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Abstract
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1 Introduction

In the present paper we study hierarchies of hydrodynamical systems describing quasiclassical
deformations of hyperelliptic curves [1, 2]

m—1
pPP=ud), u(d)=A"=) Nu, m>1 (1)
i=0
These hierarchies are of interest for several reasons. First, there are hierarchies of important
hydrodynamical type systems among them. For m = 1 one has the Burgers-Hopf hierarchy [3, 4]
3
associated with the dispersionless KdV equation u; = —uu,. For m = 2 it is the hierarchy of

higher equations for the 1-layer Benney system (classsical long wave equation)

U +uuy +v, =0
(2)
vt + (uw)y = 0.

The system (2) and the corresponding hierarchy are quasiclassical limits of the nonlinear Schrédinger
(NLS) equation and the NLS hierarchy [5]. For m > 3 these hierarchies turn to describe the singular
sectors of the above m = 1,2 hierarchies [1].

Second, all these hierarchies are the dispersionless limits of integrable coupled KdV (cKdV)
hierarchies [6]-[8] associated to Schrodinger spectral problems

Oa v = v(\, @), (3)

with potentials which are polynomials in the spectral parameter A
m—1
v(A, ) = A" — Z Noi(z) m>1,
i=0

The cKdV hierarchies have been studied in [6]-[8], they have bi-Hamiltonian structures and, as
a consequence of this property, the dispersionless expansions of their solutions possess interesting
features such as the quasi-triviality property [9]-[10]. Moreover, the cKdV hierarchies arise also
in the study of the singular sectors of the KdV and AKNS hierarchies [11, 12]. Henceforth we
will refer to the hierarchies of hydrodynamical systems associated with the curves (1) for a fixed
m as the m-th dispersionless coupled KdV (dcKdV,,) hierarchies. The Hamiltonian structures of
the dcKdV,, hierarchies have been studied in [13]. At last, it should be noticed that the dcKdV,,
hierarchies are closely connected with the higher genus Whitham hierarchies introduced in [14].

In our analysis of the hodograph equations for the dcKdV,, hierarchies we use Riemann in-
variants (3; (roots of the polynomial u(A) in (1)) which provide a specially convenient system of
coordinates. We show that the dcKdV,, hodograph equations have the form

oWn(t,B)
9Bi

where t = (t1,t2,...) are times of the hierarchy and

o dA anot" A
Win(t,B) = ]i 2im /T, (1= Bi/N\)

2

=0, i=1,...,m, (4)

: ()




Here v denotes a large positively oriented circle |[A\| = r. Thus, the hodograph solutions of the
dcKdV,, hierarchies describe critical points of the functions W,,(t,3). These functions turn to
be very special as they satisfy a well-known system of equations in differential geometry: the
Euler-Poisson-Darboux (EPD) equations [15]

PWo Wi Wi
op;0B; 0B 0B;

The system (6) has also appeared in the theory of the Whitham equations arising in the small
dispersion limit of the KdV equations [17]-[19], and in the theory of hydrodynamic chains [20].

2(8: — B5) (6)

We also study the singular sectors MOE of the spaces of hodograph solutions for the dcKdV,,
hierarchies. They are given by the points (¢,3) such that

P W(t, B)

rank< 95: 05,

) < m. (7)

The varieties Mf,}bng provide us with special classes of degenerate critical points of the function
W, within the general theory of critical points developed by V. I. Arnold and others about fourty
years ago (23, 24]. The use of equations (4)-(6) simplify drastically the analysis of the structure of
these singular sectors. In particular, we prove that there is a nested sequence of subvarieties

B S I S A S S ®

m,1

which represents subsets of the singular sector M%ng of the dcKdV,, hierarchy with increasing

singular degree ¢, such that each Mf,}bgg is determined by a class of hodograph solutions of the
dcKdV,, 124 hierarchy.

The paper is organized as follows. The dcKdV,, hierarchies are described in Section 2. Equa-
tions (4)-(6) are derived in Section 3. Section 4 deals with the analysis of the singular sectors of
the dcKdV,, hierarchies in terms of their associated hodograph equations. The relation between
singular points of the dcKdV,, hodograph equations and solutions of higher dcKdV,,;2, hodo-
graph equations is stated in Section 4. Some concrete examples involving shock singularities of the
Burgers-Hopf equation and the 1-layer Benney system are presented in Section 5.

2 The dcKdV,, hierarchies

Given a positive integer m > 1 we consider the set M, of algebraic curves (1). For m = 2g+1 (odd
case) and m = 2 g + 2 (even case) these curves are, generically, hyperelliptic Riemann surfaces of
genus g. We will denote by ¢ = (q1, ..., ¢n) any of the two sets of parameters w := (ug, . .., Un—1)
or B:=(B,...,Bm) which determine the curves (1)

m—1 m
u(A) = A" = > Ny = [[(A - 5). (9)
=0 =1

Obviously, for any fixed B all the permutations o(83) := (B5(1),---;Bs(m)) represent the same
element of M,,,. Note also that '
ui = (1) smi(B), (10)
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where s; are the elementary symmetric polynomials

Sk = S BB

1<i1<..<ip<m

We next introduce the dcKdV,, hierarchy as a particular systems of commuting flows
q(t), t:= (a; = to,tl,tg,...),

on M,,. In order to define these flows we use the set L of formal power series

“+oo
f(z) = Z cn 2",

n=—oo
where
=AM form=2g+1; z:=Aform=2g+2.
For any given m > 1 a distinguished element of £ is provided by the branch of p = y/u()) such

that as z — oo has an expansion of the form

bn,

p(z7q):229+1 <1+Zn21 #)7 m:29+17

(11)
by,
p(27q)22g+1 (1+Zn21 %)7 m:2g+2
We define the following splittings £ = L4 ¢) @D L(—, )
f(z) f(z)

= = 12
f(—l—,q)(z) (p(Z, q))@p(27q)7 f(—,q)(z) (p(Z,Q))Gp(qu)y ( )

where fg and fo stand for the standard projections on positive and strictly negative powers of z,
respectively

N -1
fa(z) = ch 2", fe(z) = Z cn 2"
n=0

n=—oo

The dcKdV,, flows g(t) are characterized by the following condition: There exists a family of
functions S(z,t,q(t)) in L satisfying

O, S(z,t,q(t)) = Qu(z,q(t)), n=0. (13)
where
(22n+29—|-1)(+7q)7 m:2g_|_1
Q(z,q) == AE)"T™2) 4 g = n>0. (14)
") (4,q), m=2g+2,

‘We notice that

Qn(zvq) = (}\n R()‘(Z)vq)>®p’ (15)



where R is the generating function

RO\ q) = % _ Z:O R’;fj’), A o . (16)

The coefficients R,,(q) are polynomials in the coordinates q, for example

1 1 3
Ry=1 Ri= 5 Um-1, Ry = 5 Um-2 + gufn_l,

Functions S which satisfy (13) will be referred to as action functions of the dcKdV,, hierarchy.
This kind of generating functions S has been already used in the theory of dispersionless integrable
systems (see e.g. [14]). It can be proved [1] that (13) is a compatible system of equations for S.
In fact its general solution will be determined in the next section. We notice that for n = 0 the
equation (13) reads

0z 5(2,t,q(t)) = p(2,4(1)), (17)
so that (13) is equivalent to the system

O, p(2,q(t)) = 0 Qm(2,q(t)), n=0. (18)

We will henceforth refer to the dcKdV,, hierarchy for m = 2 g+1 and m = 2 g+2 as the Burgers-
Hopf (BH,) and the dispersionless Jaulent-Miodek (dJM,) hierarchies, respectively. Observe that
both hierarchies, BH, and dJM, determine deformations of hyperelliptic Riemann surfaces of genus
g. In our work we will always consider an arbitrary but finite number of these flows.

Since u = u(\(z),q) = p(z,q)?, the operator J = J(\,u) defined by
J:=2p-0, -p=2u0; + ug,

J :Z )\Z Ji7 Jm = 28;p7 JZ = —(2u2 8:E +’LLZ'7‘,E), Uy = _1’
=0

satisfies J R = 0. Then from (18) it follows that

Opu=J (A R(A,u))@ = (A R(A,u))@, (19)
which constitutes the dcKdV,, hierarchy in terms of the coordinates u;
Onui= > JRpp(uw), i=0,...,m—L (20)
I—k=i,k>1

From (18) it also follows that

2 | (M=) RAG).0)) |

O, logp(z,q) =

p(z.q) ’
and then, identifying the residues of both sides at A = [3;, we get
8n51 :wm(ﬁ) am 51', 7= 1,...,’171,, (21)
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where
wni(B) == (A" R(A, B))e[r=5,- (22)

The systems (21) are the equations of the dcKdV,, hierarchy in terms of the coordinates f;.
Observe that we have two dcKdV,, hierarchies, BH,; and dJM,, which determine deformations of
hyperelliptic Riemann surfaces of genus g. It can be shown [2, 13] that the dcKdV,, flows are
bi-Hamiltonian systems.

We next present some examples of interesting flows in the dcKdV,, hierarchies. The dcKdVy
hierarchy is associated to the curve

pPP—uN) =0, uN)=A—v, wv:i=uy=}p.
The corresponding flows are given by

2 nn
Oy v =cpv" vy, cnzzw, n>1,
" 2n !

and constitute the Burgers-Hopf hierarchy BHg. In particular the ¢;-flow is the Burgers-Hopf
equation

ov = 5@1)1,,

which is in turn the dispersionless limit of the KdV equation.

The dcKdVy (dJMjp) hierarchy is associated to the curve
PP —uN) =0, u\) =X =Xup —ug=(\—B1)(\—Ba),

up =B+ B2, ug=—p o
The t1-flow of this hierarchy is given by the disperssionless Jaulent-Miodek system

1
O Uo = Up U1z + = UL U g5

2
(23)
3
Oh u1 = Uy + 3 W ts,
which under the changes of dependent variables
U= —1Uu v =ug+ u_%
= 1, — w0 4 )
becomes the 1-layer Benney system (2). In terms of the Riemann invariants 31 and (3
u=—B1+B), v=(B—B)*/4,
the system (2) takes the well-known form
1
Oy B1 = 3 (3614 B2) Pz,
(24)

O, P2 = % (3824 B1) B2x-
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For v > 0 the 1-layer Benney system is hyperbolic while for v < 0 it is elliptic.

Finally, we consider the BH; hierarchy. Its associated curve is given by
PP —uN) =0, ud) =N = Nuz — Aug —ug = (A — B1) (A — B2) (A — fs),

up =1+ o+ B3, ux = —(B1Pe+ F1PBs + B2B3), wuz = P1P205.

The first flow takes the forms

1 1
O ug = 5 U2 U0z + up U2, OnB1 = 5(351 + B2 + 53) B1as
1 1
O ur = ugy + §U2u1m + U U2y, O B2 = 5(51 + 362 + B3) B2, (25)
3 1
Onug = U1y + g U2 U2a- O B3 = 5(51 + B2 + 383) B3

3 Hodograph equations for dcKdV,, hierarchies and
the Euler-Poisson-Darboux equation

Let us introduce the function

Wi(tia) = § 57- U RO = Y ta Rusa(a), (26)

21w
v n>0

where y denotes a large positively oriented circle [\| =, U(A,t) := 37, 5o tn A" and R(A, q) is the
function defined in (16).

Theorem 1. If the functions q(t) = (q1(t, ..., qm(t)) satisfy the system of hodograph equations

oW, (t, q)

=0 =L, (27)
then q(t) is a solution of the dcKdV,, hierarchy.

Proof. We are going to prove that the function

S(z,t.q() = Y ta u(z,a(0) = (UAE). D RAG).a1)) p(a(®)), (28)

n>0

is an action function for the dcKdV,, hierarchy. By differentiating (28) with respect to ¢,, we have
that

anS = Qn + (Uan R)69p+ (U R)@ anp7 (29)
We now use the coordinates 3 = (31, .., Bmm) so that we may take advantage of the identities
1 p 1 R



Thus we deduce that

1

(UonR)zp+ (U R 0p=5 Y |(
i=1

UR )@_ (U R)g

).~ T pous (31)

On the other hand

861 2 ,YQ’L'TF /\—5@ 2 ,YQ’L'TF )\—52 '
Hence the hodograph equations (27) can be written as
(UNE)RN,B(M)))olr=p =0, i=1,...,m. (33)

Thus we have that (U(\,t) R(A,3(t))e is a polynomial in A which vanish at A = 3;(t) for all . As
a consequence

UR)e _ <(UR)@) _ ( UR )
A= B A=Bi/e \A=Bi/e
Then from (29) and (31) we deduce that 9,,.S = €, and therefore the statement follows.

U
Using (26) we obtain that the hodograph equations (27) can be expressed as
Ztn%;(q):o, i=1,...,m. (34)
n>0 !
Furthermore, from (21), (22) and (33) the hodograph equations (27) can be also written as [1]
Y thwni(B)=0, i=1,...,m, (35)

n>0

which represent the hodograph transform for the dcKdV,, hierarchy of flows in hydrodynamic
form.

Notice also that we may shift the time parameters t,, — t, —c, in (34) to get solutions depending
on an arbitrary number of constants.

It is easy to see that the generating function

A A
A= \/ o \/ M0 A

is a symmetric solution of the EPD equation

R OR OR
oB;0B; 0B OB;

Consequently, the same property is satisfied by W (t,3) for all ¢. Thus, we have proved

2(8; — B;)




Theorem 2. The solutions (t,3) of the hodograph equations

OWn(t, B)

— = L =1,...
8IBZ 07 ? Y 7m7 (37)

are the critical points of the solution
dA UM t)
Zim /TIE (1= Bi/N)

Win(t, B) i= 7{

of the EPD equation
PW,, oW,y OWpy,

0B:08; 0B 0B;

2(Bi — B;) (38)

Let us denote by M,, the variety of points (¢t,3) € C* x C™ which satisfy the hodograph

equations (37). From (32) it is clear that for any permutation o of {1,...,m} the functions
W (t,B)
F(t,8) = —X——=, 39
(0.0) = 22l (39)
satisfy
Fi(tvo-(ﬁ)) = Fa(i)(tw@)' (40)

Then, it is clear that M,, is invariant under the action of the group of permutations

(tvﬁ) € My, = (t,U(B)) e M,,.

If (t,B) is a solution of (37) such that ; # f3; for all i # j then it will be called an unreduced
solution of (37). In this case the EPD equation (38) implies that

Wi (t,8)
0p; 0p;

Given 2 < r < m, a solution (t,3) of (37) such that exactly r of its components are equal will be
called a r-reduced solution of (37).

The formulation (27) of the hodograph equations for the dcKdV,, hierarchies allows us to apply
the theory of critical points of functions to analyze the solutions of these hierarchies, while (38)
indicates that the functions W, are of a very special class.

The EPD equation (38) arose in the study of cyclids [15], where solutions W of the above form
have been found too. Much later it appeared in the theory of Whitham equations describing the
small dispersion limit of the KdV equation [17, 19].

We note that hodograph equations of a form close to (27) have been presented in [20] and [22].
Furthermore, linear equations of the EPD type and their connection with hydrodynamic chains
have been studied in [21] too.

Finally, we emphasize that the functions W,,, depend on the parameters ¢, to, ... (times of the
hierarchy). Since ”degenerate critical points appear naturally in cases when the functions depend
on parameters ” [23, 24|, one should expect the existence of families of degenerate critical points
for the functions W,,. Their connection with the singular sectors in the spaces of solutions for
dcKdV,, will be considered in the next section.

=0, Vi#j. (41)



To illustrate the statements given above we next present some simple examples. For the dcKdV,
hierarchy we have

Wa(t,B) = g(ﬁl + B2) + %(35% + 26182 + 382) + % (567 + 3628, + 3052 + 563)
" 1]52—38(35% + 208 B2 + 1857 55 + 20153 + 350) + -

The hodograph equations with t, = 0 for n > 4, take the form

8z + 4t1 (381 + Ba) + 3t2 (587 + 28182 + B3) + %3(1405% + 608232 + 361 83 + 20833) = 0,

8x + 4t1(B1 + 3Ba) + 3ta (87 + 26182 + 5B3) + %3(14053 + 608381 + 368237 + 2083) = 0.

(42)
For the dcKdV3 hierarchy we have
z t
Wi(t,8) = S(B1+ B+ Bs) + 5 (367 + 365 + 365 + 26152 + 26155 + 262)
t
+ 15 (580 + 4583 + 583 + 3523 + 35785 + 35155 + 3838 + 3513
+ 36283 + 26162 + -
The hodograph equations with ¢, = 0 for n > 3 are
(82 + 4t (381 + o+ B3) +12 (1587 + 355 + 385 + 661 B2+ 6051 B3+ 262 83) =0,
8z +4ty (B1+3P82+P3) +t2 (387 +1585 + 385 + 651 B2+ 201 B3+ 652 63) =0, (43)

8z 44ty (Bi+ Ba+3Ps)+t2(3B7 +3835 + 1565 +2B1 o+ 651 B3+ 652 6) = 0.

4 Singular sectors of dcKdV,, hierarchies

We say that (¢,3) € M,, is a regular point if it is a nondegenerate critical point of the function
Wi, That it is to say, if it satisfies [23, 24]

W (t, B)

det( 95, 0B,

) £0. (44)
The set of regular points of M,, will be denoted by MiSE and the points of its complementary
set M%ng = M, — ./\/lffg, where the second differential of Wy, is a degenerate quadratic form,
will be called singular points. We will also refer to M8 and M8 as the regular and singular

sectors of the dcKdV,, hierarchy. So MOE describes families of degenerate critical points of the

10



function Wy,. Near a regular point the variety Moy ® can be uniquely described as (t,B(t)) where
B(t) is a solution of the dcKdV,, hierarchy.

The aim of this section is to analyze the structure of Mpne by taking advantage of the special
properties of the set of coordinates 3.

In general, the singular sectors of dcKdV,, hierarchies with m > 2 contain both reduced and
unreduced points. For example, the hodograph equations (42) of the dcKdVy, hierarchy have
reduced singular points given by (z,t1,t2,t3, 81 = f2) where

72013 = —Ot3 + 36t1tats + (Stits — 3t3)/9t3 — 24t t3,
3to + /93 — 24tt3
pr =02 =~ - :

B 125
Furthermore, there are also unreduced singular points (x,t1,t2,t3, 1, f2) determined by the con-

and

straint
360zt = —45t5ts + 180t1t5ts + V15 (8tits — 3t3) (/13 (3t — 8t1t3),
and
—3tats + V15, /13 (3t3 — 8tit3) Stats + V154/t% (3t3 — 8t1t3)
P = 1262  Pa= - 2012

From (41) it follows at once that

Theorem 3. Let (t,3) be an unreduced solution of the hodograph equations (37), then (t,3) is a
singular point if and only if at least one of the derivatives

O Win(t, B)
apr

1=1,...,m,

vanishes.

Notice that since the function W, satisfies the EPD equation (38) , its partial derivatives at
unreduced points (¢, 3)
"W (t, B)
T OB

can always be expressed as a linear combination of diagonal derivatives alngm with &k; < ¢;.

Thus, for each vector ¢ = (q1,...,qm) € N™ with at least one g; > 1 it is natural to introduce

an associated subvariety M?ﬁgg of Mia™® defined as the set of unreduced solutions (t,3) of the

hodograph equations (37) such that
0% Win(t, B)
o Bri

¢:=aq+ "+ qm,

=0, Vk<gq+1 (45)

In particular, for ¢ = (0,...,0,¢) with ¢ > 1 we denote by Mf,}bgg the subvariety associated to

qg = (0,...,0,q). That is to say, Mf,if;g is the set of solutions (¢,3) of the hodograph equations
(37) such that

P Wlt,) _ 0" Wlt,0) _ _ 07 Won(t,6) _ o
o oo T e " )

11



These subvarieties define a nested sequence
sin sin sin sin
m D MIIEE DS MITE S M® D (47)

and represent sets of points whose singular degree increases with q. Moreover, due to the covariance
of the functions F; = 0g, Wy, under permutations there is no need of introducing alternative se-
quences of the form (46) based on systems of equations corresponding to the remaining coordinates

Bj for j #m.
The next result states that the varieties Mf,}bgg of the dcKdV,, hierarchy are closely related to
the (2 ¢ + 1)-reduced solutions of the dcKdV,, 2, hierarchy.

Notice that given 2 < r < m, the hodograph equations for r-reduced solutions
Bim—r+1 = Bm—r+2 = .. = Bm,
of the dcKdV,, hierarchy reduce to the system
Fi(t,8)=0, i=1,....m—r+1,
of m —r + 1 equations for the m — r + 1 unknowns (51, ..., Bm—r+1). Now we prove

Theorem 4. If (t,8) € ./\/l;iizg where t = (to,t1,...) and B = (P1,...,Bm), then if we define

2q
——
t(m+2q) = (tfbtq-i-l)' . ')7 B(m+2q) = (ﬁl)‘ o 75m75m7 tee 75m)7

it follows that (t(er2 q) glm+2 q)) is a (2q + 1)-reduced solution of the hodograph equations for the
dcKdVi 424 hierarchy.

Proof. To proof this statement we will use superscripts (m) and (m + 2¢) to distinguish objects
corresponding to different hierarchies. By assumption we have that

™ 3y ¢ Mféf?,g.
Thus, taking (30) into account, we have that (46) can be rewritten as

m dx UM\, ¢m)y gm)(\ 3(m)
i

=0, 2=1,....m

297 )\_ﬂ(fn)
(48)
(m)(x, £m)) Rm)(\. g(m)
F&"?(tmkﬁ(m’)r:]éd.AU WERRPAGT) o, j=2. g+,
’ N 20T ()\_57(””1))]

Now a (2 ¢ + 1)-reduced solution of the hodograph equations for the dcKdV,, 24 is characterized
by

(m+20) ymi2q) aimizgy . f AN U2 407420) pimi2a)(y g 20y
F, (t B ) : - 0, (49)
i 72“1- )\_B(m+2q)

12



where i = 1,...,m. But it is clear that
A\?

R(m+24q) \, ﬁ(m+2 q)) —
(A= i)

RM™ (X, g(m)

Hence if we set
t(m+2Q) = t§+37 i > 0’

we have
UM (A, M) = z0m) 4 xdlm oy yat té@l F AU mT2) () pmt2a)y

Then it follows that

(m+20) (y(mi2q) gmazq)y _ J _dA UWDOAE) R )
‘F;' (t 718 )— . (m) (m) 2—1,...,m.
P HT (=g - )
Furthermore, for any given ¢ = 1,...,m we have
FM™ (¢m) gm)y = jé d‘)‘ U (A, M) R0 (X, gM)
‘ 5 20T N — 5Z(m)

%<ﬂ (A= Ba)1 U™ (A, 1) RO (A, B)
v 2im (A= B") (3= i)

q
=3 1 a(B) I (80, g0m),

k=0

and

P (4m) gm)y _ }[ A U ) R (O, B)
m,) ? 7227_‘_ ()\—/By(nm))]

:7{ dx (A= BU™) (A — BmYa=i gm) (x, ™)) Rim) (X, 3m))
v 3 =8 (= i)

—Jj+
Z ™) L™, 8M),  j=2,....q+1
k=0

where the functions cjvk(ﬂ(m)) are the coefficients of the polynomials
A — gmMe — 5 (m)y \k
(A =B )T = k=g c1r(B")

(A= By (A= Bya=i = 0TI e (B AR G =2 g+ 1.

13
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and
dx Mg (X ¢(m)) R (X, 3m))

2im (=B (- )

Now, for any given i = 1,...,m the system (46) implies

(54)

Qmwﬁmmwzf
v

FO™@m, gy =0, j=2,...,q+1,

and, as a consequence, we deduce the following system of ¢ homogeneous linear equations for the
q functions Il-,k(t(m) , ﬁ(m))

q—j+1
> aBM) Lp™, M) =0, j=1,....q+1.
k=0

Because of the linear independence of the polynomials (53) these equations are linearly indepen-
dent and, therefore, all the functions Ii,k(t(m), B(m)) vanish. Finally, from (52) we conclude that

Ii,o(t(m),ﬁ(m)) = 0 is equivalent to FZ-(WH'2 q)(t(er2 q), glm+2 ‘Z)) = 0 and the statement follows. [

5 Examples

dcKdV, hierarchy
The hodograph equation for the dcKdV; hierarchy with t, = 0 for all n > 3 reduce to

Sz + 12t B1 + 15t 37 = 0. (55)

The singular variety M?I? & for (55) is determined by adding to (55) the equation

2t1 + 5t 51 =0, (56)
2t
so that for t9 # 0 we have f; = — 5—tl Substituting this result in (55) we find a constraint for the
2
flow parameters
3 17
T=—=—,
10 to

which is the shock region for the solution of (55) given by

3, —3t1+\/3(3t§—10t2x)). (57)

~ 151, (
There are two sectors Mf”{l% (k=1,2) in M?I{lg

Mil{l,lg . x=1t =ta=0, pj arbitrary;

i 313 2t
M?I{lg . (x,t1,ty, 1) such that ty #0, 2 = — L and f; = —= 1
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To see the relationship with the dcKdV3 hierarchy we notice that

2 =y, 1) =1,

and
2 z®)

BB = (B1,81,81) = % tg—g) (1,1,1),
which is a 3-reduced solution of the first flow (25) of the dcKdV3 hierarchy.
The dcKdV; hodograph equation with ¢, = 0 for all n > 6 is
69315 87 + 630ty Bf 4+ 560t3 57 + 480ty 7 + 384ty B + 2562 = 0.

Let us first consider the singular variety MTI{I & with t, = 0 for all n > 4. It is is determined by
the equations
5603 37 + 480ty B + 384t B + 2562 = 0,

1680t5 57 + 960ty 51 + 384t = 0.

Thus an open subset of M?l? & can be parametrized by the equations

—25t3 + 105t tats + /5/12585 — 10501 t3t5 + 29407 242 — 274443 ¢3
24513 ’

Tr =

2 <—25t§ + 70t tat3 + \/5\/(5153 — 144 t3)3>

35tg (14t1t3 — 513)

fr = -

It determines the following 3-reduced solution of the two first flows of the dcKdV3 hierachy (3:(3) =
(3) (3)

3
2 (—25 3 + 7020 ¢ 4Y 4+ /5 \/ (5 2 — 1420) t§3)> >

3548 (1420 ) — 5(7)2)

Next, for the sector ./\/l?g1 & if we set t, = 0 for all n > 5, we obtain the equations
630ty Bf + 5603 B + 480ty 7 + 384ty B + 2562 = 0,
2520t 37 + 16803 B + 9602 By + 384t = 0,

7560t 52 + 33603 8 + 960ty = 0.

15



From these equations we find

5 (49t + 189tstyts + V7+/3138 — 26161, 1143 + 68043363 — 583216

th =
! 1701 £2 ’
5 (—98t§ + 3T8tats 13 + 2ﬁ\/(7t§ — 18taty) by — 243t§t§>
Tr = s
10206 t3
3 2 3
2 (—49t3 + 126ty t3ty + \ﬁ\/(ng — 181y t4) >
B = —

63ty (18tats — T13)

Then the associated 5-reduced solution of the two first flows of the dcKd Vs hierarchy (z(® = t,,
tg‘f’) = t3, té‘r’) = t4) is given by

3
2 (- 19 (173 + 12620 1) ¢ + \ﬁ\/ (7 — 18209 ¢) )

5 = — . i=1,...,5
6318 (1820018 — 7(1{7)2)

dcKdV, hierarchy

Let us consider the hodograph equations for the dcKdVs hierarchy with ¢, = 0 for all n > 3. From
(42) we have that they take the form

8z + 4t1(3B1 + Ba2) + 3t2 (587 + 28182 + B3) =0,

(59)
8z + 4t1(B1 + 3B2) + 3t2 (87 + 261582 + 553) = 0.
The singular variety Mging is determined by (59) together with the additional condition
(det(aﬁzﬂj Wm(ta ﬁ)) = O)
—(2t1 + 3ta(B1 + B2))” + 9(2t1 + t2(5B1 + B2))(2t1 + t2(B1 + 552)) = 0. (60)
There elements of Mging are
r=1t=t2=0, (Bo,p1) arbitrary;
(61)

t2 t
(x,t1,t2, b1, B2) such that tp £ 0, z = 1 and 1 = fo = —
3t2 3t2

The subvarieties Mgzag are all equal and given by

r=1t =13 =0, (50,,81) arbitrary with 5y # S;.

16



2
Notice that the constraint z = —— determines the shock region for the following solution of

t2
(59)
5 —t + V2t — 3tz 5 —t1 — V2t — 3tz (62)
1 = ) 2 = .
3t 3o

Let us now consider the system of hodograph equations (42) for the dcKdVy hierarchy with

t, = 0 for all n > 4. The singular variety M;mg is now determined by (42) and the condition
(det(aﬁiﬁj Win(t,8)) =0)

32t3 + 96to (1 + Bo)tr + 70243883 + 72 (3t3 + tits) B1 B2 + 12 (313 + 13t1t3) (B + B3) +
4A86tats (Ba3 + B3B1) + I0tats (BF + B3) + 18083 (B8 + B3B1) + 45t5 (B + B3) = 0.

One finds the following six sectors in M;mg

—9Ot3 + 36t1tsts + (8t1t3 — 3t3)\/9t2 — 24t1t3 5 = 8 3t + /92 — 24ty t3
= 1= P2 = — )

7243 ’ 12t5
—9Ot3 + 36t1tsts — (8t1ts — 3t3)\/9t3 — 24t1t3 =3ty + /915 — 2415
2. = D) ) /81 = /82 = )
72t2 12t3
—45t3t3 + 180t1t5ts + V15(8t1ts — 3t3)1 /13 (3t — 8tit3)
3. == ’
v 36013
Stots + V154 /t (3t3 — 8t1t3) —3tats + V154 /13 (3t3 — 8t1t3)
Bl = - 20t§ ’ 52 = 121% )
—45t3t3 + 180t1t5ts — V15(8t1ts — 3t3)1 /13 (3t — 8tit3)
4. 1 = :
v 36013
3tats + V154 /3 (3t3 — 8t1t3) —5tats + V/154/13 (3t3 — 8t1t3)
Bl = - 52 = )

12t3 ’ 20t3
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—45t3t3 + 180t1t5ts — V15(8t1ts — 3t3)4 /13 (3t3 — 8tits)
5. x = )

360t3
—5tats + v/154/13 (3t3 — 8tyt3) 3tots + V154/t% (3t3 — 8t1t3)
P = 2012 A= 122
—45t3t3 + 180t1t5ts + V15(8t1ts — 3t3)1 /13 (3t3 — 8tits)
6. z = ,
! 36013
—3tats + V154/13 (3t3 — 8t1t3) Stots + V154 /1 (3t3 — 8tyt3)
b= 1262 = 2012 '

It is easy to see that Mgl? & is given by the sectors 5 and 6. To check the connection between
these sectors and the dcKdV, hierarchy it is enough to set

2@ = t1, t§4) = 1la, 7554) = 3, 5(4) = (B1, B2, B2, B2),

and it is immediate to prove that (t) verifies the equations of the first flow of the dcKdVy
hierarchy

0B _ RS 9B .
8t§4)_(ﬂi+§k§::1,8k> 5@’ i=1,...,4.
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