction with the plane:

Hpew = H'+ Hopux+ Hp

— Ho+ Hopunt & [ LE [MZALA; + 2mlA;]

= 0 0,bulk 9 (27’(’)2 kR k Bk

e
— Hy+H, - —[M Ata - } 40
0+ O,bu1k+2/(2ﬂ_)2 P - (40)

where
~ mg

In order to employ the Bohm-Pines transformation we complete the Hamiltonian H by adding the plasmon-
bulk coupling terms:

:
L Pk roomr T it 197y
Hepew = 5 / —(27r)2 [Mk A;;AE — . + P;;PE + My, (AEP,; + PEA,;)} . (42)

The Bohm-Pines transformation for H. new yields the familiar results,

T
1 d*k f mezme
Hopew = = (PP - —55). 14
c,new ) / (27‘(‘)2 k k M;? ( )
The second term in the transformed Hamiltonian H, ., is the effective interaction Hamiltonian for the bulk

electron-plane system. With definitions (36) and (39), the effective Hamiltonian Heg can be written as,

:
L [ &2k mgmy
My - L[k mgmE 45
ff 2/(27r)2 M} o
2 (ke i ¢
_ _1/ d’k_de dt Uk, OU(k, &) o B., (45b)
2) @r22r2r V(R kLR,

_1/ d*p1 dPpy d*k dede Uk, OU (k1)
9 k<he (27T)3 (27T)3 (27T)2 o1 o ‘7(E) B1—P ' D1 PatP VP2
(45¢)
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el

Figure 2. Electron scattering by the surface

where p' = (E, 0), p = (E, ¢’). This is nothing but the scattering of two electrons, effectively replacing the
original electron-plane interaction. In terms of three dimensional particle momenta p; and ps, the scattering
diagram is shown in Figure 2.

In terms of field operators this term can be written as

Ha = o / P77 ¢ (@) (')

2 / . .y R
U AL A IEIORD) timeiessis | o(atyo(a).
k<k.

(RS
(46)

The characterization of Heg as an effective interaction in three dimensions by the three dimensional fields
¢(Z) is analogous to the replacement of classical “charge-conducting plane” problem to an equivalent “charge-
image charge” problem.

The integral inside the curly brackets in Eq. (46) is an effective two-particle interaction potential. By
introducing the Coulomb potential, U (K, ) = 4we?/(k? + ¢2) and V (k) = 2me2/k, one can calculate the
effective potential as

2k G0 rode de . -
Vg (T, 2, k) = —/ S— / Uk, 0)e' Uk, 0)e 1 *
7% ko) en? v ) o en k0 D

(47a)

1

B _/ A2k & {(p—p") 162t d_elﬁ eié'z e—iéz'
B (2m)2 f/(E) 2w 2 k2 4 2 k2 4 02

2 -
= [ R R ke
P

27 ke
_ —62/ ﬁ/ dkek(i|ﬁ—ﬁ'|cos€—z—z')
o 27 Jo

_ _E /71' do [1 _ oke(ibeosO—a) (47b)
7b Jo cosO+if ,

where a = z + 2’ and b = |p'— p”| for simplicity.
The first term of the integral in Eq. 47b is the dominant contribution to Veg. The second term becomes

negligible for large a or large b when k. is fixed, or for large k. with a,b fixed. In the k. — oo limit, the
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result becomes

ie? [T de
Var(#7) = —~S | ——
ot (&, 7) m b /0 cost +i%
L
T \1+ 2
o2

VIE="P+ (e + 27

Contact with the classical image method result is made for # = #’, in which case Vog = —e?/22.

4. Two Planes

In this case, a single bulk electron placed in between two infinite neutral conducting planes which have
a separation d between them. The configuration of the problem is shown in Fig. 3. The planes act as 2
dimensional electron gas structures which interact with a bulk electron. # = 7 + Zk = 7 — Z + dk denotes
the position of the bulk electron and is conjugate to p'= p) +pL = k + Ck.

7:’1 — ﬁl plane 1
7 Z
D) o€
~ -Z—i- d]% plane 2
P2

Figure 3. Plane-bulk electron-plane configuration.

The Hamiltonian for this system involves plane-plane and plane-bulk electron interactions as well as the
free energies of surface charges and the bulk electron:

H=H" +H?P +H) + HY + HY + HD + H® + H,, (49)

where Hél), HéQ) represents free energies of the plane electrons; Hév) is the free energy of the bulk electron;
H,. is the interaction of electrons within the planes, or it comes out as a kinetic term of electron densities;
H,, and H,,, are plane-volume and plane-plane interactions and the superscripts (1),(2) and (v) stand for
the first plane, the second plane and volume, respectively. Hy and Hee are as given in Eq. 9 in the first
section. Remaining two interactions, Hy, and Hyp, must be calculated as follows:

Ho = [ [ @pdf vig—5'2)6 @o@0! (7)0(7)
+ [z [ @ V(- 52— e @@ (6" (50)
where ¥ and £ are the 2D electron field operators for the first and the second planes, respectively; and ¢ is
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the field operator for the bulk electron. Using the 2D electron field operators,
() = / F7 (51a)
€7 = / 7 e (51b)

One gets the plane-volume interaction term Hp, in terms of the single particle operators

ko d3 d3 / )
Hpvzf( P [ (D) _bgak, . ap + U@L, byl o] (52)

2m)? (2m)? (27)? piep
Derivation of Eq. 52 is given in Appendix A. Using the definitions Eq. 36 and Eq. 37, one obtains for Hyy

k+p1

d®p
Ho = [ 555 s U0 By, + U@ 51, ] (53)
The expression in Eq. 53 is further reduced by integrating over the normal component p, ,
k1 i
= [ G [l A +mi ], (54)
where
_ dpy ip1d
m,p = 5(51'1 + dioe )U(k’ p1)B FpL (55)
The plane-plane interaction term H,, given by
Hyp = /d p1d®pa Vo (P1 — P2, d) T (1) (710)ET (52)€(72) (56)
similarly becomes
d2k31 d2k32 d2q N 1 T
Hoo = / @n)? (@ @ PO D % s
_ / d2q Vi (3, d) ALCL, (57)
where the plane-plane interaction V,,
2 e p 2 ' 0
Vop(@,2) = e / dpi/ df e'1P <°®
o 0 V2 +d?Jo
o [ p
= 2re dp——= Jo(qp). (58)
0 /p2 + d2
in the limit k. — oo turns out to be
2 2
Vop(g,d) = ﬂ; e =T2 = MZe 1. (59)
Now, the total Hamiltonian is
H = /ko[(E)( + )+ M(ATA +CTC)
= e arag cL 7k &
1
T T
5 (mIEAE +Apmy g+ mypCy + C;;mQE)
Lo i i dp_ ot
+5 T2 (Abcy + clay)] +/(27)35(p) biby
1 d?k 1
Ho + 5/ o (M1 ATA; + M2ALA, — 12WITW1 M2 — W] WQ)
(60)
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where Hj represents the single electron free energy terms in the two planes and in the bulk,
3

Hy = / (;ljr) (E)(a Lap +cp ck) +/ (;lﬂ]))g e(p) b;b,;

and
W 1( +mz) W 1( )
= —(m m =—(m1 —m
1 NG 1 2 2 \/— 1 2

(A—C)+ —WW,.

1
(A+C)+ W1 Ay = E

A = M2

\f \f

The above Hamiltonian is extended as before by introducing the conjugate momenta P; and P» for the
two planes,

H = Hy+ H. (61)
where
L[ @k [0y 2 41 i
He= 5[ G [Ml ATAy + M2AL A, — M2 wiw, — M2 — Wi,
PP+ PIP + M, (A}P1 + PfAl) + Mo (A;P2 + PJAQ)} . (62)
After employing the Bohm-Pines transformation,
d2
S:/k . ) (M1,Q1r AL + M2 Qo1 As) (63)
<
the transformed free Hamiltonian terms are obtained as
N k-
Héi) = / (27‘(‘)2 e(k)(5i71a£a,; + 5@20205)
[ 4 2x T (F+9)
“/ @r >2Mqu/ G a0+ diaciep)
Pq d? @,
_/ (27r)2 (27r) qu qu ( y lAq1+qz + i 2Cq1+qz)
(i=1,2) (64)
, - (7+5)
g© o~ g®m —i—i/ d3p / d3t P+ 3
0 0 2m)* ) (2m)°  V2m
1 + e_ltLd 1— e_itLd
U(t) [ Mo, Que, + WQQM b;#b,;. (65)
L L

(For the derivation of Hév) , see Appendix B.) However, we are interested in the transformed interaction
Hamiltonian H.:

1 [ &%k 1 1
r_ = T . B v 7 I 7 va | .
H. =3 / o (Pl ePy s+ PlLP, AT v Wi, g (66)
Since it provides the interaction Hamiltonian for the bulk electron-plane system,
1 [ d*k [ 1 1
Heﬁ = _5 / ( ) |:M2 WlTkWIk + 22k WQTkWQk]
= — [ —= |[(m;.,m me,m — —
4 ) (2m)? LRI 2R )\ My Max
1 1
+ (mikmgk + m;kmlk) <—M1k - —M2k>] , (67)
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and becomes

d*k de de' - o
Hyg = — = N1 i(0'—0)d
ff / 2(27)? { V (1— e—de / o 27 U JU(k, €) [ Te }

ekd dea
V(k) (1—e—2kd) ) 2m2m

- (R, OUG, €) [ 4 e~ } B!, B,

The effective potential energy Veg for this system is read out as done in Eq. 45b:

2k k=i dedr
2m)? 17(1@)(1 — ¢—2kd) 2 21

x{ [1 + ei(é'—é)d} _ekd [eié'd n e—ié'd} }ei(éz—é'z') .

Vi (7, ko) = —/( % OU.0)

(69)

Evaluation of Vg involves integrals of the form [ %U(E, 0)e! where U(k,0) = 4me2/(k? + (2). The
result of (-integration is V (k)e~1*/* where V (k) = 2me?/k. The remaining 2D integrals give:

2 ik-(5—p"
‘/eﬁ‘ f) fl, k/’c _ _ d k V(k)el (p P ) e_k(|2|+|zll) + e—k(lz—d|+|zl—d|)
(2m)2 1 — e—2kd
ok |:e_k(|z|+|z'—d|) +e—k<|z—d|+|z'|>} } (70)

The terms in Eq. 70 are evaluated by using the result

_ [k REN V (k) s Ty ke eh(-stibeosd)
(2m)? 1— ¢ 2kd® o), 1w

ke
2
= - - o114 A
e/o clk:1 erdJ(k:)

The k. — oo limit gives,

= Z / dke K2 7y (R A)
= Z AQ 5 +2nd> :| 1/2,
0

and one finally obtains the effective potential to be a sum of interactions between infinite number of images:

o

Val@ @) = =3 {[17- 57+ (2l + |2+ 200

n=0

+ 5= 512+ (12— d| + |2 — d| +2nd)?] /*

— (15— 512+ (2l + 2 = dl + 20+ 1)a)?]
(175 P+ (2= dl + 2]+ @n+ Da)?] 2

—1/2

(71)
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For the case of a single bulk charge at £ = Z’ one obtains the result for the bulk point charge between
two parallel planes in terms of infinite number of images:

Via(s) — _52 1 N 1 2
eflz) = 24~ nd+z nd+(d-=2) (n+1)d
e? 1

2~ (nt3)(n+1-2)

2
1
Y e
d? Ld —~ (n+1)(n+3)n+1-3)
Setting the position to z = d/2, the result is simplified as:

e? 1
Ve = —o Y ——————
ff 2d;(n+1)(n+§)

e? Lal/2 g
= ——|242 | ———=4
2d[+/0 11—z x]

2

e
= ——1In2.
dn

5. Conclusion

The application of Bohm-Pines transformation to the electron-conducting surface problem has resulted
in an effective two-particle interaction potential for the system. The transformed Hamiltonian contains the
screened interaction (k > k.) as well as the long range part of the Coulomb interaction (k < k.). The
two-point interaction term explicitly demonstrates the quantum dynamics of the electron with an image
electron, which reduces to the well known classical image method results. The transformation appears to be
a powerful method to study more complicated surface geometries.
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A. Appendix A
dBpy K, PRy Pps ks i Ep
D L 2 O P2 ika—ky)pgilRy—ky)p b;ﬂ%g%;bﬁz

Hov = /dedel (2m)3 (2m)2 (27)% (2m)3
X /dzei(@_el)z‘/(p"— P, 2)
n / 2pd2)" (f;f)lg g:)’l; ézf)% (C;f)gg m_a>.ﬁei<zs;'—zsg'>.ﬁ"bglagilagé,bm
X / dze' 202y (5 5" 2 — d)
- / G N M E bloal az by
(27)3 (27)2 (27)2 (27)3 Pr Ry kP2
% /d2pd2p/ei(Eg—El)ﬁei(f{;—l;i)ﬁ"?(p—»_ 5 by — 1)
R D
(27)3 (27)2 (27)2 (2m)3 P ky Rz P2
% /dzpdzp/ei(EQ—El).ﬁei(E;'—E;').ﬁ”ei(@—el)df/(p—»_ G by — 1) . (72)
7 = p— p” in the second one

The substitution 71 = g’, 75 = p— p’ in the first integral and 7y = p”,

gives
H - /d3p1 ki &hy 4 bloal az by

pv (27‘(‘)3 (27‘(‘)2 (27‘(‘)2 (27‘(‘)3 D1k, kg P2

X/d27“2‘7(772,€2 —51)61'(122_121)'7?2/Cl27“1ei[(122_El)"'(’;;_’;i)]'?1

bﬁ2 ei(@g—él)d

[ P Py
2m)? 2m)? (2m)2 (2m)? Py
X/d272‘7(772,€2—51)61'(];2_121)%/dQTlei[(EQ_ElH(’;g—Ei’)]ﬂ
d3p1 d3p2 koll N N + +
- / (2m)3 (27)3 (2@2U(p2_pl)bﬁlbﬁz%;%m_a
Ep1 dpy PR i, )iy o gt
+/ (2m)3 (2m)3 (2#)261 : Up _pl)bﬁlb@cégcﬁﬁﬁg’—ﬁz'

ipLd T S, T .
by b5 Cp, CF -

We substitute p’ = ps and p= p> — p1 to get
_ap +U(pe

d%k d?’p d?’p/ : ;
Hpe = / (2m)2 (27)3 (27)3 [U(mbﬁ'—ﬁbﬁ'%m
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B. Appendix B

v d?k d3p
[, 1) = / (2m)? / @2n)? o M1k 514, 7 D1bg] + Mok 514, D10y
where

—= {[mm,b:;bﬁ] + [ka;b;[,‘b;E]} =12,
and
[m’ika b;bﬁ] = / gU(‘E} (51'1 + 6i2@_iPLd) [Bta b;bﬁ]thk

dt s
06 ) [ bt

Then

d3p n 1 d3p dt, - it d
[ Gmerte i =~ | s | 2V e

i
X (eptt — Ep)bm_;bﬁ

ti=k

d3p § 1 d3p dt; __ - it d
[ Gmertan 0=~y | s | B ()

i
X (eptt — Ep)bﬁ+;bz7

ti=k '
Therefore, the transformation of kinetic term for the volume can be written as:
3 3, t-(p+ f)
W &~ g [ D [ dt ( 2
H = Hy' +i / / Ut
0 0 2n)3 ) (27)3  2m 0

1 + e_itLd 1— e_itLd t
SR e
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