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Abstract

Quantum integrable systems related with SU(1, 1) group manifold or hyperboloid
[z,7] = 27 + 23 — 25 — 27 = 1 in spherical, hyperbolic and parabolic coordinates
systems are considered. The explicit expressions for waves functions, spectra and
S-matrices are given.

1. Introduction

There exist many coordinate systems which reduce to separation of variables in Laplace-
Beltrami operators given in [1]. But only for those which are geodesics, in other words,
which relate to one parameter subgroup of symmetry group, does there exist a simple
transformation of Laplace-Beltrami operators on symmetrical spaces (SS) to some Hamil-
tonian quantum systems. Hence only the distortion of the symmetry of the free particle
motion on SS by the geodesic paths reduce to the dynamics of quantum systems.

The one dimensional integrable quantum systems related to free motions in symmetric
spaces (SS) of the non compact groups SO(1,2), U(1,2), Sp(1,2) are considered in [2, 3]. As
shown in [2, 3], the dynamics of a quantum system depend on the stabilizer (stationary)
subgroup of the fixed point of the SS and coordinate systems on SS which is chosen. For
the case of the SS with the compact stabilizer subgroup the quantum system has only
continuous spectrum; but for the SS with the non compact one-quantum systems, it has
discrete and continuous spectrum. This is because in the case of the SS with the compact
stabilizer subgroup the distance between two points on SS is real but in the SS with the
non compact case the distance has real and imaginary parts. The results of the case of
the SS with the compact stabilizer subgroup are given in [4].

*On leave of absence from Physical Institute of Academy Sciences of Azerbaijan Republic.
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a
b
hyperboloid [z, z] = 22 + 2% — 23 — 23 = 1. To our knowledge, no consistent and complete
treatment for the single sheet hyperboloid exist up to now (see [5, 6]). Our solution of the
hyperboloid for the parabolic coordinate is the original. Recently, there has been path
integral treatments of the hyperboloid [6]. However, the author wrongly reported wave
function on the hyperboloid [z, z] = 1 in the parabolic coordinate (see Eq. (46) in [6]).
We shall show thatthe correct wave function for this case is expressed as Eq. (45) below.

We consider spherical, hyberbolic and parabolic (horispherical) coordinate systems on
hyperboloid. In the Section 2, for a related quantum system, we give explicit expressions
for wave functions, spectra and S-matrices.

The group SU(1,1) of the matrices [ 2 ] , la]? = |b|*> = 1 define the single sheet

2. Dynamics Related with SU(1,1) Group Manifold

Let us consider bispherical, hyperbolic and parabolic (horispherical) coordinates systems
on the hyperboloid [z, z] = 23 + 2% — 23 — 23 = 1, which define a SU(1,1) group manifold.

2.1. Bispherical Coordinate System
x = (cosh a cos 1, cosh asin 1, sinh v cos o, sinh a sin p2), (1)

where 0 < a < 00, 0 < 12 < 27. From Eq. (1) follows the metric matrix
(gap) = diag(—1, cosh® o, — sinh? a)

and the Laplace-Beltrami operator

2 2
AL’B:T;)% (Oé)%er%aa—@%—m%;—@%, (2)
where J(«) = sinh a cosh a.
Free motion on the hyperboloid [z, z] = 1 is defined by the equation
AL p®(a,p1,02) = —0(0 + 2)®(a, @1, 2). 3)
After the substitution of
B, 01, 02) = Aa)e!™P1eine2
into Eq.(3) we have
LI ( m_ > Ala) = oo +2)A(a), (4)
J(a) O Oa cosh?a  sinh?a

with ||A(a)|| = /000 |A(Q))? T (a)da.
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By the transformation

1
Ala) = U(a), 5
(@) 7o) (@) ()
Eq. (4) is reduced to the one dimensional Schrodinger equation with the potential
1 2 1 2
—5+n I—m
V()= —* + 4 (6)

) 2
sinh® o cosh” a

and energy spectrum
E=—(oc+1)> (7)
By the substitution
A(a) = tanh™ accosh? aW («)

and the transformation z = tanh? o, Eq. (4) is reduced to the hypergeometric equation
and for the regular solution at a = 0 we have [7, 8]:

—o+|m|+[n| —o—|m[+|n]
2 ’ 2 ’

A(a) = tanh!™ o cosh? aF ( |n| +1; tanh? a> . (8)

It follows that the quantum system has bound and scattering states. The square

integrable normalized wave function for o = 1 with I — |m| —|n| = 2k, k=0,1,2,...has
the form: ) )
Up(a) = ¢y sinh™*2 q cosh™I*+2 ozPl(l,TfJ,’LmQ‘ (cosh 2a), (9)
1=imi=lnl
where

(I+ 1) (l—IMIglnl-ﬂ) I (Hlml;l"HQ)

F2(|n| +1)r (l—|m|g|"|+2) T (l+|m|g|"|+2)

Cy =

For continuous spectrum E = p? > 0, ¢ = —1 + ip we calculate the S-matrix using
the analytical continuous formula 2.10 (1) for the hypergeometric function of [9]:

F(a,b;c;2) = AiF(a,b;a+b—c+1;1 —2) 4+ Ay(1 — z)c727°

Flc—a,c—bjc—a—-b+1;1—2),arg(l—2)| <7 (10)
I'(c)T(c—a —b) I'(e)I'(a+b—c)
T T(c—a)l(c—b) 2 T'(a)L(b) (11)
From the Eq. (10) and Eq. (8) we have the asymptotic expression
A(@)asoo = A(m, n, p)el =10 L A(m, n, p)eHP (12)

where .
I'(|n] + DI(ip)

r (ip—|m|+|n|+1) I (z'p+|m|+|n|+1) '
2 2

A(m,n, p) =
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Solutions of the Schrédinger equation with potential Eq. (6 satisfying the condition

| ve(@)Tr(a)da =50 ) (13)
0
have the form:

—ivVE +|m| +|n| +1
2 Y

Up(a) =é sinh™*% o cosh?VE~% o F (

—ivVE — |m|+ |n| + 1
2 )

In|+ 1; tanh2a> : (14)

where

- 1
Coy| = —.
] V2r|A|

The S-matrix is found to be
TGVE)T (—i\/ﬁ—lg@|+|n|+1) r (—i\/E+|gwl+|n|+1)
F(i\/E)F (i\/ﬁ-lﬂ;l+|n|+1) r (iﬁ+|n;|+|n|+1)

2.2. Hyperbolic Coordinate System
We have:

2 = (cosh a cosh B cos ¢, cosh «cosh Bsin p, cosh acsinh 3, sinh «), (16)

where —0o < a < 00, —00 < 3 < 00, 0 < ¢ < 27. From Eq. (16) follows the metric
matrix
(9ap) = diag(—1, — cosh? o, cosh? av cosh? )

and the Laplace-Beltrami operator

(3) -1 0 0 1 (2)
_ < - 4 - 17
LB J(@) da (a 9o coshla LB (17)
where J(a) = cosh? o and
-1 0 0 1 92
AP, = =T B a:+ —5753
LB J(B) op ) 9B cosh? 0p?
with J'(3) = cosh .
Free motion on the hyperboloid is defined by the equation:
AL p(e B, 0) = —o(o +2)@(a, . ). (18)
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Setting .
P(a, 8, ¢) = A()QUB)e"™?
and using
APRO(B) = ~o1(o1 +1)QAB) (19)
we have L ( 0
o101 +
———J(a)+ ———A(a) =o(c + 2)A(a), 20
Ty a0 @)+ P Al) = (o +2)A(a) (20)
oo
with ||A(a)] :/ |A(a) 2T (a)d.
—00
Using the transformation
1
Ala) = —=—=V(a),
J(a)
Eq. (20) is reduced to the one dimensional Schrédinger equation with the potential
o1(o1 + 1)
Vi) = —(72 (21)
cosh” o
and energy spectrum
E=—(c+1)>2 (22)
The substitution
A(a) = cosh” aW ()
and the transformation z = —sinh? o reduces Eq.(20) to the hypergeometric equation.
Regular solutions of Eq. (20) at a = 0 have the form
— 21
Aq(a) = cosh?t aF a1 U, atot .= —sinh® «
2 2 2
and
— 1 33
As(a) = cosh? asinh aF (Ul 20+ , o1 +2U i 15 — sinh? a> . (23)

It follows that the quantum system with the potential of Eq.(21) has bound and
scattering states. The normalized wave function for the discrete spectrum E = —(I + 1)?
with -1 I~ —1

-1 =1 L A S
o y 1=l 5 B

K, kKE=01,2...

have the form:
U () = ¢5 cosh 1 o Pl(,_lf’lﬁi)(cosh 2ar)
=+

and

943



SEZGIN, VERDIYEV

7% (a) = &3 cosh" ! o sinh o Pl(:f’,llﬁi)(cosh 2ar), (24)
1=y

where

wwnr(l—gﬂ)r(“g“) i w+1>r<l-l++2)r<l“+”>
3= 2 3

C3 = — .
T2 (3) T (=5 T (H52)

To calculate S-matrices for the continuous spectrum VE = p,o=—14+1ip, 0<p<
oo we use the formula 2.10 (2) of [9]:

1
F(a,b;c;z):Bl(—z)“F(a,l—c—i—a;l—b—l—a;;)+
1
Bo(—2)"bF (b, l—c+bl—a+b; ;) , larg(—2)| <, (25)

where
T'(b—a) B, — I'(¢)T'(a —b)

> T(@(c—b)
From the Eq. (23) and Eq. (25) we have asymptotic expressions:

G
o)

(b)C(c—a)’

Aja — 00 = B(oy, p)el ™Y L B(oy, p)e” 0
and _
Az — 00 = B(Ula P)@(_I—Hp)a + B(Ul, p)e_(l"'i”)“, (26)
where
I (3) T(ip) A I (2) D(ip)

(01,0) T (1/,_;,_(;14_1) T (wggl) ) (Ulap) T (1p+gl+2) T (1,;_;14.1)

Thus the wave functions ¥ g(«) with the condition

| vs@Ts(a)da = 50— ) (27)

has the form

—ivVE 1 iWE 11
\I/g)(oé):c4cosh”1+1aF< Z\/_;Ul+ ,Z\/_+2al+ ;5;—Sinh2a>

and

—ivVE 2 iWE 2 3
iv ;Ul+ ,Z\/_+201+ ;5;—Sinh2a>, (28)

\I/g)(oz) = &, cosh® ! asinh o F (
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where
1

T oymBl

1 -
= smmr

The S-matrices to be found are given by
B TGVE) (=gt (oo )

S — § = F(—i\/E)F (i\/E—goﬁ'l) T (i\/EQ—Ul)

and

TP () ()
B T T () () !

2.3. Parabolic (Horispherical) Coordinate System
We have
—(cosh L —Lesg2, ebgrctqn, sinh L+ Ledg? (30)
€T = | COs ) 26 q, €2q1,€2q2, S ) ) q )

where ¢ = ¢ — ¢3, —00 <t < o0, —00 < q1,2 < 0o. From Eq. (30) follows the metric
matrix

(9ap) = diag (—i, e, —et>
and the Laplace-Beltrami operator
2 2
N %%J(t)% - (%g - (f—qg> , (31)
where J(t) = et
The free motion on the hyperboloid is defined by the equation:
AL p®(t,q1,q2) = —o(o +2)P(t, ¢1, ¢2)- (32)
By the separation of the variables,
O(t, q1, q2) = T(t)eV9 'he
from Eq. (32) and we have:
A>T AT (v? - p?)

A - T(t) = o(c +2)T(1) (33)

with | T(0)] :/ IT(a)|2e"dt.

—00
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By the transformation

1
T(t) = u(t),
(t) 0 (t)
Eq. (33) is reduced to the one dimensional Schrédinger equation with the potential
2 _ .2
W=
V() = 34
=" (34)
and energy spectrum
1 2
p=_0t1" (35)
4
After the transformation z = e~ 2 we have Bessel’s equation 7.2.1 (1) of [9]:
d>v av
ZQW + S + ((v? — p?)2? — (0 +1)?)¥(z) = 0. (36)

In the case when v? — ;2 < 0 the quantum system has only scattering states with energy

E= %2, o= —1+1ip, 0< p < ocoand the wave functions which tend to zero for t — —oo

are given by the Mcdonald K-function:

Vg (t) 205Kiﬁ(\/u2—026_t/2), p=VE. (37)

In order to calculate the S-matrix and cs-factor we use the definition of the K-function
from Eqgs. 7.2.2 (12) and (13) of [9]:

™

K,(2) = 9 sinon [[-v(2) = 1,(2)], (38)

where ( )1}
z 22

I =—2/ _p 1 — ).

v(2) r@+n01@+’4>
It follows .

z
I,(2)zm0 — m (39)

Thus we have:

\I/E(t)t—m)o = Deipt/Q + Ee—ipt/Q, (40)

n(V/EE =R
2 sinh pr2tPT(—ip + 1)
(27) has the form

where D =

. Thus the wave function ¥g(t) with condition Eq.

Vall) = 5 Ko (Vi = e %), (41)

The S-matrix to be found is given by

_ (Jo—m)-2ivEg2ivE LUVE 1)
5 = (ViE =) PP (42)
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In the case when v? — ;2 > 0 the quantum system has bound and scattering states. The

[+1)2
orthonormalized wave functions Wg(¢) for the discrete spectrum o = ¢, E = _("‘7)

4
with [ =2n, n=0,1,2,... has the form

Upp(t) = & Jipa (Vo2 — p2et/?), (43)

where é = /2(1 4+ 1). Here, we used the orthogonality condition for the Bessel function
7.14 (32) of [9]:

(o)
-1 ] 0, m#n
/0 T oton 1 (@) Jogomia (z)de = { (4n+2v+2)"1, m=nv>-1. (44)

The wave function ¥ g(t) for the continuous spectrum FE = %2 are given by the analytical
continuation from Eq. (37):

Up(t)

™
= J . 2 _ 42 —t/2 _J 2_ 9 —t/2 . 45
4i\/7 sinh vV Ex|D| [ LBV = p2e ) — (V02 = e )} (45)

Finally, we give the result

Ui(t) = | yp (VP =12 + T (Vo7 = e )| (46)

from [6] (formulae 8.2, where VE = p, t = 2p, |k| = /02 — u2, v> — p? > 0). This
solution defined for v2 — p? > 0 is not continuously related with solution (37) defined for
v? — 12 < 0, hence it is not correct.
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