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Abstract

General wavefunction is expanded as power series of a variable which describes internal dynamics of
particle, to show that it contains excited states of Schrödinger’s Zitterbewegung.

1. Introduction

The electron is a fundemantal particle in the nature and its understanding is based on the construction
of electrodynamics. First studies concerning electrons were made by Lorentz in 1905’s. Dirac contributed
these studies extending Lorentz equation to contain radiative processes, and is now known as the Lorentz-
Dirac equation[1, 2]. In these studies, the electron was considered to be a classical, point-like spinless
particle. This classical picture changed with the development of quantum mechanics giving new degrees
of freedom to the electron, the fundamental among which being spin[3]. In his equation, Pauli considered
the electron as a non-relativistic particle and quantum spin described with his exclusion principle[4]. In the
two quantum mechanical descriptions proposed by Schrödinger, one assumes the electron to be a spinless
point-like particle with non-relativistic energies and described by Schrödinger equation, while the other
allows relativistic energies and described by the Klein-Gordon equation. However the best description of the
electron is given by the Dirac equation[5]. All of these equations contains a spin concept which can not be
understood by classical mechanics and it is not obvious how the correspondence principle would operate.

In recent years, there has been an increasing effort to understand both the classical meaning of spin and
the behaviour of a classical system according to the rules of quantum mechanics[6, 7, 8, 9, 10]. In these
works, in addition to usual the coordinate and momentum degrees of freedom, the electron’s internal degrees
of freedom is also included. Though a classical system both orbital momentum and spin angular momentum
may have any value, in quantum mechanics spin angular momentum may assume only integer multiples of
h̄/2[11].Similar situations apply in vector-field equations of h̄-spin and Rarita-Schwinger of 3h̄/2-spin[12].

In this work we obtained a wave function by quantizing the classical model and then expand this function
in terms of the eigenvalues of spin operator. Finally it is seen that this quantized wave function, which has
spin eigenvalues 0, 1/2, 1, 3/2, 2, ..., n/2 is a generalized wave function.

2. Equation of Motion for the Classical System

The action of a classical spinning particle is given by Barut and Zhanghi [7] as

I =
∫
dτ
[
iz
·
z +Pµ

·
x
µ
−πµzγµz

]
. (1)
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Here, xµ are the space-time coordinates, z, iz ∈ C4 are internal dynamics variables, and πµ are general
momentum. In this case, the complete phase space has four sets of variables: (xµ, Pµ, z, iz) . We use a
proper time formalism as z = z(τ ) and xµ = xµ(τ ), where τ being the proper time of center of mass.
Altough the mass term does not enter into the Lagrangian it exist due to integral motion. The classical
theory already contains the notion of anti-particles in the form of positive and negative internal frequencies
for a given momentum P.

The equations of motion for the classical system are

·
z = −iπµγµz (2)
·
z = izγµπµ (3)
·
x
µ

= vµzγµz (4)
P µ = eAα,µv

α − παzγαµ z (5)

and the Hamiltonian of the classical system, which is equal to the proper mass, takes the form

H = izz + Pµ
·
x
µ
−L = πµzγ

µz. (6)

The variation of the Hamiltonian is

δH =
∂H

∂(iz)
δ(iz) +

∂H

∂Pµ
δPµ +

∂H

∂z
δz +

∂H

∂xµ
δxµ +

∂H

∂τ
δτ. (7)

We obtain Hamilton equations of motion from the Hamiltonian in Eq.(6) as

∂H

∂Pµ
=
dxµ

dτ
, (8)

∂H

∂(iz)
=
dz

dτ
, (9)

∂H

∂z
= −d(iz)

dτ
, (10)

∂H

∂xµ
= −dP

µ

dτ
. (11)

We can rewrite Eq.(7) by using this equations of motion as

δH =
dz

dτ
δ(iz) +

dxµ

dτ
δPµ −

d(iz)
dτ

δz − dP µ

dτ
δxµ +

∂H

∂τ
δτ. (12)

Using this expression we can write variation of action in Eq.(1) as

δI = (Pµdxµ + izdz −Hdτ ). (13)

3. Quantization

The phase function, which is defined by quantum mechanics, depends on classical action as

S =
1
h̄
I. (14)

The Hamilton-Jacobi, or phase function S, describes a family of possible classical trajectories (z(τ ), xµ(τ ))
with momentum PA = (iz, Pµ). In quantum theory, these possible classical trajectories are the rays which
belong to a wave with a definite momentum PA and proper mass H = m described by the wave function as
(h̄ = 1)

ΨP (z, x; τ ) = AeiS(z,x;τ), (15)
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GÖNEN, HAVARE

where

S(z, xµ; τ ) =
{ ∫

(izdz + Pµdx
µ −Hdτ ); PA depends on z, xµ

izz + Pµx
µ −Hτ ; iz, Pµ are constants (16)

By the substitution of S (in the special case of constants +iz, Pµ) into Eq.(15), it takes the form

ΨPA(z, x; τ ) = Aei(+izz+Pµx
µ−Hτ). (17)

The wave function that represents the particle will be a superposition of eigenfunctions. This general
situation must be solution of Schrödinger wave equation. For a given wave function Ψ(z, x; τ ) covariant
Schrödinger equation is

i
∂Ψ
∂τ

= HΨ, (18)

where z is the canonical conjugate of z. It is possible to obtain excited states of Zitterbewegung by expanding
a general wave function Ψ(z, x; τ ) power series of z:

Ψ(z, x; τ ) = ψ(x; τ ) +
1
1!
zαψα(x; τ ) +

1
2!
zαzβψαβ(x; τ )+

1
3!
zαzβzνψαβν(x; τ ) + · · · (19)

If we substitute this expansion into Eq.(18) and separate the terms in ordered form we get

i
∂

∂τ
[ψ(x; τ )] = zγµzπµψα(x; τ ), (20)

i
∂

∂τ
[zαψα(x; τ )] = zηγµ

(ησ)
zσπµz

αψα(x; τ ), (21)

i
∂

∂τ
[zαzβψαβ(x; τ )] = zηγµ

(ησ)
zσπµz

αzβψαβ(x; τ ), (22)

i
∂

∂τ
[zαzβzνψαβν(x; τ )] = zηγµ

(ησ)
zσπµz

αzβzνψαβν(x; τ ), (23)

...

i
∂

∂τ
[zα1zα2 . . . zαnψα1,α2,...αn(x; τ )] = zηγµ

(ησ)
zσπµz

α1zα2 . . . zαnψα1,α2,...αn(x; τ ). (24)

Starting from Eq.(20) we can obtain explicit form of these equations. It is known that from Euler-Lagrange
equations of classical system

.
x
µ= vµ = zγµz. (25)

Using this and introducing wave function ψ(x; τ ) as

ψ(x; τ ) = U(x)e−imτ (26)

Eq.(20) takes the form
[vµπµ −m]U(x) = 0. (27)

In the spinless case it is seen that
vµvµ = 1 (28)

and
πµπµ = m2. (29)

Comparing these two conditions we obtain

vµ =
1
m
πµ. (30)

Substituting Eq.(30) in Eq.(27) we get the following equation, and is known as Klein-Gordon equation:

[πµπµ −m2]U(x) = 0. (31)
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GÖNEN, HAVARE

In Eq.(21), if choose the dynamics variable zα as time independent and use Eq.(26) we obtain

[γµπµ −m2 ]U(x) = 0. (32)

This is known as the Dirac equation describing spin-1/2 particles.
Similarly for Eq.(22) we can simplify calculations using

zαzβψαβ(x; τ ) =
1
2
zαzβ(ψαβ + ψβα), (33)

where zαzβ = zβzα. Then Eq.(22) takes the form

i
∂

∂τ
[ψαβ + ψβα] = [γµ

(αβ)
⊗ I(ασ) + I(ασ) ⊗ γµ(αβ)

]πµ(ψαβ + ψβα). (34)

Here, if we introduce
Ψαβ = (ψαβ + ψβα) (35)

and
βµ = [γµ(αβ) ⊗ I(ασ) + I(ασ) ⊗ γµ(αβ)], (36)

and use Eq.(26), Eq.(34) gives
[βµπµ −m]Uαβ(x) = 0. (37)

This is the Kemmer equation and describes spin-1 particles. The βµ are 16× 16 Hermitian matrices and are
known as Kemmer matrices.

If we use in Eq.(23) the following expression

zαzβzνψαβν(x; τ ) =
1
6
zαzβzν(ψαβν + ψανβ + ψβαν + ψβνα + ψναβ + ψνβα) (38)

we get

i
∂

∂τ
Ψαβν = [γµ ⊗ Iαν ⊗ Iνα + Iβν ⊗ γµ ⊗ Iνβ + Iσν ⊗ Iνσ ⊗ γµ]πµΨαβν . (39)

If we introduce

αµ = [γµ ⊗ Iαν ⊗ Iνα + Iβν ⊗ γµ ⊗ Iνβ + Iσν ⊗ Iνσ ⊗ γµ], (40)

Ψαβν =
1
6
(ψαβν + ψανβ + ψβαν + ψβνα + ψναβ + ψνβα), (41)

and use Eq.(26) we obtain the following equation which is known as Rarita-Schwinger equation describing
spin-3/2 particles:

[αµπµ −m]Uαβν(x) = 0. (42)

Now, general term Eq.(24) gives
[αλπλ −m]Uα1,α2,...αn(x) = 0, (43)

where
αλ = [γλ ⊗ I ⊗ . . .⊗ I + I⊗ γλ ⊗ . . .⊗ I + I⊗ I⊗ . . .⊗ γλ]. (44)

These n× n matrices satisfies∑
(P)

αµ1 . . . αµL(αµL+1αµL+2 − δµL+1,µL+2) = 0, (45)

where the sum
∑
(P)

is performed over all possible permutations of µ1, µ2, . . . , µL+1, µL+2 indices. Equation

(43) describes the dynamics of spin-n/2 particles.

16
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4. Conclusions

In this work, to understand the Schrödinger equation, after quantizing the classical system with spin, a
generalized wave function was expanded into a power series in terms of internal coordinates of the system.
Then it was shown that this expansion includes zero and positive integer values h/2, hence containing all
fermion states (odd integer of h/2) and all boson states (even integer of h/2).
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