A Nonperturbaive Proposal for Nonabelian Tensor Gauge Thery
and
Dynamical Quantum Yang-Baxter Maps

Soo0-Jong Re$P and Fumihiko Sugind

a School of Physics & Astronomy, Seoul National Universitgp8! 151-74 KOREA
b School of Natural Sciences, Institute for Advanced Studydeton NJ 0854QSA
b Okayama Institute for Quantum Physics, Kyoyama 1-9-1, KitaOkayama 700-0013APAN

sjrey@nu. ac. kr  fum hi ko-sugi no@r ef . okayama. | g.|p

ABSTRACT

We propose a nonperturbative approach to nonabelian two-flmauge theory. We formulate the
theory on a lattice in terms of plaquette as fundamentalalycel variable, and assign Nj Chan-
Paton colors at each boundary link. We show that, on hypérdatiices, such colored plaquette
variables constitute Yang-Baxter maps, where holonomyh&acterized by certain dynamical
deformation of quantum Yang-Baxter equations. Consisténensional reduction to Wilson’s
lattice gauge theory singles out unique compactness ¢onditVe study a class of theories where
the compactness condition is solved by Lax pair ansatz. Viethiat, in naive classical contin-
uum limit, these theories recover Lorentz invariance bwehdegrees of freedom that scales as
N2 at largeN. This implies that nontrivial quantum continuum limit mus¢ sought for. We
demonstrate that, after dimensional reduction, theseithgeare reduced to Wilson’s lattice gauge
theory. We also show that Wilson surfaces are well-defingaiphl observables without ordering
ambiguity. Utilizing lattice strong coupling expansiong wompute partition function and correla-
tion functions of the Wilson surfaces. We discover thataageéN limit, the character expansion
coefficients exhibit large-order behavior growing fasteart exponential, in striking contrast to
Wilson’s lattice gauge theory. This hints a hidden, wealdymed theory dual to the proposed
tensor gauge theory. We finally discuss relevance of ourystidopological quantum order in
strongly correlated systems.
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1 Pictures and Discussions

"What is the usethought Alice”of a book if it has
no picture or conversation?” +ouis Carroll

An outstanding problem in theoretical physics is a consitraclefinition ofp-form gauge theories,
especially, nonabelian and self-interacting ones. Vésiahp-form gauge theory arise in diverse
contexts, ranging from string or M theories [1, 2] and higtienensional integrable systems [3]
to topological order and phases in strongly correlatedesys{4] and to quantum error correction
codes|[5] in quantum information sciences. Of particulégriest is whether a nonabeligrform
gauge theory exists and, if so, what sort of self-interactiare allowed by the gauge invariance.
To the problem posed, one’s first guess is that the fundameedgaees of freedom are some sort
of nonabelian extension of the abelipfform gauge theory, but then the question is now more to
"what types of nonabelian extensions can be endowed toaabglform gauge theory?” and to
"what types of self-interaction are possible for a givenaloglian extension?”.

The Z, Ising model provides the simplest situation of all. Consittee model defined on
a d-dimensional hypercubic lattice. In dual formulation, flseng model is mapped to a gauge
theory, where the gauge potential ipa- (d — 2)-form and takes a value B = Z,. As is firmly
established, the Ising model does not exhibits any noatnenormalization group fixed point for
d > 4. It implies that the duap-form gauge theory i > 4 ought to be free in the continuum
limit, yielding no obvious self-interaction among tpegorm gauge potential

In string and M theories, variety of theform gauge potentials is rich and complex. Foremost,
all known string theories, whether supersymmetric or noftain universally the Kalb-Ramond
two-form potentiaB, = %anxm/\x”, and the fundamental string couples minimally toit [1]. &yp
| and Il superstring theories contain in addition R-R(Radi&amond)p-form potentials[[2]. The
D(p— 1)-branes are the charged objects coupled minimally to theRepRtentials. Because of
different chirality projection, type ll1A superstring giseise top =1, 3,---,9 only, while Type 1IB
superstring does so far=0,2,---,10 only. These NS-NS and R-R fields exhaust all posgible
form potentials permeating through the ten-dimensionid spiacetime. To the extent understood
so far, they are essentially abelian.

There are, in additionp-form potentials residing only on the worldvolume of strisgjitons.
Consider first the D-branes, the objects minimally couptethe R-R gauge potentials. At low-
energy below the string scale, D-brane worldvolume dynansicominated by the lowest exci-
tation of open strings whose both ends are attached to theaeb The excitation constitutes
one-form @ = 1) potentialAn(x)x of gauge group U(1) and free scalar fields. A novelty is that,

*The Ising fixed point exhibits strong stability under renafization group flow. For instance, even dense dilution
over simplices of nonzero codimensions is unable to indut@iaaway from the Ising fixed-point[7]. This implies
that the duap-form gauge theoryemaindree even for randomly distributed coupling parameter.



whenN parallel D-branes stack on top of one another, combindtgrithere areN x N possible
openstrings and the lowest excitation of them forms\Y(matrix-valued 1-form potential [8].
Thus, for D-branesiN? variety of open strings constitutes the microscaifiedd and particlede-
grees of freedom of the D-brane worldvolume. Consider nextNS5-brane, the magnetic dual to
the fundamental string. Worldvolume dynamics of an NS5yeria Type A string theory, equiv-
alently, an M5-brane in M-theory is described at low-endbgythe six-dimensionall = (2,0)
superconformal theory [18], and the theory is known to ciongaselfdual two-form p = 2) po-
tential of gauge group U(1). Again, a novelty is that, wiNeparallel NS5-branes or M5-branes
stack on top of one another, the microscopic degrees ofdreamnstitute tensionless strings that
arise in M-theory from the variety ajpenM2-branes connecting all possible combinatoric pairs
of the N M5-branes[[1D]. Similar to the D-branes, one might antithatN? variety of open
M2-branes connecting all possible pairs of M5-brane ctutstithe microscopidield and string
degrees of freedom of the M5-brane worldvolume. Howevestank contrast, various consid-
erations ranging thermodynamic free energy [11] and gatieital anomaly cancellation [12] all
indicate a peculiarity that the degrees of freedom arensically quantum-mechanical and scales
in N — oo limit asN3, in stark contrast td2 behavior[[13] observed for the D3-brane worldvolume
dynamics described by thg = 4 super Yang-Mills theory.

In this paper, we study a viable extension of nonabelian gaugriance to tensor gauge field
and put forward a nonperturbative approach for tensor géugery ind > 4 dimensiong! by
putting the theory on a-dimensional hypercubic lattice. The lattice formulatiiows a tran-
parent and concerete description for origin of nonabel@ngg symmetries and self-interactions
among thep-form gauge field@. By putting the theory on a lattice, we are sidestepping from
other structures that can be endowed to the tensor gaugsy theth as (extended) supersymmetry
or (anti)self-duality. Though these structures are dbkréor making contact with those arising
in string theory, in this paper, we focus primarily on thaus®f nonabelian gauge symmetry and
self-interactions thereof.

This paper is organized as follows. We begin in section 2 eiithiogy of Chan-Paton factors.
We assign Chan-Paton factors to boundary links of an eleangptaquette so that it carries four
‘color’ indices. We take these objects as fundamental dycaariables and construct in section
3 a nonabelian two-form tensor gauge theory defined drdamensional hypercubic lattice. Ex-
pressing the plaquette variable @ x N?) matrices of UN) gauge group, we construct action
for nonabelian tensor gauge theory. We then study possibipactness conditions. We show that
consistent reduction to Wilson’s lattice gauge thebry [y dimensional reduction and unitarity
or reflection-positivity singles out a unique choice of tieadition. In section 4, we study ground

TIn this paper, we study exclusively two-form gauge theory s-wéll become evident in foregoing discussions,

the construction is extendible to highgiform gauge theories straightforwardly.
*There has been in the past occasional attempt for constguetinabeliarp-form gauge theories. See [14] and

also [15].



state of the lattice theory. We show that ground-state cordigpns are provided by vanishing
holonomy of the nonabelian tensor fields. Remarkably, tlceséigurations are specified by the
solution of so-called dynamical quantum Yang-Baxter eiguat pointing to an extremely rich
structure of the ground-state wave function. Nontrividbmomies are measured by a set of possi-
ble deformations of the dynamical quantum Yang-Baxter g#gagaand their solutions. In section
6, we study Lax pair ansatz for solving the compactness tionddy parametrizing the plaquette
variables in terms of direct product @l x N) matrices of UN) group. We then study continuum
limit of the classical action, viz. naive continuum limit@point out that the gauge symmetry
becomes abelian in this limit. In section 6, we show that le®ty passes up an important consis-
tency condition: upon lattice dimensional reduction, teotry is reduced to the Yang-Mills theory
in the classical continuum limit. In section 7, utilizingetlattice strong-coupling expansion, we
compute free energy and Wilson surface correlators. We hatlih stark contrast to Polyakov-
Wilson lattice gauge theory, the expansion series is no¢lBsummable even in the largelimit.

We present an intuitive argument for the behavior and argatthe large-order behavior point to
the existence of a weakly interacting, dual lattice the@®gction 8 is devoted to a summary of
this paper and discussion on remaining issues. In Appengixefexplain that a truncation of the
internal degrees of freedom following the dimensional cdidun leads the Wilson’s lattice gauge
theory at the lattice level the plaquette variables to thesd¥i's link variables. Consistency with
this procedure reduces the original four possibilitieshaf theory into two. In Appendix B, we
analyze the ranlN theory and see that it does not lead a physically meaningfuiruum theory
under the dimensional reduction. In Appendix C, we explainttoons of the compactness condi-
tion of the rankN2(l) which are not expressed as a direct-product structulttofgh the solutions
have theo (N3) degrees of freedom, the gauge degrees of freedom redtép)", which does
not lead to an interesting nonabelian tensor theory. Alsweesthe gauge degrees of freedom are
not enough to eliminate modes of wrong-sign kinetic ternteo&ts), the solutions do not seem to
lead physically meaningful continuum theory at least in ¢lassical level. In Appendix D, we
present some computation on a character expansion coeffigsed in strong coupling expansion.



2 Etiology of Chan-Paton Factors

We begin with etiology of the Chan-Paton factdrs|[17]. Qrally, the Chan-Paton factors were
introduced as a prescription for introducing “colors” toeopstring amplitudes. In this section,
we will adapt the notion on a lattice and interpret it as endgwa Chan-Paton bundle over a
finite-dimensional vector spadp to parallel transport.

2.1 elementary link variables

Consider the Wegner-Wilson-Polyakov formulation of théda gauge theory [16] onddimensional
hypercubic lattice. Taking gauge groGxo be compadt (1), elementary degrees of freedom are
associated with link variableb) (x,x+ 1). This is a dynamical variable residing at each unit link
(of lengtha) [x; i of direction|i, connecting the nearest neighbor sitemdx-+ L The link vari-
able assigns a dynamical weight to parallel-transportichgarged particle (chargel) long the
unit link [x;fi]. The link variableU,(x) is parametrizable in terms of gauge potenfig(x) that
takes values oB*:

Uu(x) = U (x,x+[1) = exp(iaAy(X)), (2.1)
By the exponential map defined so, the link variable satigfiexompactness condition:
U4 ) = U (x+ L x). (2.2)

As the charged particle is parallel-transportgg(x) creates the electric chargel at the sitex
(where a unit charge is depleted) and at the sitex+ [1 (where a unit charge is deposited). For
an arbitrary path on the lattice, the corresponding pdral@sport is determined by multiplying
link variables along the path. Therefore, the set of all fiedink variables{U,(x)} constitutes
microscopic degrees of freedom on the lattice. Of partidnlarest is the parallel-transport around
a unit plaquettex; {1, V]:

Up = U (X, X+ YU (X+ L, X+ 14 V)U (X+ 14V, X+ V)U (X+ 9, X).

This is a gauge-invariant operator, and deviation of it fnamity measures the holonomy around
the unit plaquettéx; {1, V).

The construction is readily extendible by adjoining Chateld factors. We promote the link
variable to a matrix-valued one. It comes through a pair ef @nan-Paton factorisj € Vcp
attached at the two ends of each unit linkat

Va2 1i]) = (U9, (2.3)
Thei,j=1,---,N indices label an orthogonal basis of the vector sp&ge so equivalence rela-
tions and hence the gauge gra@pvould be associated with the rational map

G :Vcp— Vcp.
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As such, the elementary link variables are matrix-value@liN, C). See Fid.lL.

The Chan-Paton etiology can be restated as follows. The aité links are 0- and 1-simplices
of the d-dimensional hypercubic lattice. The two sites at the end lifik variable are boundary
O-simplices of a 1-simplex. To define nonabelian latticeggatheory, we are then assigning the
Chan-Paton factors j, - - - € Vcp at each boundary 0-simplex of 1-simplices. The matrix-edlu
holonomy is measured around the boundary of each plaqu&itehe unit plaguette located st
and oriented alon{fw]-directions, the holonomy is measured by

(U“<X>)ij (Ut ) (Ut 19)) (Uv(x+9))

ik ke m
It measures the gauge flux felt by a colored particle arouadtkbsed loop of 1-simplices, trans-
muting the color through— ] — k — ¢ — m. In the context of open strings ending on D-branes,

the colored particle is nothing but an endpoint of the opanggt

Figure 1:The link corresponding to the varialflé,(x) )ij. The Chan-Paton indiceés are assigned
as quantum numbers labelling the 0-simplices at the two ehtfse 1-simplex defining the link
variable.

The elementary link variabl@J,(x))ij evolves dynamically and sweeps out a plaquit{ef
areaa?) inside thed-dimensional hypercubic lattice. The Chan-Paton factoughbe consistent
with various closure relations. First, a product of two linkriables should be isomorphic to
another link variable:

% <UH<X>)i . (Uu(X+ﬁ)) W= <Uu(X)Uu(X+ﬁ)>ik- (2.4)

j=1

Second, generalizing E@?®), unitarity of the link variable forces the compactnessditon:
N x
gl (Uu(x)> ; (Uu(x)) = Ok (2.5)
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This reduces the space of link variables from ®LC) to U(N). Third, the gauge invariance
requires that

(U09) = (V&) (i), (v ocrm), )

is an equivalence relation.

2.2 elementaryp-simplex variables

The above consideration is readily generalizable to higimaplices. For link variables, crux of
the idea to the Chan-Paton factor was that ‘color’ degre@é®etiom is attached to the boundaries
(O-simplices) of the link variables (1-simplices). As theundary consists of two elements, the
resulting Chan-Paton gauge groups are simply matrix groufNgs We shall now extend this
notion to higher-dimensional simplices, viz. assign CRaen indices to thep — 1)-simplicial
boundaries of g-simplex.

Consider agaird-dimensional hypercubic lattice, and tagesimplicesAp (2 < p <d—1)
and p-pairs of (p— 1)-simplicesAp_1 instead of 1-simplices and one pair of O-simplices, respec-
tively, and assign a dynamical varialblg, ..., (X) on thep-simplex located at and oriented along
[fu, -, Pp]. The set of thes@-simplex variables constitute the microscopic degreesesdom
of p-form lattice gauge theory. So, for the complitl) gauge theory, we may parametrize the
p-simplex variable by a direct extension of Eq.(2.1) as

Uy (X) = exp(iaPAy,..u (X))

viz. an exponential map for the variabg, ..., (x), and interpret it as the dynamical weight for

parallel transporting a charge¢@ — 1)-dimensional brane by lassoing it around fheimplexAp.

Extending the interpretation, one can now assign the CladorRactors along the boundary of the
-simplex variable, viz. thép — 1)-simplices forming the boundary @ksimplices:Ap_1 = A

E). Assigned this way, gauge transformation of the nonabgliaimplex variable is defined as

Uyt (%) = Q(%) Uy (%) - Q7 1(%),

where the multiplication is defined in terms of appropriatian on thep-tuple of the Chan-Paton
vector spaceYcp® ---®Vcep. The curvature of thg-form gauge potential is measured by the
deviation of

(M Yew®)( Upl...up(X))T

{HHEAp1a {W} €A1

SMore generally, one can assigp — 1)-dimensional “boundary” field theory living ofp_1, whose excitations
would carry a “continuous color” degrees of freedom in replaent of the finite-dimensional Chan-Paton indices.
We thank E. Witten for suggesting this extension.



from unity, where again multiplication of variables is defihappropriately on thp-tubles of the
Chan-Paton vector spaceVcp. Evidently, the holonomy and the curvature are valued in the
(p+ 1)-tubles of the Chan-Paton vector spagé;Vcp.

2.3 Universality

Having generalized as above, one immediately realizesthiea¢ is an enormous difference be-
tween the link variables and the higher-dimensional ex¢&rss In discretizing the space, we have
tacitly choserd-dimensional hypercubic lattice. We could have chosen nredtive lattice lead-
ing to a different discretization. Then, among pdsimplex variables, the link variable is special
since, irrespective of the lattice type, boundary of th& {rariable consists always of two points.
This is essentially a statement of the ‘universality’ — dethspecification of the discretization
should not matter for long-distance and continuum limitraf theory defined so.

Thus, universally, a link variable with Chan-Paton indieesuld give rise toN? degrees of
freedom. For higher-dimensional simplices, the numberoofmolary simplices depend explicitly
on details of the latticization. For instance, consider twmes of plaquettes: square or triangle
ones. For each of them, we would be assigning four or thre@-®adon indices. Then, in sharp
contrast to link variables, a plaquette variable of 3 or 4r1GRaton indices may give 142 or N*
degrees of freedom depending on the choice of latticizati@erestingly, the degerees of freedom
is at leastN®, as the minimal choice is lattice with triangular plaquette

Remarkably, in the next section, we will find that compacsnesnditions, which are direct
generalizations of the condition Hq.(R.5), constrain geeerely that the plaquette variable actually
carrieso (N?) degrees of freedom.

3 Nonabelian Tensor Gauge Theory on a Lattice

In this section, built upon the result of the previous settiwe construct a nonabelian tensor gauge
theory defined on d-dimensional hypercubic lattice.

3.1 lattice action

We now utilize the observation we made concerning the CleiarPprescription to a plaquette
variableUy, (x), defined on an elementary plaquette located at)sigong ,v directions See
Fig[d. Heuristically, the 2-simplex is interpretable ae thajectory of a string on the plaquette
[X, X+ L X+ 1+ v, x+V,x], and the plaquette variable is the amplitude of paralktgporting a
“colored” string from two adjacent links alongV directions to diagonally opposite links. There
are two possible choices of the “move” but they are relatethkydiscrete subgroupy of O(d)
rotation group. The boundary of the 2-simplex consists @-simplices:[x,x+ fI], [X+ L, X+ 1+



V], [X+ 1+ V,x+ V], [x+V,x. We then attach Chan-Paton factorg k, | to each 1-simplex, taking
values in the newly introduced ‘color’ spa¥gor. This ‘color’ dressed 2-simplices will be the
basic building blocks of the nonabelian tensor gauge therare proposing. In the followings,
we takeVeolor = U(N).

Considerd-dimensional hypercube lattice, whose sites are labeied=a(x!,- - -,x%) and unit
vectors are labelled as\?j\, ---. The action we propose is a direct generalization of the \&egn
Wilson-Polyakov prescription:

Sensor= — B% /Re U [X; WA] — Ns] ) (3.1)
WV,A=1

where(3 denotes inverse coupling parameter, an,,, (x)] refers to the gauge-invariant action
density for an elementary culpe {IVA], defined as
N

Ul A = ...Z_1<qu(x>)ijkl (UVA(X)>Iqun(U)\“(X>)nrmi
B (3.2)
<(UnOctR) (U ) - (er0))
(3.3)
= Tr((u-u-U)Come,(x)-(u-U-U)lome,(x)). (3.4)

The last expression is to emphasize the interpretatiorttieadiction density is a ‘trace’ over the
string holonomy, viz. phases acquired through three adjgdaquettes on a corner locatecaind
their hermitian conjugates. In ElQ.(8.1), theprimed sum ovep, v, A runs over tha-dimensional
lattice directions, where no pair of them are allowed to cmie. The variablgUy (X))ijk is
complex-valued, and lives on the plaquette encompasssjtibisx, X+ {I, X+ fl+V, X+V, X. The
Chan-Paton indicess j, k,| are associated to the four links forming the boundary of thgyette

as depicted in Fid.]2. The complex conjugatiehrefers to simultaneous reversal of the plaquette
orientation and the Chan-Paton colors at the boundariesuéts, we adopt the convention that the
plagquette variables satisfy

<UW(X)>i*jkl - (UW(X))mji' (3.5)

Notice that ordering of both the directional indiges and the color indicess j, k, | are reversed
by the complex conjugation.
We also define a gauge transformation rule as

(U“"(X>)ijkl - i,J%J,(V“(X))i <VV(X+H>) <U“"( )>i’j’k’I’<V“(X+O>T>k’k<VV(X)T>I’I
= (W U VD) (3.6)
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x+0 x++0

X xHl

Figure 2: The plaquette corresponding to the variaéllqw(x))”k
i
indices are assigned on each link (1-simplex), a&,1 = 1,--- N.

| for u#v. The Chan-Paton

whereV,(x) are gauge transformation functions valued imNJ@roup, obeying/u(x)VJ (X) = 1n.
Itis easy to see that [C,y, (X)] in the actionSis associated to a 3-simplex (cube) as in Eig. 3, and
invariant under the gauge transformation Eql(3.6).

3.2 compactness conditions

In Wegner-Wilson-Polyakov lattice gauge theory, the likigbles(Uy(x)); are assumed com-
pact, as defined via the conditions

Ji(ulj(x))ij (uu(x))i*,j — & and ii (U“(X))ij (uu(x));/:es”/. 3.7)

It means thatUy(x))ij are represented &bl x N) unitary matrices of the Lie group ).

Likewise, we shall be restricting the configuration spacthefplaquette variablgs),y (X))iji
to be compact. In the present case, however, there are fablevilefinitions of the compactness
for plaquette variables. The first one, which we call as ‘rifkclass’ is defined by

rankN3 : Z (UW(X))ijkl (UW(X))i*’j’k’l = %&i/é”/ékk’
Z (U“"(X)>ijk| (UW(X))i*’j’kl’ - %5”/6”/5”/
2 (U“"(X))ijkl (UW(X)):;jk’I’ B %5”/6'«6”'

J



X+

Figure 3:Chan-Paton factor assignment for the cube correspondingdg,, (x)] in Eq.[3.4).

Z<U“"<X))ijk| (Upv(x))i*j/kq/ = %511"51«5”/-

The factor% in the right-hand side was introduced by taking an apprépoaerall normalization
of the plaquette variablddy, (x). All four conditions are necessary, else the discrete imtat
symmetry of the hypercube lattice would not be warranted.

For ‘rankN? classes’, there are two possible choices. We will label thei?(1) and N2(1l)
classes. They are

Akl )5 (Uw(), . (Un0), = B (3.8)
é(uuxx))”kI (Un), = BB (3.9)
g(wx))”k, (Vs ), ,, = Swdr (3.10)
J; U (), (Uw0),, = B, (3.11)
and
k2 )z 5 (L), (Un), = B

;(Uw(x)>ijkl (qu(X>)ij,k|, = §;j:0,

(3.12)

10



respectively.
Finally, there is the ‘raniN class’, defined by

UW(X) N = Noj (3.13)

( (Un0)
k,Z,i <UW(X)>ijkl <U“V(X)>i*,-/k| = Ngj (3.14)
( (Un0)

— N (3.15)

o
>
S
z
c
'
=
~

*

Zk(uw(x))ijkl <Uw(x)>ijkl/ — N&. (3.16)

I7]7

Notice that each conditions are related by lattice rotati@ymmetry, based on relation to the
classical continuum limit. The four classes of compactmesslitions are depicted geometrically
in Fig[4.

(@) (b) (© (d)

Figure 4: Four classes of compactness conditions: (a) fahiconditions, (b) rankN?(1) condi-
tions, (c) rankN?(Il) conditions, (d) rankN conditions. Horizontal and vertical directions refer to
(Landv, respectively. Chan-Paton indices at each overlapping adgsummed over.

Let us define the configuration space of the plaquette vasabibeying these conditions as
Xna: Xnzqy: Xnzqry, andXy, respectively. Obviously,

XNS C XNZ(l) and XNZ(H) Cc XN

It thus seems that four inequivalent definition of the thesxigts at the quantum level.

Not all of them seem, however, physically acceptable. A @mrmwe may impose is that the
plaquette variables with a given compactness conditioralvays reducible to the link variables
in a suitably prescribed limit. For example, consider ‘dinsi@enal reductionEI of, say, thed-th
direction with truncating the degrees of freedom of therimakindices as

(Uau())ij = 8t (Up())iks  (Upd(3))ijkt = Sk (Uu() i1, (Uad(X))ijw = wdji, (3.17)

Twe will discuss more on lattice dimensional reduction ietaubsections.
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wherex = (x!,---,x4-1). This is a procedure of the standard dimensional reducticorapanied
with a truncation of the internal degrees of freedom tramsfiog as adjoint representation\gf(x).
Then,(Uy(x))ik represents a link variable in Wilson'’s lattice gauge theasyn Fig[5 obeying the
standard gauge transformation rule

Up(X) = VUV (x+ )T, V(x) e U(N).

x+{1 x+0+d x+ (1 X+
k k q|
i Li] i
X x+d X X

Figure 5:The plaquette variablgJy,(X) )ij« reduces a variable on the lifik,x+[1) by truncating
the degrees of freedom of the indicgs after the dimensional reduction with respect to dhh
direction,

In the lattice dimensional reduction, the tensor gaugerthaction Eql(3.11) is reduced to the
Wilson's action. We require that the compactness conditame consistent with EQ.(3.7) under
the reduction Ed.(3.17). As demonstrated in Appendix As ikasy to see that the conditions of
rankN3 and N2(Il) are ruled out, and that the remaining two, rakké) and rankN conditions,
are consistent.

Henceforth, in this paper, we will consider the two class@stifie compactness conditions:
rank-N?(l) conditions and raniN conditions. In the rest of this paper, we consider exclugive
the rankN?(l) class. As will become clearer, this class of theory yseddphysically meaningful
classical continuum limit under the standard dimensiocg@liction keeping all the internal indices.
For the rankN case, discussions are devoted to Appendix B. It turns oubrletad to a physically
meaningful continuum classical theory after the dimeraioaduction. As such, we conclude
that consistency with the Yang-Mills theory via the dimemsil reduction and the continuum limit
therein singles out the ra¥?(l) class as the only physically meaningful compactnesslitiom.

12



The partition function is defined as

7= /@u &S oU=[[]WUw], (3.18)

{x}

where the measureU, (x)] is induced by the norm:
2 pum—
LY (8w (), ., (8Uw()

*

ijkl’

and the normalization is taken #sdU,y (X)] = 1. Itis readily seen that the norm is gauge invariant.
So is the measure defined from it as well. Fbr= 1 case, it coincides with the formulation of
compact U(1) two-form tensor gauge theory on a latfice [21].

4 Relation to Dynamical Quantum Yang-Baxter Maps

In the previous section, we formulated lattice approachoofabelian tensor gauge theory. The dy-
namical variables are elementary plaquettes, which cane only spacetime orientation indices
but also ‘color’ indices attached on four links around edelmentary plaquette.

Before proceeding further, in this section, we point outldtgéce theory is closely related to
so-called dynamical quantum Yang-Baxter méps [28]. To eqipte possible connection most
transparently, let us first consider ground-states, etgntlg, saddle points of the lattice action.
From Eq[(3.4), we see that the ground-states are chamaddry the condition

(U9 -V -Un9), = (Upxt9) U U XER)) o (@)
where left- and right-hand sides are abbreviations of
(Uw (X>) ijkl (UV)\ (X)> Iqun(U)\“(X)> nrmi
<U)‘“<X+ 0)> kptq(UVA(X—'— m) mspj<UW(X+ 5\)) utsr (4'2)

respectively. This is a set @lbicalgebraic relations among the elementary plaquette Vasgat
each lattice siteg and orientations of each cube. We shall make connectionthtdynamical
guantum Yang-Baxter maps progressively, first taking @afpktte variables constant valued and
then taking account of dependence to the lattice sites aedtations.

Denote by[x; ﬁ\')}\] an elementary cube basedaind oriented along,0,5\ directions. Consider
on the elementary cube a colored open string whose endpariatéxed at mutually antipodal
vertices. We can define the holonomy around the elementdry by lassoing the string around
the cube once, viz. nonabelian holonomy under parallektrart of the string around a closed
manifold ofS? topology. The operation involves six plaquette moves orcthee: three plaquette
moves plus their conjugate ones. Each set of three movegedtier is a mapr @ x @ x —
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X ® X ® x, thus carries 6 indices. This then defines the Yang-Baxtgr amal the curvature is
measured by a ‘deformation’ of the Yang-Baxter equation:

UwUnUp = €2 U Uiz Up,

for each elementary culie; ﬁ\?fx]. We immediately notice that the standard quantum Yang-d@3axt
equation corresponds to the equation for flat two-form cotiae, viz. vanishing parallel transport.

The way the plaquette variables are ordered is not arbitRagher, it is intrinsically related
to the way we define the parallel transport in terms of ‘lasgdihe string. To see this, start with
an ‘open’ string whose two endpoints are held fixed at the tppositely diagonal vertices. It
extends over three links, one per each directions of the.cilyea forward ‘move’, we define
parallel transport of two adjacent links across the plagubte two links belong to. We then see
that succession of the moves ought to be such that the fiest thoves and the next three moves
involve are oppositely ordered. In Hi§).6, for instance,strng initially along thelowerhalf cuts
(composed of three links) the cube into two pieces. We firstarbe string across the lower half
plaquettes of the cube: after move in the ordejut, [VA] and [UA] plaquettes, the string is now
located at the along thgppercut (composed of three links).

Figure 6: Quantum Yang-Baxter interpretation of holonomy aroundcilee.

The result of these moves is represented by
UHVUV)\ULO\

We then continue the move through the upper half plaqueftdseccube. In this case, the move
is again in the order dfw], [vVA] and[pA], but in the transposed orientation in each plaquette. The
result of these moves is represented by

Tttt
ULULUL.
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Thus, putting togeter the two set of operations, a compéetgding of the cube by a string is given
by

UpUnUpU L ulul, (4.3)

and is precisely the holonomy of the antisymmetric tensoemtoal.

So far, we suppressed dependence of the elementary plgaetibles on lattice sitesand
orientations. Once we reinstate their dependence, the-Bamtgr maps become enormously com-
plicated. The dependence on lattice sk@sd on orientations of elementary cubes is not arbitrary,
however. In particular, orientation of elementary platgegts closely tied with directional depen-
dence. Remarkably, we see that these dependences are gilietogto the so-calledynamical
quantum Yang-Baxter equatiorig pbeying:

Uy (9— MU (@)U (g — h¥) = Uy (9)Un (9 +hY) Uy (9). (4.4)

Here,gis an element of a Lie algebraandhis an element of its Cartan subalgebra. Then, making
the expansion

for an expansion parametkywe find that the leading-order contribution is given by

duByy + By, + By — [Buy, Bua] — [Buas Bap) — [Baw, Bw] = 0, (4.6)
where the derivative dis defined as

9
de

for the Cartan subalgebra of the Lie algebraverC. The left-hand side of E{.(4.6) takes precisely
the structure we may interpret as the nonabelian tensosfieddgth. So, we see that the dynamical
quantum Yang-Baxter equation is the equation for vanisfigid strength over the base manifold
spanned by the Cartan subalgebra;of

5 Parametrization of Plaguette Variables

To proceed further, we will need to parametrize the platﬁzumriables(uu\,(x))i K that satisfies
the compactness conditions. In this section, we will carcstexplicitly a parametrization for the
plaquette variables defined by the raxkd) compactness conditions Eq.(3.8-3.11).
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5.1 Lax pair ansatz

Among the compactness conditions Hgsl(3.8=13.11), E§I330) imply that the plaquette vari-
able(Uw(x))ijkI is a UN?) matrix with respect tdi, j) and(k,|) pair of indices, referred as row
and column indices. Likewise, Eds.(B.9, 3.11) imply the sdmt now with respect td,i) and
(j,k) pairs, identified as row and column indices. From these twairements, we assume that
(U (X)), i viewed as(N? x N?) matrices, are projected onto a direct product of two matrice
where the one acts on the indicesandk, and the other on and| M Therefore, the plaquette
variables are parametrizable as

(V). = (W), (Wi ()

" (5.1)

i’

viz. as a direct product &y (x) andWy (x) belonging to UN) x U(N).
The two matrices are not independent. The charge-conpmyatiation Eq[(3]5) imposes that

U(N) ~ U(N), and that/~\/w(x) =W (x)T. Thus, the plaquette variable is parametrizable in terms

of U(N) matricesU{" (x) = Wy (x) as

(U“"(X>)ijkl - (U\S“) (X>>ik (U&V)T(XD il (5-2)

Notice that the diagonal U(1) part Utf“) (x) for eitherp < v or u> v are redundant for parametriz-
ing the plaquette variable. Fortuituously, these extra)g(do not interact with the rest, so they
will be mod out straightforwardly. The gauge transformatid Eq.[3.6) gives rise to gauge trans-

formation ofU" (x) as

N

(W), — > (W), (W)

_ (5.3)
ko km

ik <VJ(X+G)) KK

We are thus parametrizing the plaquette variable as a sg@arspecies of U{) link variables,
U\E“) (x) with p=1,---,d, each of which transforms as an adjoint under the gaugeftranation
Vu(x). Intuitively, the newly introduced link variablds\E“) in Eq.(5.2) are interpretable as the
variables residing on two ‘dual’ links of the original pleefte, as depicted in Fig.7.

Actually, the dual lattice interpretation extends furthier terms of the newly introduced link
variablesU\E“)(x), the gauge-invariant cube of the plaquette varialal¢S,,, (x)] in Eq.(3.4) are
expressible as a triple product of ‘dual’ plaquette, asctepliin Fid.8, and becomes

u [Cua (9] = u P[P ()] 1V [Pru(x)] 1 N [P (x)], (5.4)

IAs discussed in Appendix C, there are solutions that keepede@f freedom of the plaquette variable®g¢N?).
However, these solutions also reduce thi&lljgauge symmetry to (1)N, which is not enough to eliminate all negative
norm states (ghosts). Therefore, they do not appear to ¢eawitary theories.
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Figure 7: Parametrization of the plaquette varia(jltgw(x)) m (the dashed lines) in terms of ‘dual’

links (the solid lines). Thd-dimensional link variableéiJ\E“) (X))ik, (U&V) (x)")ji can be associated
with the ‘dual’ links.

where thed-species of ‘dual’ plaquette W are
. t A t
uWIRA(] = tr [UP ) U O+ 9 UM (x U (] (5.5)

Here, ‘tr’ refers to the trace operation with respect(kdx N) matrix indices of the dual link
variables.

Putting together, the nonabelian tensor gauge theory ngéyé compactness conditions E[gs)(3.8
—[311) is defined by the partition function:

Ztensor= /[@U] exp(—Sensor), (5.6)

where the action is

Sensor= — Bzzw“ e (u R ()] u VR (0] 1 V[P (0] - N°) (5.7)

and the integral measure

U =[]UX]  where [U(X)]= ﬁ (U ()] vol (u(L)e-272) (5.8)
{x} V=1

is given in terms of UN)-invariant Haar measu 5 [dU\, ( X)] of the dual link variables. The

prime (") in the sum in EqL(519) refers to summing over all nondegeéagiaquette orientations.

** In the followings, for the Haar measure, we will adopt themalization conventiod[dU\Ew(x)] =1.
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x+0+ x-++H) +7

XHA xR

%+ //ﬁi’\)

X+t

x

Figure 8: The original cube corresponding [C,y, (X)] (the dashed line) and the three ‘dual’
plaquettes: W (R, (x)], u V) [Py, (x)], u M [Py (x)] (the solid lines) for the cagev, A all different.

Likewise, the primg’) in the product in Eq.(5.10) refers to integrating over alhdegenrate dual
link variables. Notice that we eliminated the aforemergidover-counting ith\S“) (x) forp<v or

1> v by dividing the volume of overall (11)4(9-1/2 gauge groups.

5.2 classical continuum limit

Before proceeding further, we will study classical contimulimit of the action EqL(5]9) and show
that the continuum action is manifestlydimensional Lorentz invariant.

At this stage, we will make a slight generalization of theottlyewe have constructed by in-
corporating into the theory the variat{lé,,(x) )ij« which is associated a collapsed plaquette as in
Fig.[9.

As will become clear momentarily, adding these variablesieuperative in order to obtain a
Lorentz invariant theory after taking a classical contimulimit. Still, the generalized theory is
defined by the action E@.(5.7) and the measure Eq,.(5.8),enthersum over the Lorentz indices
is unconstrained and the volume of overall groups is mod outlfd + 1) U(1) gauge groups.
Explicitly, the new action is defined by

Sersor= 3 S neasRe (W RAM] u VR u M Ru - N2) . (5.9)
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Figure 9:Degenerate class of plaquettes corresponding to the Val(ihlgu(x))

ikl
while the new functional integral measure is defined by
d
Q)U:H[L_J(x)] where (U] = [ [dU*(]/vol (U(@)*@/2) - (5.10)
X M v=1

Notice also that the gauge invariance and the parameutizafiplaguette variable into split vari-
ables are straightforwardly extendible to degeneratakbas as well.

To take continuum limit of the classical action, we expanel dwal link variabIdJ\S”)(x) of
U(N) gauge group

. 4
U () = R0 = 1 ia?al (x) - 5 (A (x)>2+ - (5.11)

Here,A\(,“) (x) are(N x N) Hermitian matrices, where indicgsandv transform as Lorentz vector
indices. Accordingly, the U\)-invariant plaquetta: ™[R, (x)] is expandable as

UBPRA() = N-iadr| (0] - %astr[ (1% (x))z} +o(a), (5.12)
W = aAY () —mAY (%), (5.13)

whereA, denotes the lattice difference operatéy:f (x) = %( f(x+V)— f(x)). Hence, the classical
action is expanded as

1 d - - .
Sensor = By Y [N 002+ N2 { TV 007+ 7002+ i 002} | + 0 @)
{xX} pv,A=1
(5.14)
1 d -
= 5 / dx Y [N?’HEV()\l)(x)z—l-BNztr(f\f;f)(x)z)]+o(a7) (5.15)
WV,A=1

TTAs a2 in the exponent of E4.(5.11) can be regarded as the areamgstary plaquette, the expansion appears
natural only fori# v, and not foru= v for which the corresponding plaquette is degenerate and fiasishing area.
However, as we will see, the continuum classical action iehtz-invariant only if we take the same parametrization

Eq.(511) foru=v as well.
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in the classical continuum limit:

1 .
a—0 and — =pa®Y="fixed. (5.16)

Here, we decomposed the field strengw(x) into diagonal U(1) and traceless parts:

f000 = W0 0my+ W0 o i =0

The difference operators in Eg.(5113) should be undersésoardinary derivatives in the contin-
uum limit.

For the diagonal U(1) part, we have reproduced the totakismmetric 3-form field strength
Hﬁvg\l) = —f\fk)u(l) (X) — f)ffl)u(l) (x) — £9YP(x). Thus, in theN = 1 case, the result EG(5]15)
reduces the previously known action of abelian tensor gaéugery. For UN), the 3-form field
strength is constructed as an object carrying six colorciesli

(ﬂuvx(x)>ijki,j,k, —<f&) (X)>ii,6jj’5kk’ - (fﬁi) (X)> jj,5kkf5ii/ - (fp(l\))\)(x>)kk,6ii’5jj’ :

The field-strength is manifestly gauge invariant and hasyinemetry properties:

<7{“‘”‘ (X>>ijki’j’k’ T (7{"“)‘()()) jikjik _<ﬂ“"" (X>)ikji’k’j’ - —<}[)‘V“(X>)kjik’j’i” ®.17)

meaning thaty is antisymmetric under permutations with respect to thedtlsets of indices
(Wi,i"), (v, ], ), (A k K). Utilizing these properties, the continuum action Eq.Bi% rewritable
compactly as:

1 d 2
S= 502 / dx S T (X))’ (5.18)
WV,A=1
where ‘Tr’ refers to the trace fofN3 x N3) matrices. It is defined for an generic elemanki:
as

Trys(4) = Zk Ajjkijk - (5.19)
i,],

Recall that, in defining the plaquette variablgs (x), we have included those on degenerate
plaquetteu = v. Had one considered the lattice theory without them, theeneontinuum action
would be the same as Hqg.(5115) except that the summationupwerA is now restricted to the
caseqy, v, A all different. Then, the first term in EQ.(5]15) would sti#t horentz invariant, but the
second term would not be so because the traceless?\ﬁfza(rx) IS not totally antisymmetric with
respect tq4, v, A. We have deliberately kept the degenerate plaquette Vesiaio that Lorentz
invariant continuum action Eq._(5/15) is obtainable.

The action Eql(5.15) in the classical continuum limit isgdyiGaussian. It does not necessarily
mean that the corresponding quantum theory is free. Fanaost as demonstrated in [19] 20, 21],
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d = 4 tensor gauge theory of compact U(1) gauge group leads tgeleanfinement as a result of
instanton effects. The result is in direct parallel to thaation [22] ofd = 3 compact U(1) gauge

theory. Such effects are, however, entirely nonpertuwbahiaving directly to do with the topology
of the configuration space, and the continuum theory defipetid action EqL(5.15) is perturba-
tively free. Given that the elementary dynamical varialalesthe link variables (defined on dual
lattice), it is actually instructive to understand why tlemttnuum theory is noninteracting. Recall
that the gauge transformation functiggx) in Eq.(5.3) is a Lorentz vector and is expandable as

Vi(x) = €% = 1 tian,(x) - %az (Au9) %+, (5.20)

with Ay(x) being (N x N) Hermitian matrix-valued. Thus, in the continuum limit, thauge
transformation rule becomes abelian:

AP () = AP (X) — B (x).

This conclusion, despite being formulated in terms of thealdlink variables, marks the signifi-
cant departure from the ordinary nonabelian lattice gahgery. In the continuum theory, we are
exploring small neighborhood of the identity in the lattgauge transformation, and information
of global structure of the group is lost. The global struetcan be made visible by introducing a
cutoff and considering the theory with compact variablast Jike the lattice action EQ.(3.1) we
started with.

6 Dimensional Reduction on the Lattice

Before proceeding further, we check an important constste@ondition. We shall take dimen-
sional reduction of thd-dimensional lattice tensor gauge theory and show thatibery Eql(3.11)

is reduced near the continuum limit to tfet— 1)-dimensional lattice gauge theory coupled to an
adjoint scalar field.

6.1 dimensional reduction for lattice vector fields

We first explain what we mean by 'dimensional reduction’ iti¢z gauge theory. For definiteness,
we shall consider thd-dimensional Wilson’s plaquette action:

d
S = B " Re( u[Py(X)]—N), (6.1)
S L
uPw(X)] = try [u“(x)uv(x+g)uu(xw)TuV(x)q,

where the summation @f v with the prime () runs over the regiop# v. The link variabledJ,,(x)
areN x N unitary matrices belonging to the gauge group G, satisfiaqd3.7). It is parametrized
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in terms of Lie-algebra-valued gauge potenfig{x) as
Up(x) = 3, (6.2)

where agaira denotes the lattice spacing.

To consider dimensional reduction froth to (d — 1)-dimensions, we take theé-th lattice
anisotropic, treat its lattice spacingnuch smaller than other lattice spacimgand take the limit
r — 0. Then,d-dimensional hypercubic lattice collapses(tb— 1)-dimensional lattice . Denote
the d-th link variableUq4(x) as

Uglx) = e

while all otherdJ,(x) (u=1,---,d—1) remain unchanged in EQ.(6.2). Dimensional reduction the

goes as follows. One picks up the lowest Kaluza-Klein modeso(modes) with respect to the

d-th lattice direction, so that now represents a site ol — 1)-dimensional latticéxy, ---,Xq4_1).

In the limitr — O, d-th links are shrunken to a point, and the variablgx) is now associated

with sites. We take the limit with the combinatidx) = ) kept fixed. The scalar field(x)

represents an adjoint scalar field carrying mass- dlmeglon
The dimensionally reduced lattice action becomes

_ _Bgugl Re 2[3;$ Z Re 0 [Pug(X) N).

After renaming
U (x) = é3®X = Uy(x),

the action in the classical continuum limit reproduces thevin result of dimensional reduction:

— 1 , 411 2
sw = g [# ] S L) S S o)

Y

(6.3)
Fo = A —0A+iI[ALA)],  Dud=3d,®+i[A, ). (6.4)

The limita— 0 is taken while holding Ag%,, = 2Ba*~ (@Y fixed.

6.2 dimensional reduction for lattice tensor fields

By taking the same procedure, we now examine the dimensiedacttion of our proposed lattice
tensor gauge theory. Scaling tdeh dimension differently, we write the elementary plaqeet

HDividing by ain the definition ofd(x) is to keep this as a canonical dimension.
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variables as

Un(X) = 1 +ia®Bu(X)+-,

(6.5)
Ugu(X) = 1+iarBgu(x)+---,

(6.6)
Upd(¥) = 1+iarBua(x) +--,

(6.7)
Ugd(X) = 1+ir?Byg(X)+---,

with gv =1,---,d — 1 andljjy = dkdj . Asr — 0, extending the reasoning given above, we see
that the variableslg,(x), Upd(X) become associated to links, whilyg(x) is associated to sites.
They lead to vector and scalar fields on tde- 1)-dimensional hyper-cubic lattice, respectively.
Both fields carry the mass-dimension one, and the lim#t0 ought to be taken with newly defined

fields
- r2

Vu(X) = rBau(X),  Yu(X) =rBua(x), ®P(x) = Ede(X)

kept finite.
After the dimensional reduction, the gauge transformatites become

<U“(X))ijk| = (Ud“(x)>ijk|
(6.8)

- i’J%I’ <V(X>) i’ (Vu(x)> ji’ <U“(X>) L (V(X+ mT) Kk <V“(X>T) I’ (6.9)

(U“<X))ijk| = (U“d(x)>ijk|
(6.10)

_) i’J%I’ <Vu(x)) i’ (V(X+ ﬂ)) i’ <U”(X)> ikl <V“(X>T> Kk <V(X>T) I’ (6.11)

(U(X)>ijkl = (Udd(x)>ijkl
(6.12)

- <V<X))ii’<v(x)>jj’<u (X)>i’j’k’l’<V(X)T> k/k(V(X)T>|/|’ (6.13)

oudl
whereV (x) is a UN) matrix-valued field residing at the site From the transformation rules,
we see thatUy(x))iju is a variable defined on the link, x+ [1), transforming in adjoint repre-
sentation ol,(x) and carrying additional internal symmetry group labellgdj pl indices. Like-
wise, we see thatJy(x))iju represents a variable defined on the Ik fi, x), transforming in
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adjoint representation of(x) and carrying additional internal symmetry group labellgdi bk
indices. The variabl€U (x))ijx is defined at the sitg, thus represents a scalar field transforming
as (adjointx (adjoint) of the additional internal symmetry group.

For the theory under consideration, since the plaquetiahlaris given in split form Eq.(512),
the fieldsUgqy, Upd, Ugg are parametrizable as

Ug(®)) = (eaam) (eaa%0) = (yx) (Ut |
ijkI ik jl ik il

(6.14)
(Uua0) = (279), (4) = (UW00) (U0")
(6.15)
(Vaat9), = (€"4), (&%), = (U00) (U007),
and the gauge transformation rules are
Uu(x) — VULV x+)T
(6.16)
UM = VLU 0vu(3)",
(6.17)

Ux) — VUV

In this case, the vector gauge fields with four indi¢es )iji , (fl~/“)ij|(| separate into the purely
vector field degrees of freedof®y,)i and the adjoint matter on@™);;. Also, the scalat®);jq
transforming as (adjoing(adjoint) splits into twap’s. In the classical continuum limit, the gauge
transformation by/,(x) becomes invisible, so the field™); do not transform. Notice that, to
fix redundant degrees of freedom of the overall U(1)’s in thlé form, one may take

tr AW (x) = trd(x) = (6.18)

The dimensionally reduced action is then given by

S = - v N3
B;uv)\ . u)\( )] ]

(6.19)
d-1
- 3By Y Re[uCua(¥)]-N°| -3y Z Re[w [Cuaa(X)] —N°],  (6.20)
X uv=1 {3 =l

where the ternfa [Cqqq(X)] — N®) is suppressed because it vanishes trivially as a consegaénc
the split form ofUgq(x). In the classical continuum limit, the first term becomes&d8), but with
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d replaced by(d — 1). For the second termy [Cyyq(X)] consists of the three factors® [P,qg(x)],
u V) [Pyu(x)], u @ [Py (x)]. The last factor is nothing but the Wilson’s plaquette actiiving

U D[Py (x)] = N+ ia2tr [AuAy(x) — AyAL(X)] +a’tr (—%Fw(x)z) +0(a).

The field strengthr, is defined as in EJ.(6.4). The first factor leads
uW[Rg(x)] = N+a'tr [—%(AVA(“) (x))z} +o(a),

where theo (a2)-contributioniatr(A,AM (x)) vanishes due to EG.(6118). Thus, the second term in

Eq.(6.20) becomes
d-1

—3[3;“\) 1 lGmo00] =N :3Ba4Nzg$p,vZ:1tr {%FW(X>2+(AMA(V)(X))2 +0(a).

Notice that the contribution is of order(a%), overwhelming theo (a®) contribution of the first
term consisting of the tensor fields alone. The third terninslarly computed to give the kinetic
term of the adjoint mattep(x) at o (a*). It does not involve nonlinear coupling to the gauge field
Au(x) or the scalar fieldp(x), since such couplings are either absent or are highersridehe
continuum limit. Putting them together, we arrive at thesslaal continuum action

d-1

2 d—1
;%YNM [ [ {%(Fw(x)>2—|— (OHA(V)(X)>2} 3 <Dp¢(x)>2] .2
with g;,\z,l = Ba>~9 and the covariant derivatii,¢ is defined as in Eq.(6.4). The action E£q.(6.21)
describes the W) gauge theory with adjoint matter, accompanied with- 1) copies of free
decoupled fields.

The classical continuum action Hq.(6.21) is Lorentz iresaiti \WWe emphasize that this result
is far from being obvious. Since the action Eq.(5.18) emefgem theo (a®) part of the lattice
action, we need to keep the expansion [Eq.(5.11) up tQAﬁ%F terms. On the other hand, to
get the action EJ.(6.21) of the ordea®), we need to expand,, U™, U up to (Ay)?, (AW)4,
$*, respectively. Because the mass dimension of fields is neddifom taking the dimensional
reduction (which involves taking factors of lattice sparato the fields), the latter case needs
information of one higher-order compared to the former ccﬁsfa(,“). Thus, it is highly nontrivial
that the continuum limit EJ.(6.21) yields Lorentz invatiastion Eq[(5.18).

7 Strong-Coupling Expansion

An attractive and promising feature of lattice formulatisrthe feasibility of exploring nonper-
turbative physics such as dynamical mass generation arftheorent etc. One such method is
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the strong-coupling expansion, which was applied sucualtg$br the Wilson’s lattice gauge the-

ory, and amounts to expansions in powers of the inverse cwupbtrong-coupling expansions
are defined intrinsically on a lattice and cannot be deriviegttly for the continuum counterpart.

As such, one typically supplements the strong-couplingaegns with a suitable methods for
extrapolating the results to the continuum limit. Neveldls, even for finite lattice spacing, the
strong-coupling expansions can lead to new insights byatewg dynamical mechanisms which
are typical for strongly interacting continuum theoriesithtéuch motivation, in this section, we
develop the method of strong-coupling expansions for ttieéatensor gauge theory.

Much as in Wilson’s lattice gauge theory, the lattice terggarge theory admits gauge-invariant,
nonabelian Wilson surface operators — a direct countegbdine Wilson loop operators. Correla-
tion functions involving these Wilson surface operatoestae main interest to us. Hence, we shall
apply the strong-coupling expansion analysis to corredato/olvingn Wilson surface operators
forn=0,1,2, and extract information regarding free energy, inteemargy, and surface tension.

Remarkably, we will find very distinctive behavior of themtg coupling expansion. For or-
dinary lattice gauge theory, it is well known that the stranagipling expansion has a finite radius
of convergence [29]. Here, for lattice tensor gauge theweywill find that the strong-coupling
expansion is not absolutely convergent but an asymptotiesse the largeN limit. As weak-
coupling perturbation theories give rise to asymptoticesgwe conjecture that strong-coupling
expansion of the lattice tensor gauge theory at |&rgedual to an another, weakly coupled lattice
theory.

7.1 gauge-fixing

On a lattice of finite volume and finite spacing, the total neménd the domain of integration
for plaguette variables are finite. Therefore, the funalantegral is well defined even without
gauge fixing. Still, for a given computation of physical gtiaes, it is often advantageous to fix
a suitable gauge. We will make use of this gauge-fixing freedach that some of the plaquette
variables are set equal to a prescribed value. Recall thatwe included in the set of elementary
plaquette variables those associated with degenerataqltanﬁ“) (x). We found it convenient to
use the gauge freedom and set them to ubliw,(x) = I for all x. To show that this procedure is
always possible, it suffices to find an appropriate gaugetoamation functiorvy,(x) such that

VLU (Vi (x+ )t =Ty
We find that

In forx,=0
VU(X) = H;iu:OULgu)(le"'7X|J.—17yvxu+17'”7xd> forxu >0

rl;ifluk(lu) <X17 te 7X|J.—17y7 X|J.+17 o 7Xd)T for XH <0.
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In the gauge choiclsﬁ“) (x) = 1, the lattice action Eq.(5.9) reduces to

Sersor = B3 5 'Re BRAM u Py u MRy =N, (7.1)
HV,A=1

where the primed sum over the Lorentz indices runs ayer A all different.

Notice that the gauge-fixing we have made is partial: theoaas still invariant under a class
of gauge transformationg,(x) that leaves the gauge choidé“) = lintact. Such gauge transfor-
mations are the ones independenkib€oordinates, since

VuOOVu(x+ )T =1 viz. Vy(x) = Vu(x+ ). (7.2)

Notice also that the gauge-fixing does not introduce anyriwigt Jacobian or Faddeev-Popov
ghosts either.

7.2 character expansion

To proceed further for the strong-coupling expansion, weéop the character expansian [23].
The gauge-fixed action EQ.(T.1) is a triple product oNY¢haracters in fundamental representa-
tion. So, forU,V,W € U(N), we expand as

exp(3BUOUNEVIXOW)) +e) = 5 Cay e (BXe (Ukes (VIxes (W) (7:3)
1,042,143
wherexg(U) refers to the character of the irreducible representatiohgauge group W{). The
character of the complex conjugate representaierelated to it axz(U) = x5 (U) = xa(U™).
For the trivial representatioR = 0, Xo(U) = 1, and, for the fundamental representatioa: [J,
xo(U) =trU. The sum oveRy, R, Rs in EQ.(Z.3) is for all unitary irreducible representatiafs
the gauge group W). The expansion Ed.(7.3) shows that the expansion coeffiCig g, r, (B) is
totally symmetric under permutations®f, Ro, Rz, and thaCg, g, r; (B) = Cg, &, 1, (B)-
Recall that the characters can split or join under the)froup integrals as

[QUixaUAUTE) = Zxa(A)xa(B). (7.4
/ (U] e, (UA) Xa, (UTB) = alszile(ABy (7.5)

Here,dr = Xz(1) denotes the dimension of the representakioRor exampledy = 1, do = di =
N. The orthogonality relations of characters (the- B = 1 case in Eq.(7]5)), the inverse relation
of Eq.(7.3) is readily obtainable:

Crirorg = / [AU [V [dW] Xz, (U ) X, (V) Xz (W) eXp<3B[XD(U)XD(V>XD(W)]+C-C->- (7.6)
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Factoring out the contributioBooo(B), we express Ed.(7.3) in a more convenient form

exp(3BIX0(UXA(V)XW)]) +C.c.) = CooolB) |1+ 5 "Canons (s (U)o (V)Xo W) (7.7)

R1,R2,R3

whereéRleRS(B) = Cg,r,m3(B)/Cooo(B), and the primed sum runs over all unitary irreducible rep-
resentations excepks,Rz,R3) = (0,0,0).

We have computed the character expansion coeffi€ggt ) from Eq.[Z.T) in Appendix D.
The result is in power-series @f

N 00

Cooo(B)I%n! (33)°"+ ; (Vn)>n! (3B)". (7.8)
n= n=N-+1

It shows that the expansion coefficient growsnasip to theo (B?V), and then decreases by the
factor 0< vy < 1. In Appendix D, we computed the first 20 and 50 termsNet 2 and 3 cases,
respectively, and concluded from the result that the sugssa by(v,)3 is sufficient to render
the power-series E@.(7.8) convergent fionite N. It implies that the power-series expansion of
CNZDDD(B) is convergent as well:

CornlB) = 375" ConelP 7.9
— (3B) l+3(3[3)2+13(3[3)4+71(3B)6+46](3B)8+---]. (7.10)

For the second equality, we assunied- 5.
Interestingly, the large-order behavior of the charackpaasion coefficients is quite different
from that of Wilson'’s lattice gauge theory. For the lattbe tharacter expansion yields

exp(YXo(U) +ec) = YGaU). Gl = [[a]xa(V)exp(mo(U) +oc ).

The character expansion coeffici&(y), which is the same axy) defined in Eq(D.B), can be
computed explicitly. We relegate details to appendix D amoke here the result from EQ.(D]11):

N n 00

Coly) =200 = 5 T+ Ty, (7.11)

| !
no & n

Here, the firsN terms coincide with those @, and the power-series converges for any value of
Y.

Of notable situation is the largd-limit. For Wilson's lattice gauge theory, as is evident from
Eq.(Z.11), the first term withN = o yields a convergent large-order behavior. For the lattice
tensor gauge theory, however, Eq.[7.8) with= « is obviously divergent and is not even Borel
summable. This imparts a significant departure of our latnsor gauge theory from Wilson’s
lattice gauge theory. We will dwell on this issue furtheelain subsection 7.5.
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7.3 partition function and free energy

For the gaugUﬁ“) =1, the gauge-fixed partition function is given by

7 — e—BNSd(d—l)(d—Z)ﬂ\[sZ,

z -/ @’u!;!“<|:|<xexp(ssu<“>m< ) VP u MV [Pu (] + cc ), (7.12)

whereas refers to the total number of lattice sites, and the meastdeis the UN)-Haar measure
for the regular plaquette varlableé‘1 ) (L# V). Here, we do not consider the volume factor of
U(1) groups as in E4.(5.10) since it merely produces aneveeit constant factor independent of
3 andN.

Once the expansion EQ.(Y.7) is made for each cubd, Eq.(@atX)e written as

— (coo®) "
(7.13)
x/a)’U IR 1+R17;271;36R1R2R3([3)XR1< pK )( )) XR2< plY )( )) Xts (PL(N)( )>] (7.14)

Here,P\%\l) (x) denotes the plaquett®, (x) formed by the dual link variables carrying superscript
(W), viz. PY () = UM 0 UM (x4-9) UM (x+ 1) TUM (). The triple product of the characters in
Eq.(7Z.14) corresponds to the elementary cube or triplemoimong its‘dual’ plaquettes (depicted
in Fig.[8) carrying the representatioRs Ry, R3. The integrals in Ed.(7.14) is carried out by making
use of the integration formulas Eqs.(71.4,17.5). Nontrigahtributions come from situations that
elementary cubes, each of which are labelled by the repiasmmsR1, Ro, R3 are glued together
into three-dimensional closed manifolds on the latticengider the simplest one of such cases.
It is that eight cubes are glued together to form a manifol83topology. An example of such a
configuration consists of the following elementary cubes:

@ xa (P00 xa (P00 xas (PE0) (7.15)
(@ Xeu (PR OHD) xn (PEx+2)) xrs (P (x+ ) (7.16)
3): X (P43 )xR3 <P24 X)) Xb <P23 ) (7.17)
(4 X (P 0+ D)) xa (PR 0+ 1)) xme (P (x4 1) (7.18)
(5):  Xaw (P509) Xas (PR 00) xas (P 00)) (7.19)
(6):  xny (Ph3(x+2)) xns (PLE (x+2)) xn (PL3 (x+2)) (7.20)
M e (PR 00) xee (P 09) e (P 00) (7.21)
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®): Xay (P06 3)) xXno (PET (x4 3)) e (P (x4-3)). (7.22)

where each cube is represented in terms of characters df pdlaquettes, and hermitian conjuga-

tion relations such alg&l) x)"T= P)E\‘j)(x) are used repeatedly. The group integration then yields

1
( de dRz dRs dR4) 4

Intuitively, the result can be understood in terms of theiltesy three manifolds. Rewriting con-
tribution of each representation ds* = d2 x d- ®, the power ‘2’ in the first factor is interpretable
as the Euler characteristic Bf made of six ‘dual’ plaquettes correspondingxtg and the power
‘—6’ in the second factor is the correct normalizatiorygfthat permits 't Hooft's largeN power
counting. Summing over all possible representations otthees, the total contribution is given

by

/[dU] (1) % (2) x (3) x (4) x (5) x (6) x (7) x (8) =

4
' (raaa) (Conn®Cumn P BCan®) . (729
R1,R0,R3,R4 1YR2YR3YRg

where the prime’} of the summation stands for excluding the tef®a,R,R3,R4) = (0,0,0,0).
The leading nonzero term comes from the dase R, = Rz = R4 = [J and its complex conjugate,
yielding 2(3B)8/N6. The next order contribution comes from the case the reptasens involve
identity or adjoint. Becaus€gad(B), Co.adad(B), Cadadad(B) all start with (3B)?, it gives the
contribution ofo (B?). Therefore, we find the partition function in strong-congliexpansion as:

£d(d-1)(d-2)26
z = (Cooo(B)>

(7.24)

|14+ @-1(d- 236 55 (Cn®) 02 (725)

Here, as explained already, the series-expansi@ iz, () represents sum over closed three-
manifolds. Since terms higher-order@,z,z,(3) come from contractions among the same vari-
ables repeated many times, the power serieaf &z r,z,(B) is interpretable as contributions of
singular, degenerate closed three-manifolds.

7.4 Wilson surface observables
7.4.1 Nonabelian Wilson surfaces

We begin with a digression regarding nonabelian Wilsonaa@s. It is normally considered that,
for nonabelian 2-form gauge theory, Wilson surfaces atéaflned. We now show that the no-go
theorem is evaded for the class of nonabelian tensor gaegeytstudied in this paper.
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Consider the trace of parallel transport around a closddsiX (0~ = 0):

TrU () = J‘Lup.

In general, the surfacE would be self-intersecting. We will call expectation vahlfesuch vari-
ables:

w(Z)=(TriU(2)), (7.26)
as the Wilson surface observables, and expectation valieiofproducts:
W (Z1,-,Zn) = (TrU(Z) TrU(Z) - - TrU (Zy)) (7.27)

as Wilson surface correlators. The Wilson surface obsé&saimeasurenternal energyof the
system, and the (connected components of) the correlateasume correlation length, mass gap,
spectrum, etc.

Wilson surface observables constitute the fundamentas bashe system. Indeed, extending
the argument of [31], one can assert that every gauge-amaoiperatoro, which depends con-
tinuously on the plaquette variables can be approximateittarly well by a power-series of the
Wilson surface variables:

0 ~ % Y (21, Zn) TU(Z1) -~ THU (2n). (7.28)
n>0{Zy}

An important feature of proposed nonabelian Wilson surfalcgervables is that it bypasses
folklore that such observables are afflicted by orderingigmity. For a Wilson surface observable
of minimal size, viz. the one defined on a cube, we have alrshdwn that there is no ambiguity.
Could there be any ambiguity when the observables encongpdes more than one? We will
now argue that there is no ambiguity by illustrating a fewtnieral cases. The first one involves
two cubes, as shown in the figlirel 10. Although there are tweiblesroutes of color move across
the plaquettes involved,

We can also illustrate our claim from more sophiscated gtmove in a given Wilson surface
observable, as depicted in Figl11.

7.4.2 One-point correlator and internal energy

Having shown that nonabelian Wilson surface operators aiédefined physical observables,
we now consider the simplest of these operators, takingtarrgalar shapeW(l,J,K) which
represents a box with the positive orientation, composethbythree edgeéx, x + Ii), (X, X+
J2), (x,x+K3). It is constructed by tiling faces of the box with the pladaetariablesU, .
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Figure 10:Two alternative routes around two disjoint plaquettes eetmtwo string configurations.
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Figure 11:Two alternative routes around an elementary cube betweasthimg configurations.
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In computation of the vacuum expectation valié(l,J,K)) in the strong coupling expansion,
contributions correspond to various three-dimensionalifolls bounded by the bowk(1,J,K).
Let us begin with(\\W(1,1,1)). It is nothing but the internal energy and is computable as

W(1,1,1)) = d(d—l?(d—Z)ia(gB) Inz (7.29)
— Gn(B)+200-3) ks (CGro®) +0E). (730

where the first term comes from the minimal volume configorgtand the second from elemen-
tary fluctuations consisting of seven cubes.
Extending the computation to general Wilson surfatg(l,J,K)), we find

(Caon(B))®

~ 1JK
Caoo(B)
- >><N'+J+K 1+2(d — 3K

W(1,3,K)) = (T

+ 0(38)] . (7.31)

The leading contribution gives the volume-law, indicatiihgt colored strings are confined at
strong coupling. The hypersurface tensiwn represents strength of the volume-law and is de-
fined by the strong-coupling behavior of the one-point datoe for largel, J, K:

Wi(1,3,K)) = exp(— 1Ko — (13 +IK+Kl)a — (] —|—J—|—K)£P)
(7.32)
with 2 and? being some nonuniversal constants. It is evident from teetérm that the one-point

correlator decays with the voluméK times the hypersurface (membrane) tension From the
result EqI(7.31), the hypersurface tensfanis extracted as
3

2= —3(3)— (3B~ {41+ 2d-3)

3B W} (3B)°+ 0 (B®)

(7.33)

for N > 4.

7.4.3 Two-point correlators and excitation spectrum

For the connected two-point functio(I,J, K)W,  4(1,J,K)*)conn there are two candidates

giving the leading contribution. The first one is the casé thies from the action are all used to
fill the space betwee¥(l,J,K) andW,,  ;(1,J,K). There are no cubes filling inside each Wilson

X

surface. We call it the case (I) (See Higl 12). The contridsuéimounts to

~ 2(13+IK+KI)L
) x[1+0(8%).

(7.34)
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Figure 12: Schematic view of a configuration of the case (l) for the twealp correlator
(wx(1,3,K)W,  4(1,3,K)*)c. Elementary cubes from the action are contracted to fill fees
betweenwx(l,J,K) andw, ;(1,J,K) indicated by the dashed lines.

where theo (B°) contribution is from elementary fluctuations.

The second possibility is that the elementary cubes firatfileach interior of the two Wilson
surfaces and leave holes of the minimal size locatguhatly + L4, respectively, and then they are
connected at the holes via a stack of minimal number of eléamgoubes (b cubes). See Fi¢. 13.
The contribution is given by

Cooo(B)

(Case (Il) = IJK <7 x N2(IHIHKHL=3) o [1+ 0(136)}, (7.35)

~ 2(1JK+3L-1)
50)

where the overall factdiJK comes from the sum with respect to the locationy.of

Comparing the power @DDD(B) for the two cases, we can see which configuration dominates
in the strong coupling. For the cabe- J ~ K, the case (Il) dominates iif > %I i.e. the separation
is larger than the scale of the surfaces. The case (1) doesifdt < %I . For generid,J,K, we can
draw a similar conclusion. From these considerations, vektfiat the theory develops a mass gap
and screening in that the two-point correlator undergogshase transition’ as the separation is
varied. The situation is rather analogous to the transtiing place for Wilson loop correlators
in gauge theory, as depicted in Fig.14.
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Figure 13: Schematic view of a configuration of the case (Il) for the {wwnt correlator
(Wx(1,3,K) W, 4(1,3,K)*)conn The two surfacesvx(l,J,K) andw, ;(1,J,K) are connected
by the shortest tubular stack of elementary cubes (the ddgies) attaching at the holgsand

y+L4.

(@) (b) (c)

Figure 14:Behavior of the Wilson loop two-point correlator in gaugedty. At small separation

(a), the first Wilson loop is joined by a minimal surface to geeond Wilson loop. At moderate
separation (b), the minimal surface deflects in the middlelafge separation (c), each Wilson
loop is filled up by respective minimal surface, joined by ia tlbular column.
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7.5 Large-N Reduction and Asymptotic Behavior

In lattice gauge theory, it is well known that lar§elimit exhibit reduction of degrees of free-
dom, so-called Eguchi-Kawai reduction. In this section,wik find an indication that a similar
reduction takes place in the larfyelimit of the lattice tensor gauge theory.

To observe an indication, consider again the strong cogebpansion of the partition function
Eq.(Z.25). There, all the correction terms in the squareKainare suppressed by some power of
1/N as the(Con(B))8 term. UndeiN — oo limit with { fixed, we can discard the correction terms,
at least at leading order irylN expansion. We then see that the partition functiois reduced to
the following zero-dimensional, unitary three-matrix nebd

z = (Zuw)TNEDE-2% (7.36)
where
Zwm = Cooo(B) = / [dU][aV] [dw] P ) ) W) Fee. (7.37)

In this limit, the elementary Wilson surface operatog(1,1,1) alone yields a nonvanishing vac-
uum expectation valuéggg(B). The connected two-point correlators vanish, and thusaigel
N factorization

(Wx(L,L,1)We(1,1,1)) = (Wx(1,1,1)) (Wx(1,1,1)) (7.38)

holds.

In the strong coupling expansion, the matrix model parifimctionZyy still captures the di-
vergent behavior of perturbation series. Ms- o, then! growth in the serie€poo([3) continues to
infinite orders. Therefore, the perturbation series isrdi@et and not Borel summable. Likewise,
for the free energy IAvy , the perturbation series behaves asymptotically 433)2".

The Borel non-summability of the strong-coupling expansioplies that the entropy in defin-
ing the lattice partition function of the tensor gauge tlyegrows much faster than that of the
Yang-Mills theory. Intuitively, we can understand this inetfollowing geometric considerations.
At largeN limit, the strong coupling expansion of Yang-Mills paiiti function is interpretable as
sum over random surfaces. Likewise, at laMyéimit, we found above that the strong coupling
expansion of nonabelian tensor partition function is intetable as sum over random volumes.
Thus, we would like to compare the entropy of random volumesomparison with the entropy
of random surfaces. So, consider the partition functiormnofiom surfaces of areaA. For a fixed
areaA, the partition function takes the form

Z(ARN) =Y e HAATXN X (7.39)
X
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for a fixed areaA. The sum is over all possible topologies of the random sarkac We are
interested in the density of states, equivalently, derdfitstates. At fixed\, it is known that the
partition function scales as [34]

Z ~ exp(AlogA). (7.40)
This implies that the entrop$ of the random surface for a spherical topology must behave as
S(S?) ~ AR (7.41)
for some numerical factors v. that the entropy of random volume 8t topology behaves as
S(S?) ~ exp(aAlogA). (7.42)

The proof goes as follows. Consider the map fifto itself. The map may be represented by a
vectorX = X (&1,&2,&3). The map has folds at critical points where

X
det(i) ~0. (7.43)

But, the boundaries of the folds are nothing but 2-dimeradicandom surfaces. For the latter, we
already know that the partition function behaves aslEqQj7 Aence, we know that the entropy of
random volume ought to behave the same way, viz.

Z(S3) ~ exp(VslogVs). (7.44)

The reduction implies ultra-local nature of the theoryhwib degrees of freedom propagating.
In Wilson’s lattice gauge theory case, such a reductionfferént from the largeN reduction of
Eguchi-Kawai [24], and does not lead an interesting thebryact, the free energy simply gives
Inz(y) = y? in the limit N — o with y fixed. In the tensor theory case, however some nontriv-
ial pieces corresponding to singular configurations ofghreanifolds seem to remain after the
reduction.

Of course, this argument on the laiydimit is rather formal. Discarding the correction terms
needs to be justified by a careful treatment. About this, wereport elsewhere.

8 Discussions

We constructed a lattice model for a nonabelian generaizatf two-form tensor gauge theory
starting from an observation of the Wilson’s lattice theofgequirement of consistent dimen-
sional reduction to lower dimensional Yang-Mills theoryiquely determines the theory, which
satisfies compactness conditions of raf{). Also, computation of strong coupling expansion
was done for the partition function and some Wilson surfdaegeovables. There, the character
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expansion coefficients much more rapidly grow as a poweese@f the couplingd compared to
the ordinary lattice gauge theory case. It possibly suggésit singular contributions to random
three-dimensional geometry are much more dominant thasettmtwo-dimensional one.

There are many interesting and important related to thikwae will mention some directly
related problems of them.

e The continuum limit at quantum level needs to be underst@tib In the classical contin-
uum limit, we found that the tensor gauge theory becomedyp@Gaussian. However, there
is a possibility that the lattice theory we formulated mayéha nontrivial ultraviolet fixed
point, where an interacting quantum theory of nonabeliaadegauge fields can be defined.
It would be very interesting to explore the possibility vianmerical simulation.

e Universality, which is also related to a suitable contindumit, need to be understood better.
Namely, is the continuum theory independent of the latiton? Here, we constructed the
model on a hypercubic lattice, where the plaquette varsalig, (X) )ijx encode the square
lattice structure (and thus the hypercubic one) to the falwrandicesi, j,k,I. Since the
dynamical variables explicitly depend on information df thtticization, at a glance the uni-
versality issue seems to be problematic. (In the ordindticéagauge theory case, variables
are assigned on links. Note that each link variable does xqtoitly depend on a lattice
structure — triangular lattice, square lattice, and so @y)solving the rankN?(l) condi-
tions, however we can rewrite them as ‘dual’ link variablew, the hypercubic structure is
not explicitly visible any longer in each ‘dual’ link varitd Thus, the theory with ranki2(1)
conditions seems hopeful also from the viewpoint of uniaktys Anyway, check of the uni-
versality is an important issue related to the Lorentz ilavare of the resulting continuum
theory.

e The behaviom! (38)?" in the character expansion coefficients reminds us of highaer
behavior of weak coupling perturbation series in quantutd fleeory, rather than the strong
coupling. It might suggest an interesting possibility thimbng coupling region of the large-
N theory is dual to some perturbative field theory.

e We discussed a largd reduction in somewhat speculative way. Related to the guli
would be interesting to investigate weak coupling phasé&énunitary three-matrix model
similar to Ref. [25].

e Supersymmetric extension of the lattice tensor gauge yhisaery important, especially,
in the context of 5+ 1)-dimensional (2,0) theory. In recent years, there has beermeus
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progress in formulating supersymmetric Yang-Mills theorya lattice. In the present con-
text, however, there are further stumbling blocks that nedsk overcome. In (2,0) theory,
degrees of freedom involves not the whole of tensor gauge fiet only self-dual part of
it. Self-dual tensor field in (5+1) dimensions is chiral, cdsed by field equations which is
first-order in time. Therefore, once put on a lattice naiytig self-dual tensor field would
faces the problem of species doubling — the tensor field orétttiee would involve not
only self-dual part but also anti-self-dual part. The dituais exactly the same as chiral
bosons and chiral fermions in (1+1) dimensions.
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Appendix

A Reduction of plaquette variables to link variables

In this appendix, we show that the nonabelian tensor gaugm\ttproposed in this paper is re-
duced consistently to Wilson’s lattice gauge theory by ¢atimg internal degrees of freedom,
which transform as adjoint representationvgfx), according to the standard dimensional reduc-
tion Eq.[3.17).

Under the dimensional reduction, the action density of amehtary cube alordgrth direction
is reduced to that of an elementary plaquette:

U[Cd(X)] = NZu [P (X)],

uPw(x)] = tr (Uu(x)UV(x-i- WU+ 0)TUy ()T ) ,
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where we have used the unitarity relation

i%,l <UW(X)>ijkI (U“"(X>)i*jk| =N°.

Both of 1 [Cuqa(X)] and ¢ [Cqqa(X)] reduce taN3, but do not contribute to the action.
Thus, after the lattice dimensional reduction, the actiecomes

d-1 d-1
Seducea=—3BN?Y 5’ Re(uRw(]-N)-BY 5 Re(uCur(x)]-N°).
xXppv=1 X v, A=1

(A.1)

Here the prime’f refers to sum ovep, v omitting i = v terms, viz. ¢ [Py(x)] = N contribution.
Evidently, the resulting action describes Wilson’s latiauge theory together with the nonabelian
lattice tensor gauge theory, both(ith— 1) dimensions.

As shown in section 3, in the classical continuum limit, teeand term in the reduced action
scales a® (af). On the other hand, expanding the link variablgx) = €2, the first term
produces the Yang-Mills action at(a*). Thus, in the classical continuum limit, the first term
dominates over the second, and the system is reduced todheagr UN) gauge theory. This
conclusion is valid for theories defined by both rax&d) and rankN compactness conditions.

B Alternative nonabelian tensor gauge theory

In this Appendix, we shall consider alternative proposatiie@ nonabelian tensor gauge theory and
study its properties. The alternative one is defined in tesfithe rankN Eqs.[3.1B £3.16). We
shall construct the theory explicitly, work out classicahtinuum limit and dimensional reduc-
tion thereof, and demonstrate that this alternative thedogs not lead to a physically meaningful
theory.

B.1 polar parametrization of plaquette variable

We will first develop an explicit parametrization of the pledte variables that solves the compact-
ness conditions EqE.(3]113—3.16).

We find it convenient to introduce a skt of (N? x N?) matrices, and treat the plaquette
variable (Uw(x))ijkI as an element oM where (i, j) and (k,l) are interpreted as column and
row indices. For general elememgy and Bjji in M, we define a matrix multiplication by
(AB)ijk = ¥ mnAijmnBmnki. Evidently, ljj = did; is an identity element of the product. We
define trace of matrices as A= y; Aijij - We also introduce a ‘twist’ matriijx = 9 djk acting
on a matrixAjj, as

(CA)iju = Aijit,  (AC)ij = Aljik-
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Using these notations, the condition [Eq.[3.5) is written as
CUp (x)'C = Uyp(x), (B.1)

where the ‘t’ refers to hermitian conjugation for tNé x N? matrices.
In the (N? x N?) matrix representation, the compactness condition$ FI@ (3[3.16) are ex-
pressible as

Y (Un(Uw(T), = N (B.2)
Y (Unl9Uw"), o = Ny (B3)
Y (Un(9Up(0) = N (B.4)
Z(UW(X)TUW()Q)kjkj/ — N (B.5)

SinceU,y(X) is a matrix overC, we parametrize it via (a symmetric version of) the polaratec
position:

UHV (x) — eiiasz(x) va (X) eiiazHuV(X)

for every, v, wherea s a lattice spacing, antdy, (x) is a(N? x N2) Hermitian matrix parametriz-
ing the UN?) subset of the configuration spakg. Ry (X) is a positive semi-definiteN? x N2)
Hermitian matrices. The condition Hg.(B.5) implies that

Also, the compactness conditions Eq.({B[2=B.5) read

Z (ei?azH”V(x)Ruv(x)ze*i?az'*w(x>> = Z <ei?a2H”“(x)Ruv(x)ze*i?az'*“v(")) =Ng&j. (B.6)

ik jk ik j

In the polar parametrization adopted above, the figldx) is expandable around the identity
| as

R (X)? = | — 2a2A (x) +a*coA (X)? + a%caA (x)3 + - (B.7)

Here, A (X) are (N2 x N2) Hermitian matrices, andy,cs, - -- are real-valued constants. Taking
the trace of Eq.(BI6), we have

Tr [Rw(X)?] = N2,
At order 0 (a®™) (m: even), it leads
Cn Tt [Aw (X)™] =0,
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and implies tha#\ (x) = 0 whencmy, # 0. Thus, forAy (x) to be nontrivial, we will need to set
Cm = 0 formeven.

The coefficientscs, cs, - -+ are not fixable by the conditions Hg.(B.6) alone. Here, wé wil
consider the simplest casg = c5 = --- = 0 and discuss the classical continuum limit in the next
subsection. As will be shown there, the final form of the ammtim action does not change even
whencs, Cs, - - - are kept nonzero. Thus, the parametrizatiodgf(x) is given by

U (X) = e22Hw () | 202, (x) @22 Hw () (B.8)
with (N2 x N2) Hermitian matricesd,y (X), A (X) satisfying the constraints

Z (AW(X))ikjk - Z (AW(X))kikj =0, (B.9)
3 (. a9 An()--]),

-~

g

(B.10)
-3 ([Hw (9, [Hiw (), A ()] -])kikj —0 forn>0, (B.11)
as well as
CHw (X)C = —Hyu(x) and  CAL(X)C = Auu(x). (B.12)
Due to the constraints, in generAly (x) cannot move independently bify (X).
B.2 classical continuum limit
The plaquette variabld,y (x) in Eq.(B.8) is expanded around the identitgs
Un(9 =1+ [iHw(x) ~ Aw(X)]
(B.13)
+a - SH (07~ 3 (07— (M (AW (0)-+ Aw (X ()
(B.14)
28 | (0%~ 5A0(0° — 7 (M (A0 (07 + A (X Ha ()
(B.15)
+% (Hyw () ?A (%) + A (0 Hp ()% + ZHW(X)AW(X)HW(X))}
(B.16)
+0(ad). (B.17)
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From the gauge transformation rule Eq.{3.6) and the gauggiftn expanded as in EQ.(5]20), we
obtain infinitesimal gauge transformation rules i (x) andAyy (X)

(HW(X)>ijkl - (H“"(X)>ijk|+5ik<a“/\"(x>)j|_6“ (a"/\“(x>)ik’
(B.18)

(Aw0) (Aw0)

and observe thad,y(x) is gauge invariant. Again, as for the theory considered éntéxt, non-
abelian interactions at finite lattice spacing disappearthe classical continuum limit and the
gauge transformation rules are reduced to abelian onef 8, continuum limit, gauge invariant
field strength is

(ﬂw)\ (X))ijki,j,k, = <a)\HuV(X)>iji,j,6kk’ + <aqu>\(X)) jkj,k,5ii/ + <avH)\p(X))kik,i,5jj/,

ijkl ijkl’

with the same symmetry property of indices as[Eq.(5.17).
Substituting the expansion Hqg.(Bl17) into Eq.3.1), astane algebra, we arrive at the contin-
uum action

d

Sensor = %Bafi% Z {TrN3 [}[uv)\ (X>}[uv)\ (X)} +3NTr [(a)\Auv (X))Z}
X} Lv,A=1

(B.19)
+16T [Aw (%), A (X), Au(X)] } +o(a). (B.20)

Here, ‘Tns' refers to the trace fotN® x N3) matrices, which is defined for a generic element
Aijkirjk @S Tha(A) = 3 k Aijkijk- Also, T [Aw(X), A (X), Au(X)| expresses a trilinear interac-
tion term, which is defined fofiN? x N?) matricesX, Y, Z as

TIX,Y,Z] = Xijki YimjnZnkmi (B.21)

i7j7k7 7m7n

with the cyclic propertyl [X,Y,Z] =TI[Y,Z,X] =T[Z,X,Y]. The classical continuum limitis taken
as in Eql(5.16), and the result is Lorentz invariant and ganariant.

A remark is in order concerning the remainders in the sm#ick&spacing expansion. One
might wonder if higher-order terms may yield nontrivial tiutions. Even if we keep the next
order terms and consider

P ()3 + al%cs A ()5 + - - (B.22)

in Eq.(B.7), we arrive at the same continuum action. In thieg in solving the conditions Hq.(B.6),
Eq.(B.9) remains the same but Eq.(B.11) is replaced by

Y (Hw00-Aw(]), = ¥ (IHw (0. AuX]),, =0 (8.23)

ikjk kikj
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2 3(AN0) = i%<[Huv(X),[Hpv(x),AW(x)]Dikjk, (B.24)
Yoo (An00) 4= i;([Hw<x>,[Hw<x>,Aw<x>n)kikj, (8.25)

In the small lattice spacing expansion, only the first ternE@f(B.22) is relevant, and it leads to
abTr(csAw (X)?). Using Eqs[(B:24,B.25), however, the contribution vaesshTherefore, again,
we arrive at the same action as Eq.(B.20).

B.3 lattice dimensional reduction

Following the procedure of section 4.2, we express the dawaally reduced plaquette variables
Ugu(X), Upd(X), Uga(X) in (N2 x N2) matrix notation as

Uu(X) = Ugu(x) =800 /I - 2ap(x) 2t
(B.26)
Uu(x) = Upg(x) =30 /1 — 22k, (x) &8O,
(B.27)
UX) = Ugq(X) =€2®® /I —2an(x)&2*X,
where the continuum fields of the mass dimension one are dedime
Hu(X) = rHau(x), Au(X) = rAgu(x),
(B.28)
HH(X) = rHHd<X)7 AH(X) = rAHd<X)7
(B.29)
r? r
®(x) = —Haa(x), N =—AdalX),
satisfying the conditions corresponding to Hgs.[B[O =]g.12
Z (AH(X))ikjk = Z (AH(X))kikj =0,
(B.30)
3 ([0 (M09 A)-])
(B.31)
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(B.32)
CHU(X)C = —Hu(x),  CAXC = Au(x), (B.33)
Z(H(X»ikjk = Z(H(X))kikj =0
(B.34)
N (GRS CIRE)
n (B.35)
= Z ([n(X),~-~,[n<X),¢<x) - )kikj =0 forn>0,
n (B.36)

CP(x)C = —d(x), Cn(x)C =n(x).

The gauge transformation rules are unchanged from[Egs-(6.93). Introducing théN x N)
matrix notation as

(H“(X>)ijkl - (h“(x)>ik6j' + (H‘(ljl)()o)ik’ Z H‘(‘”)()Q =0,
J
(B.37)
(A) = (Al )

ijki

ZAEI]D(X) :trA&jl)(X) -0,
J

ik’
it turns out thahy, transforms as a vector gauge field &mﬁ'), Aﬁj') as an adjoint matter field:

() = V() () =0V (x)",

(B.38)

H 00— VOOH v (0T,
(B.39)
AV = VAT v (B.40)

Indices in the superscrigfl ) do not transform in the continuum limit. Also, bo#handn trans-
form as (adjointx (adjoint):

(00) g0 = 3, (V00), (V00) 1 (900), 1 (V007) o (V001),,



The dimensionally reduced action now reads
d—1
S = —B; S Re[u[cm(x)]—l\lﬂ—3[3{2$ Z Re[w [Cua(X)] — N3]
X v,A=1 pv=1
(B.43)

—33; U [Cudd(X)] — B;Re [Cada(x)] — N3] . (B.44)
u_

The first term gives rise to the same contribution as/Eq.(BoR0with the Lorentz indices running
over 1---,d — 1. The second term yields thga*) contribution:

-3 u[Cpy NS
B%uv . ud( )] }

(B.45)
— 'y df {tr [:—Z%szw(x)2 +3NZ (D“H\Skl)(x)DuH\Slk) (x) + DAY (x)D AT (x))
faui=1 :
(B.46)

5 > (700 M G0l 00 00+ 1A 00, A 001 0. A )
115K,

(B.47)
+21H" 09, A 0] HE 00, A (] ) |
(B.48)
(ki) (1) 5
243 (Aw(), (A AT ) | o(@), (B.49)
where the field strength and the covariant derivatives afiaatbby
fw = ouhy —ovhy+ifhy, hy],
(B.50)
DHY = g HM +ifhy, I,
and similarly forDuA\(,”).
However, contributions from the third and fourth termststéth the o (a®) terms as
—3[3% Z Re Cudd N3}
(B.51)

ik

d-1 ) _ .
= ; 21< [24Basnlmjn<A|(A ))jl (Al(lkl))nm—f— 12[3&4(0pnlmjn)(A8k))j| (A&kl))nm]
=
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(B.52)

+Ba4{gN Tr (D)2 + (D)
(B.53)
6| (HDam(HE )+ (Ao AL)
(B.54)

X [q)lquncbuqu‘f' NiqunNumijg+ Pignu®Pmujq+ NignuNmujq— (CDZ + r]z)lmjn}

(B.55)
6(Hu HE + AL AL ) (®+N?)ngmq
(B.56)
+3tr (MR + ARAL ) i (HHE + AL AL
(B.57)
=3tr (R AZA ) (M + ADAY)
(B.58)
3t (HE AL — AR tr (AR~ AR
(B.59)
+12 [(Dmlnj(HL(lqi))nm‘i‘ nmlnj(Al(lqi))nm] ([HL(lik)aHL(lkq)] +[A|(A )vAl(Aq)])jl })
(B.60)
+ o(@), (B.61)
and as
—BY Re[u[Cqad(¥)] - N°]
{x}
(B.62)
= 88a3;T[n(X),n<X),n(X)]
(B.63)

+ [334;{ — 6 (Prkmi@jitk + NnkmiNjitk ) [PiqunPumja+ NigunNumig— (P +N)imin]
X

(B.64)

—3(Prkmi®jitk + NnkmiNjitk ) (PrgnuPmujg+ NignuNmuja)
(B.65)
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+3(P° 1) (PP 417

ngmaq
(B.66)
— (@imknMinjm — Nimkn®injm) (PjpigNkalp — NjpiqPkalp) }
(B.67)
+ o0(a°), (B.68)

respectively. Here, the covariant derivativedois defined according to its transformation property
as (adjointx (adjoint) under UN):

(Cu®) g = OuPijia +1 () P +1 () 3, Priria = 1P (M) g~ 1Pijar (M) (B-69)

and similarly forDyn. In Eqs.[B.6]l £B.69), Einstein convention for Latin indide assumed for
simplicity of the notation.

All the expressions in Eq5.(BMB, Bld1, Bl68) are manifegduge invariant except the first
line in the right-hand-side of EqQ.(B.b1), whenefield is acted by the ordinary derivative instead
of the covariant derivative. To see that it is nevertheleagyg invariant, we will need to consider
the o (a)-correction contributions to the transformation rules(Bgfd). One can solve EQ.(6.9)
iteratively with respect ta and get

hu(®) — V(X) (ha(X) —i0) V(X" +aGi(hu(x) + -,
(B.70)

A 3 () oM v - acu )] (40T,

(B.71)

A&j) N Z (VH(X)> [V(X)A&lll/)(X)V(X)T—l—aGl(A&j/ll)(X))] <VH<X)T>|,| +---, (B.72)

j/.l/ ”/

where the ellipses denote(a?)-terms andG;'s are 0 (a) corrections originating from th¥ (x)-
transformations:

Gi(hu(x) = % (83 (9) GOV ()T +V (0 () — 10y (V(x)auV(x)T> ] ,
(B.73)
Gi(HY (x) = % (0 00) HE 00V (0T +V (9 HE 098,V (9]
(B.74)
Al ) = 5[ V)AL RV AL 0V 0T].
(B.75)
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For the transformations generated\gyx) = e2M(¥) | Eq.[B.72) is exact and produces no higher
order corrections o&. The transformation rules @ andn, Eq.(B.42), are also exact. Under the
gauge transformation EQ.(BI72) with tlaga)-corrections retained, one can check that the first
line in the right-hand side of EQ.(B.61) is gauge invariamt {o irrelevani (a®)-terms).

In the continuum limit, theo (a®) terms in Eq(B.61[ B.68) dominate over the Yang-Mills con-
tribution Eq.[B.49) ofo (a*). The o(a®) terms originate from the trilinear coupling of Hg.(Bl.20).
To try to resolve it, if we assumed the mass dimension b&ing two and rescaled as— an in
Eqgs.[B.61[B.68), the contributions would start franta*) and Niji would become an auxiliary
field imposing the constrairmfl”))ik = 0. In this case, however, the theory is not Lorentz invari-
ant because of the quartic interactionsi—lﬁ') that remain in Eq.(B.81). Therefore, the classical
continuum limit of the dimensionally reduced action doesyield a physically meaningful theory.

C 0(N3) solution for rank- N?(l) compactness condition

Is it possible to find a solution for the ram¥2(l) compactness conditions E¢s.(8.8-3.11), whose
degrees of freedom are of ordefN3) at largeN? In this appendix, we demonstrate that such a
solution can be constructed, and hence demonstrating ¢jsafEZ8-3.111) by themselves are not so
restrictive by themselves. What actually renders the dycardegrees of freedom reduced further
to 0 (N?) is the orientation conditioi (3.5). We also demonstratg thahe naive continuum limit,
the gauge degrees of freedom is again reduced ¢a))".

Two of the compactness conditions, Elgs)(8.8.13.10), sugdleat the plaquete variables are
parametrizable ddyy, (x) = explia®Tyy (X)], whereT,y (x) areN? x N2 hermitian matrix-valued ten-
sor fields. For the moment, for notational simplicity, welstappress the indicgs v andx. Then,
the hermiticity of the tensor field is expressed as

T = Tij - (C.1)

The other two of the compactness conditions, EQS.(3.9))3dLk further constraints, which we
shall consider order-by-order in the power-series expensi the plaquette variables:

. 1, 5.2
Uija = Sikdji -+ (ia®) Tijw t3 (ia®) (Tz)ijkl +-

Begin with the condition Ed.(3.9). At the ordera?), it is satisfied by Eq.{C]1). The ordera?)
puts the conditions

s [T T] <o €2)

Here, each oT ¥ is a(N x N) matrix-valued tensor field with the notation
kY =T
(T ) i Tig-
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Then the hermiticity condition, EQ.(G.1), is expressed as
TR — (ki) (C.3)

At next order,0 (a%), no new constraints arise since EQs.{C.3] C.2) solve autoalig up to this
order. At the ordep (a?), we get the constraints:

<-|-(im)-|-(mn)-|-(nk)-|-(ki’) _ o1 K (im) 1 (mn) (nk)
m,n,k

(C.4)
— 21 (M) (K7 (ki) (im) +3T<”k>T<ki’>T<‘m>T<m”>) =0. (C.5)

We did not find general solutions for Hq.(C.5). Neverthelé@sis easy to see that the following
two cases solve E@.(G.5) as well as the conditions for therdérs ofa?:

(ik)
t1
(A): TR =y v1 (C.6)
£
B): T =3 Vit ™V )i (C.7)
m

where in the case (AX\¥)* =t, and in the case (B) each 8 is a(N x N) hermitian matrix.
The case (A) means thél (%)) are simultaneously diagonalizable with respect to thecisii, |,
while the case (B) requires the diagonalizable structuréhi®indices, k.

Conditions that arise at higher ordefa?) take the form

TP T (PLP2) .. T (Pk-1l") + (_1)K Z T (02) T (ad2) .. 7 (gk-1i")

P, P -1 Q10K -1
(C.8)
Kl o
+ Yy (DY T (ka) T (@) . .. T (@mai) T (ip) T (Prp2) .. T (Pr-1K)
nm>1 K,d1, -, 0m-1,
n+m=K P15 Pn-1
(C.9)
=0. (C.10)

It is a straightforward calculation to see that both of theesa(A) and (B) solve Eq.(C.110). Sim-
ilarly, it is easy to check that the cases (A) and (B) are smhstfor Eq[3.111) at the same time.
Note that in the cases (A) and (Béi,k) andti(jm) have theo (N3) degrees of freedom respectively.
(V has the degrees of freedom of sub-leading ord@i?).)
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The plaquette variables are expressed as

Uy = explia®By] , Z ByT?, Bl ER,

whereT# are linearly independent basis taking the form [EqJ(C.6) @{G&17). The orientation
condition Eql(3.b) means

~ 3 B (T(ki)A>lj N ;B\‘,\“ <T(|j)A)ki'
(C.11)

Note that it relates the upper indickes to the lower indice$, j for (T(ki)A)l_. For the case (A), it
j
reads

_;Bu\) ZVIm mjtm ;B\)p kam mlt DA

(C.12)

which means the diagonal structure also for the indices

ki)A 0 Z tr'?‘kam (V_l) -
m
(C.13)

with th, = tA, The degrees of freedom reduced¢N?). Similarly, for the case (B), it requires
the diagonal structure for the lower indides reducing the degrees of freedomda¢N?).

Finally, because the gauge transformation rule[Ed.(3.§hboto keep the diagonal structure in
the cases (A) and (B), we should consider the gauge gfoap))N, a subgroup of (N). Thus,
the solutions do not lead to an interesting nonabelian tehgory. Also, since the gauge degrees
of freedom do not have enough degrees of freedom to kill thdes@f wrong-sign kinetic term
(ghosts), the solutions do not seem to lead physically nmggduli continuum theory at least in the
classical level.

D Character expansion coefficienCooo(3)

D.1 evaluation of generating function

Here, we comput€yoo(3) we needed in the text for obtaining results for the partifiorction and
the correlators among Wilson surface operator. Usind Ei),(We can expresSyoo(B) as

5 BB)Z; V[du] (trUtruT> nr. (D.1)

Cooo(B) = n; ((
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To compute the WN) group integral in the right-hand-side, consider the folloy generating func-
tion:

2y) = [lau]env
(D.2)

- ni(\r% /[dU] (ruru™)”. (D.3)

The largeN behavior of this integral, with the 't Hooft coupling= N/y fixed, was investigated
in [25]. Here, we will extend it to finité&N. Making use of the character expansion:

ey — Z GY)XeU) and eV = Z Za(Y) Xa(UT) (D.4)

and the character orthogonality relations, we find #{gf = S5 Za(y)?. We shall first evaluate
(xr(y) by carrying out the integral

) = [ [U)xa(U e, (D.5)

Any unitary irreducible representation is labelled by tmdeved integersy > nmp > -+ > my,
running over all integer values while keeping the order. é\btowever, that the representations
that appear in Eq.(D.4) with nonzegg(y) are restricted to nonnegatiag’s, i.e.m; >mp > --- >

mn > 0. WhenU is diagonalized in the form

d®
Uu=q Q' QeSuUN)
LN

(D.6)

in terms of the shifted weightgs = N —i +m;, the charactexg (U ) is expressed as

det; x glhj%
XR(U) = tL ( ) )
A()
where
A(@) = det  (6M19) = 7 (9 — ).
(@01m) = [ (&0 e9)

(D.7)

Also, the measure becomes

1 (N dg .
[dU] = NI (i_ E) A(@) A(g)"dQ

(D.8)
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with the normalization for the angular integral AdQ = 1. Substituting these into EQ.(D.5), after
some algebra, we arrive at
1 1 m
= def j——— = _— 1-——F— ),
¢RIY) mym i”(I—j-i—mj)! rlymmll---mN!D< mj-H—j)

(D.9)

and hence

=1 ¥ - ﬂ(l L)2. (D.10)
J

my>p>--- >y >0 (mg!)2--- (my1)2 1 mj+1 — ]

D.2 asymptotic behavior

By computing the generating functiay) explicitly up to o (y:°), we were convinced that it is
expressible as

N n 00
V,
2(y) = Z}ﬁ+ % =y, (D.11)
n! n!
n= n=N+1
where 0< v, < 1. In other words, the firdN terms coincide with those CEWZ, but remaining
higher terms are suppressed compared to the corresporating ofe”. At o(y?"), each term
contributing to Eq(D.1I0) corresponds to a way of partitddthe numbeninto N. Forn <N, the
number of such terms is just the number of partitiomdbut asn goes oveN it becomes smaller

than the partition number. This is a reason why the suppmedactor arises. In fact, the first few
terms ofv,, takes the form:

1
WN+1 = 1—m,
(D.12)
N+1 1
Wiz = TGN T (N2
(D.13)
1IN+D(N+2) 1 N(N +3) N+2
WE T PTZTINE3NT A(NFL(NT2)(N-1)!  (N13)(N+1)
(D.14)
1
C(N+3)
(D.15)

As increasing the ordev, gets smaller. In fact, EQ.(D.]11) is consistent with thedaxgresult for
the strong coupling phase studied|inl[25]
.1 1
I\Illinmmlnz(N/)\):ﬁ for A > 2.
(D.16)
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From the power-series EQ.(D]11), we find that

AN n forn<N
/[dU] (ruru™)” =
vpn! forn>N+1,
(D.17)
and obtain the result

N oo
Cooo(B) = Z)”! (3B)*"+ % (Vn)®ni (3B)". (D.18)

n= n=N-+1

Due to the cubic power of tHg-integral term in EqL(DJ1), the expansion coefficient grass! up
to 0 (B?"). Itis quite different from the ordinary lattice gauge theoase, where the corresponding
quantity inz(y) has behavior of An!.

D.3 Convergence oCgpo(B)

To understand the large-order behavior of the second sum.{DE8) for finiteN, we examined

the first 20 and 50 terms in the cadés- 2 and 3, respectively. The result is tabulated in Table 1.
ForN = 2, the value saturatesat= 5 and then decreases. Suppression rate becomes stronger

with increasing order. FON = 3, the behavior is similar, and saturatesat 20. Passing the

saturation point, the value decrease rapidly. For boths;dlse asymptotic behavior shows clearly

that that series converges. However, the convergencedsbeutonsidered typical only for finite

N. As N gets larger, the saturation point shifts to a langeyuickly. For infiniteN, the series is

dominated by the first sum, which is neither convergent naeBsummable.
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N=2 N=3
n (Vn)3nl n | (vo)°n! | n | (vp)n! | n (vn)3n!
3 3.47 - | — |21]698000| 39 12.4
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