Tr. J. of Physics
22 (1998) , 181 — 191.
© TUBITAK

Singlet Axial Current Form Factor in the Chiral
Solitonic Bag Model with Massive Quarks

N. KARAGOZ
Abant Izzet Baysal University,
Physics Department, Bolu - TURKEY

Received 19.09.1997

Abstract

Singlet axial current form factor ¢4 is calculated as a function of bag radius in
the two flavor chiral solitonic bag model with unequal quark masses. The value of
¢% near 1 fm is sufficiently small.

Introduction

The EMC data [1] implies that the quark spin contribution (i. e. the proton form
factor of the singlet axial vector current at zero momentum transfer) to the proton angular
momentum approximately vanishes. However relatively large experimental uncertainties
is consistent with a reasonably small non-zero value.

First of all, this rules out the naive nonrelativistic quark model (NRQM) in which
the spin of the proton is completely accounted by the combination of the quark spins.
Given this failure of NRQM it was necessary to go to the perturbative QCD framework, to
adress the problem and indeed there is sizable literature in this direction [2]. As there are
quark orbital contributions, as well as the gluonic ones to the proton angular momentum,
the calculations are not easy in this framework. Thus as is usually done, one resorts
to effective models of QCD. One of the most popular effective models of QCD is the
Skyrme model [3]. This model proved to be quite successful in predicting the low energy
properties of the hadrons [4]. In the simplest version of the Skyrme model one gets zero
for the singlet axial vector current matrix element [5]. Thus, in the light of the EMC
data, The Skyrme model could be taken as a desirable zeroth order model.

In the recent past all possible extensions of the naive Skyrme model have been
tried in addressing the problem under consideration [6]. The simplest extension of adding
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the Wess-Zumino (WZ) term, in the SU(3) case, did not produce any new result different
than the naive Skyrme model, as the WZ term does not contribute to the U4 (1) current.

One could think of invoking many additional chiral invariant terms, most of them
being rather ad-hoc, however. For instance adding a term of the type tr({,#1,1") to the
lagrangian produces an additional piece proportional to tr(l,1"l,) in the U(1) current.
It was shown that [6] after exciting the collective coordinates, this additional term in
the Ux(1) current is quadratic in ATA, and thus is negligible [ in this semiclassical
quantization framework, we keep only the terms in the lagrangian which are quadratic
in terms of the angular velocity operators tr(T“ATA), where T are the generation of
the SU(N); thus currents must be linear in terms of the angular velocity operator]. Thus
another interesting claim [7] that this type of trilinear current should represent the entire
Ua(1) current whose coefficient to be determined from an anomaly-like argument, is also
ruled out.

It is well known that some of the problems the naive Skyrme model, (and its
extensions) face can be remedied by taking into account of short distance effects. That this
the case was demonstrated in computing neutron proton mass difference satisfactorily in
the framework of chiral bag model, by introducing the up and down quark mass difference
explicitly [8]

The failure of the naive Skyrme model [9] in predicting the neutron - proton mass
difference made it clear that the predictive power of this model was limited to those
problems which do not require the crucial short distance information, that baryons are
made of quarks, as the solitonic baryon (expressed as a nonlinearly twisted lump of the
Goldstone bosons) do not remember that they are made of quarks. That the neutron is
heavier than the proton might be a consequence of the crucial property of the underlying
QCD, that the d quark is heavier than the u quark, calls for a more complete effective
theory of QCD which contains in addition to the Skyrme lagrangian, explicit quarks
as well. This naturally leads one to the so - called chiral solitonic bag model [10], an
intuitively appealing framework that the quarks and Skyrmion play complementary roles
in the baryon. Namely, the quarks keep the Skyrmion from collapsing, while the Skyrmion
keeps the quarks confined. It was shown in ref. [8] that the n—p mass difference is indeed
correctly predicted by this model.

At this point, it is worth commenting on the possible modification of the two
flavor model [2] by exciting a massive isosinglet 7 field outside the bag to account for
the axial anomaly [2]. This is done in such a way, that the classical global axial Ua(1)
symmetry of the underlying QCD which is broken explicitly by the continuity equation
is restored; that is 1 is coupled in such a way that isosinglet axial current is continuous
across the bag surface. This brings a new contribution to ALO ) outside the bag which
is a pure gradient proportional to 8,7. The nonconservation of ALO ) as generated by
nonperturbative effects outside the bag can be represented by choosing m, # 0. Being
a pure gradient, the contribution of this mesonic part to the quark moment of inertia is
shown to be small [6]. Thus, we will neglect the anomaly contribution in our discussion,
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and restrict our attention exclusively to the quark contribution.

We are going to follow the same model here in computing the singlet axial vector
current matrix element as well. We will demonstrate that the presence of u — d quark
mass difference (i. e. explicit breaking of the isospin symmetry) plays a crucial role in
obtaining a reasonably small matrix element for the U4 (1) current consistent with EMC
data in the two flavor case.

Chiral Solitonic Bag Model and its Quantizations
The lagrangian of the two flavor chiral solitonic bag model is defined by [10]

L = LPR~-7)+Lnb(r—R)+ LEdp (1)
Eq = E(i’)ﬂa;t —MW
Fg Tau 1 t 1l 2
Ly = 1—6tr(8“U o*U) + 32a2tr [U'9,U,U"9,U]
m2 F2
—— Tt (M (U+U"—2I
+ S(mu+md)r( U+ )
1 _
Lp = —g(wLUwR-i-wRUTwL)
M = diag(mu,, mq).

where F, is the pion decay constant, and a is the Skyrme’s dimensionless coupling
constant.

Following ref. [8], we will describe the the meson phase by the static classical fileld
configuration U = exp(i7 - ZF (r)) where F(r) is determined by minimizing energy and
imposing the bag boundary conditions F(0) = # and F(o0) = 0, and the quark phase
by the quantum field operator ¥(Z,t).

The standard method to excite the solitonic baryon degree of freedom, that is, to
construct the low-lying quantum states above the semiclassical ground state is to make
the substitution

U@zt = At)Us(D)A () (2)
Y@ t) = Alt)po(T, 1)

where Uy (Z) is the static soliton solution and A(t) is the arbitrary time dependent SU(2)
matrix, the quark field ¢o(#,t) is the field in the rotating frame. Substituting these in
eq. (1), we get

81

L ; _ 1 _
L= Lo+ Aptr(ATA) + %Xi/d%wo%ﬁ% - §Amq33i/d3$¢0ﬁ¢0 (3)
where

X, = tr (TiATA) (4)
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Ri; = —%tr(ATTiATj).

and )\, is the moment of inertia of the meson phase, associated with the collective
rotation, and is given by

N = 27r§73 /: drr? sin® F(r) {1 n (ali)Q (dFd£T)>2 s Sinif(r) } . (5)
o(x,t) satisfies the equation of motion
(iwaﬂ —mo + i ATA + %AquT73A> o(Z,t) =0 (6)
and the bag boundary condition
—i& - Yo (T, 1) | Bag= exp(ivs @ - 7F (r))vo(Z, 1) | Bag - (7)
We can formally solve the eq. (5) as [8]
0@ = x0ld) ~ [ @@ 7w) [ina Al A+ gam, At o). ©
Hedgehog quark state solutions [10] xo(Z), satisfies the equation
(w’Yo +i7-V - mo) Xo(Z) =0 (9)

with

L N[y ee (k)]0 > (10)

Xo(T) = ——=
VAT \ —Je=me g (k)6 - 20 >

S(Z, 4, w) is the bag propagator defined by [11]

(wr0 + 7+ V = mo) S(@, g w) = 5*(7 — ) (1)
(exp(ivsT - 26) + 47 - &) Sp | Bag= 0.
where
S(#,g,w) = S%Z, 7 w) +R2/anSO(f, a;w) K oS0 (&, i w)

+ (R2)2/andﬂgSO(f,d’;w)KaSO(&,B,w)Kgso(ﬁ,g;w)+--- (12)
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with
Ko = exp(ivs7 - g ) + 07 - g (13)

S°(Z, y;w) is the usual Dirac propagator written in terms of two component spherical
harmonics @, ()

(2, 7w Z G (7, r'iw) Jlm(Q) Jl'm («) (14)
Jli'm
with
SO (r,r’sw) = —ik [(mo +wps) Sy + kpa (I = 1)] fo(kr) fu (kr') (15)
filkr) = 5i(kr)0(r" —r) + hi(kr)0(r — ')

ji and h; are Bessel and first kind Hankel functions, and vy = p3, 7 = —ip2 ® 0; ,
v5 = p1 @ 1, where p and o are Pauli matrices. Let us decompose

S (ryr'sw) = S (ry 75 w) + S8 (1’ w) (16)
here ST, (r,r’; w) is the boundary term [12]
(kR)?ju(kr)jv (k1)

S (ror'sw) = 1
i (1,75 w) [(1 — M cos )2 — (K sinf + W cos 6)?] "

X { [ ( mo +wp3)2hl2 —szhlg )COSG

+  2k(l = Dhihy(mops + w) sin g } ( a+bps(l—1) ) S
+ k(l’—l>[ (w(h?—h%)+mop3(h%+h%))(i—z)cose

4+ 2khihising } (bpz +iapy (1 —1) ) }

with
I = 2j—1 (18)
K = —ik®R? (jo(k:R)hl(k:R) + j1(kR)ho(kR) )
M = —ikmoR? (jo(sz)hO(k:R) + j1(ER)hy (kR) )
W = —ikwR® (jo(k:R)hO(k:R) — 1 (kR)hy (kR) )

where Eq. (8) can be solved perturbatively. Since Amy, is small, it is consistent to solve
it to first order in Am,. Furthermore the collective rotations are adiabatic, thus AT A
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is also small. Therefore these rotations will also be treated to first order. Then eq. (8)
can be rewritten as

~ ~ o o ) e ,
(@) = xo(d) — [ 8@, w) [iATA + jAm AT A| ) (19)
Substituting eq. (19) in eq. (3) we get the complete Lagrangian
1 Am
L= LO — §Ainin — ZTQR?)jCj’L'X’L' (20)
where .
Aij = Am0ij + 3 /dgxdsy X0 (@)Tiv0S(Z, ¥, w)voTi X0 (¥) + h.c.] (21)
and

Cij = /dsxdsy [Xg(f) (1:S(Z, ¥, w) 75 + 170 S(Z, §; w)v075) X0(¥) + h.c. (22)

A lengtly analysis shows that both A and C' matrices are diagonal in flavor space

Aij =0ij(Am + ),  Cij=045C (23)
where
1 - . .
A = §/ﬁ%fywamwsw,uwwmw+hd (24)
c = / Bad®y X' (F) [S(F, 7 w) + 108(F, 7 )] + hoc} (25)

Singlet Axial Current

The EMC measurement of the proton structure function, and the baryonic weak
decay data on F' and D ratio yield a value for the singlet axial current matrix element.

<pT|AD|p 1>=0.00+0.24. (26)

Let us now construct the singlet axial current from eq. (2). As the pionic part does not
contribute, it is given purely by the quark contribution

1- A
AP = Py inside the bag (27)
ALO) = 0 outside the bag

The matrix element of the current eq. (27) between nucleon states can be written
in terms of two form factor g4 and h4

<p, s|AD(0)|p, s >= su(p', s) [9a(6*)Vur5 + ha(@®)quys] u(p, s) (28)

2
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where p’, p and s are the nucleon momenta and spin, and v is the free Dirac spinor of
the nucleons and ¢ = p—p’. As it is well known that the form factor ga(q?) has no pole
at ¢~ 0, due to Ux(1) anomaly, we can take the limit ¢ — 0 uniformly to obtain

2
<. sl AD O0)[p. s >= 594(0) < S > (29)
here < S, > is the nucleon spin. Following the general philosophy in the Skyrme model
calculations, we will compute the left hand side of eq.(29) explicitly, by computing the
matrix element of [ dnggo)(x).

Now we write the singlet axial current for the quark part

- 1 T -
[#2a®@ =3 [ Gai@pnse) (30)
Using eq. (19), to first order in ATA and Amg, we obtain
3 2(0)/ : Amy
d .ﬁA,L- ($) = —zI‘inj + TDingj (31)
where
1 3,73 Tz AT T8
Iy = 3 d’xd’y [Xo(ﬂﬁ)’Yo%%S(%y;w)’YoTjXO(y) +h-C} (32)
D;; = /d3xd3y [Xg(f)%m55(f, J; w) T Xo () + h.c.}

Using v = p3, 7vi= —ip2®0;, 75 = p1®1, and the identity 7;,x90 = —0; X0, again after
a lengtly calculation one can show that I';;, D;; are diagonal in flavor space, namely,
Fij = 5¢j)\q, Dij = 5ijD with

D= [ sty [\§(®3(. 7 whnold) + e (3)

eq. (31) can be rewritten as

A
/ @A) = ~iA Xi + SLDRy, (34)

The spin and isospin operators can be obtained by applying the Noether’s theorem to
the Lagrangian in eq. (20), with the transformations respectively being 4, A = iAr and
81 A =ilA where (r,] = ieiT?/2).

S; = —iArX;+
I, = Riij.

A
Tq CRs;i (35)
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Solving X; in terms of \S; in eq. (35), and substituting in eq. (34), we get

A Am A
3,40 — q - q q - D i 36
/clacz )\m+)\qS ) C)\m+)\q Rs; | (36)

Next we substitute the explicit expression for xq given eq. (10) in these expressions and
get

R v
N = e e ey, 37)
daa? [ (& + )56 (z)jo(y)no () + (€ — 1)%iF (@)1 (y)na ()

(72@)iowIno(y) + @i wm () |

+ /V daa? [ (& + )55 ()do (z)no(x) + (€ — 1)?53 ()1 (x)na (x)

+
tl\?

and
_ AR Y,
C = mE T =TT, (38)

/  dra? ( (& + )55 (x)jo()no(y) — (€ — 1?37 (@)1 (y)na () )

0

+ / dxa® ( (& + )55 (W)jo(z)no(x) — (€ — 1)?53 (y)j1 (x)na (x) )

~ gy [ e [ (€ mB@REW [oosF (64 07150 - 130)
+  2v(&+ pwho(v)hi(v)sin F}
+ (€= mE@RW) | cosF (€~ w*hiw) - vhiv))

—  2usinF(€— u)ho(y)hl(y)ﬂ + h.c.} }
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and

2R v,
D = e e w1 (39)

/O " doa? | €+ w2 @)owInoly) - (€ — 33 @)jr (v)m ()
+ 2 (F@iomney) - @i m©)) |

+ /U dxa® [ (& + )55 (W)do(z)no(x) — (€ — 1)?53 () g1 (z)na (x)

+ 2 (@i @) = 5 @o@)no() ) |

- [ﬁ /O dra® [ (& + )3 (€)55 (y) [cos F (€ + p)*hg(v) — v2hi(v))
+  2v(&+ pwho(v)hi(v)sin F}

+ (€= wE @) | cosF (€~ n)*Ri) - W)

2usin F(§ — M)hO(V)hl(V)H + h.c.} }

where

jl (l/) mOR
== , = , v=kR, and 40
DR (40)

a—b=1—(M+W)cosF — KsinF

é-:ER) w1

The 1/(a—b) term is to be computed by carrying out the Wick rotations k — ik, w — in
which is necessary for the convergence of MRE [12]. Using eq. (29), The left hand side
of eq. (35) between two nucleon state is to be identified with 2¢% /3 < N|S;|N >. Thus
we find for g9

3N, 3Amg [ A < N|Rss|N >
0 _ 2729 q 29 _p) o Eeelrt 7 41
AT 9N T T8 (C)\T > < N[S;|N > (41)
Next, using < p 1 |Ras|p 1>=1/3, we get
3\ Amg (A
0 = 2% SMe (A p 42
galp 1) 5Ny 4 (ATC > (42)

and Notice that for Am, — 0, our result is identical to that of the third reference in Ref.
[5], where they have used the cranking formalism. The new contribution proportional
to Amg, generated by the isospin breaking, differs for proton, as expected. We have
calculated eq. (41) by determining the radial integrals in eqs. (37,38,39) where the
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numerical solutions of the equation satisfied by the Skyrme profile F'(r)

.92 .
i o2 P)F 4 LiF fsnarp® - Lgnop o SESN2E o g
4 2 4 72
with the boundary conditions F(r) =m at r =0, F(r) > 0 as r — o0
7 = aF;r is used as an input. We have taken p = 0.5, Am, = 3.8 MeV, and
a = 5.45. The results of the numerical analysis for proton of spin up state is presented
in fig.1.
The author would like to thank Professor N.K. Pak for most stimulating discussion
and also to thank Tugrul Yilmaz for his assistance in carrying out the numerical analysis.
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Figure 1. ¢% plotted as a function of the bag radius. T shows the total, 1 is the Am,
contribution and 0 is equal mass case
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