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Abstract

We discuss the Poisson structures, Lax matrices, m-matrices, bi-hamiltonian structures,
the variables of separation and other attributes of the modern theory of dynamical systems
in application to the integrable Euler top and to the nonholonomic Chaplygin ball.

1 Introduction

The main aim of this paper is to prove that the integrable Euler top and the nonholonomic
Chaplygin ball are very similar dynamical systems like birds of a feather flock together. Thus,
on example of these twins, we want to show how all the machinery developed for integrable
systems can be carried to the theory of solvable nonholonomic systems.

The integrable Euler case of rigid body motion with the fixed center of mass (the Euler top)
is relatively simple in the sense that its equations of motion do not linearize on Abelian surfaces,
but on the elliptic curves. Of course, this does not make the Euler top entirely trivial [14]. A
classical description of the Euler top can be found in any textbook on classical mechanics, see,
for instance, [T, 2, [6]. In contrast with this standard approach we will consider the Euler top
on the whole phase space so(3) x R? instead of only so(3).

The nonholonomic Chaplygin ball [10] is that of a dynamically balanced 3-dimensional ball
that rolls on a horizontal table without slipping or sliding. 'Dynamically balanced” means that
the geometric center coincides with the center of mass. However, the mass distribution is not
assumed to be homogeneous. The inertia matrix can be any symmetric positive definite three
by three matrix. The no slip, no slide condition is a non-holonomic constraint on the velocities.
The ball is allowed to rotate about its vertical axis. There is a large body of literature dedicated
to the Chaplygin ball, including the study of its generalizations. See [5] [8, 1T}, 12, 15} 211 18|
23] 241 25, 29] and an excellent survey [7] to name just a few references. Of course, this list, as
well as the bibliography of the present paper, is by far incomplete.

This text can be regarded as some mathematical variations on the topic of Kozlov papers
[23] 24] 25] and of Borisov, Mamaev results [5 [7]. All the necessary preliminary physical
information can be found in their papers.

2 Equations of motion

Let v = (71,72,73) and M = (M;, My, M3) be the two vectors of coordinates and momenta,
respectively. We postulate that they satisfy to the following differential equations

M=Mxw, A=7yxXw. (2.1)

For any vector function w on the dynamical variables & = v, M these equations in M = R? x R3
have the following integrals of motion

Hy=(v,v), Ha=(,M), Hz=(MM). (2.2)
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Six differential equations can be solved in quadratures if we know its four integrals [I7]. So, we
want to add some additional integral to the known integrals Hy, Hy and Hs (2.2)).
If we assume the existence of the following additional integral of motion

H4 = (M, o.)) (23)
one gets
dHy
dt
it means that the derivative w has to be perpendicular to M. Below we stint ourselves by
second order integrals in momenta M, such as

=(M xw,w)+ (M,w)=(M,w)=0,

Hy=(M,AM) and w=AM. (2.4)
In generic A can be a matrix depending on -y, which has to satisfy to the equation
(M, 1) = (ATA  w, M x w) + (M,AM)=0.

This equation can be replaced by the particular system of very simple equations

ATA™' =1d, and  (M,AM)=0, (2.5)
which has two trivial solutions
A=A, and Ay=f(y)y®y, A,=0, (2.6)
and one their nontrivial composition
Az = A+g(n)AyR7YA, (2.7)
As = g)’PA(v@B+B@YA, B= (- (v.7)A) x AM. (2.8)

Here A = AT is a numeric symmetric matrix, function g(7) is equal to

1
Cn—(1,Ay)’

whereas function f(v) and parameter 7 are arbitrary ones.

g(v) (2.9)

Remark 1 There are many other solutions of the system (2.3]). As an example, linear in
variables 4 matrices
Ai=A+By®c+cev)B'

satisfy (Z.H]), if we impose various restrictions on the numerical entries of matrices A, B and
vector c.

Thus, we obtain the fourth integral of motion Hy (Z4]) for the six equations (2] at
w=AM, k =1,2,3. We proceed by showing that these dynamical systems are solvable in
quadratures in framework of the Euler-Jacobi last multiplier theory [I7].

By definition, the Jacobi multiplier p(x) of (21 is a function on dynamical variables
x = 7, M, which has to satisfy to the equation

5.9 LA o
;6%#(33)%:07 = ﬂ+ﬂ;<a—%(7xw)j+a—%(wa)j)—0-

For the solutions A; o ([2.0) this equation is trivial

=0 and uw=c, ceR, (2.10)



but for its combination Az one gets

2g(V)p—pg(y) =0, and  p=c\g(v). (2.11)

According to [I7] the Jacobi’s multiplier is some nontrivial function in the case of constrained
systems only. The integrability conditions of the nonholonomic systems formulated by Kozlov
[24] 25] include the preservation of measure related with the Jacobi multiplier.

Remark 2 Equations (2] can be identified with the Euler-Poisson equations describing the
rotation of a rigid body around a fixed point or with the Kirchhoff equations describing the
motion of a solid body in an ideal incompressible fluid.

Vector M is the vector of the kinetic momentum of the body, expressed in the so-called
body frame. This frame is firmly attached to the body, its origin is in the body’s fixed point
and Afl is the tensor of inertia with regard to the fixed point and this body frame.

In the Euler-Poisson case, vector + is the unit Poisson vector, (v,7) = 1, along the gravity
field, with respect to the body frame. In the Kirchhoff case, M and  are the vectors of the
impulsive momentum and the impulsive force, so (7,7) is an arbitrary constant. In both cases
vector w is the angular velocity of a body, and our first solution A; in (2.6) is associated with
the integrable Euler case [2, [6].

The second solution A is trivial because Hy = f(7)H3 and 4 = 0.We will not consider
this case below.

The third solution Ag ([277) can be related with the nonholonomic Chaplygin ball if we put

1

77_ ma27

where m and a are the mass and the radius of the ball respectively. In this case vector M is the
ball’s angular momentum with respect to the point of contact, and A~! is the corresponding
tensor of inertia.

Dependence of A3 on + is a sequence of nonholonomic constraints imposed on the system
[10], see also [7] and references within.

To sum up, we can easily get a lot of additional integrals Hy (24) of the equations (21I)
and, therefore, we can solve these differential equations in quadratures without any notion
of the Hamilton structure, integrability by Liouville, the Poisson structure, the Lax matrices,
classical r-matrices etc.

However, this additional and in some sense redundant information can be useful in various
applications, such as the perturbation theory, the quantization theory and so on. Below we
reconstruct this information starting with only integrals.

3 Solvability versus integrability.

In this section our aim is to calculate the Poisson brackets for the given models without any
assumptions on underlying Hamiltonian or conformally Hamiltonian structures of the equations
of motion 1)) [5 [7]. We will calculate the desired Poisson brackets only assuming that the
foliation H; = «; is the direct sum of symplectic and lagrangian foliations.

The Jacobi last multiplier theorem [I7] ensures that the six equations (21I) with the four
functionally independent integrals Hy, ..., H4 and the multiplier p are solvable in quadratures.

On the other hand, according to the Liouville theorem, equations of motion are integrable
in quadratures if we have the necessary number of integrals of motion in the involution with
respect to some Poisson brackets.

In fact [25], the combination of the Jacobi and Liouville theorems gives rise to the following
simple proposition .



Proposition 1 Solvable equations of motion (2.11) with integrals Hy, ..., Hy and multiplier u
are integrable by Liouville, if there is the Poisson bivector P such as

o [P,P] =0, the Jacobi identity,
e PdH; = PdH;, =0, reduction of dimension of the phase space (3.1)
e {H,,H,} = (PdH,,dH,,) =0, the involution of the integrals.

Here [.,.] is the Schouten bracket, Hy,...,Hy are the four integrals (Z2HZ3), and (i, j,1,m) is
the arbitrary permutation of (1,2,3,4).

The first equation in (3] guaranties that P is a Poisson bivector. In the second equation we
define two Casimir elements H; and Hj of P. It is a necessary condition because by fixing
its values one gets the four dimensional symplectic phase space of our dynamical system. The
third equations provides that two remaining integrals H; and H,, are in the involution with
respect to the Poisson bracket associated with P.

The system ([B.I) has infinitely many solutions and, therefore, we have to narrow the search
space and try to get some particular solutions only.

3.1 The linear in momenta Poisson bivectors.

It is natural to suppose that second order polynomials Hs 4 in momenta M are the integrals
of motion, whereas H; 2 are the Casimir functions. Moreover, we assume that the entries of P
are the linear functions in momenta M.

Proposition 2 In the hypotheses mentioned above the system of equations (31) has the fol-
lowing linear in momenta solutions:

0 T
Pl — < F M > ’ A1 —A,
0 0
! 0 I 00
vy <F M>_ g(7)(M’A”)<o r)’ As=A+g(1)Av®7A.
(3.2)
Here f(v) is an arbitrary function, g(vy) is given by (Z29) and
0 Y3 -2 0 ]\43 —M2
F = —73 O Y1 N M — —M3 O ]\41 ,
72 -1 0 M2 _Ml 0

In generic case H12 # 0 at k = 1,3 there is only one linear in momenta M solution of (3.1,
whereas at k£ = 2 we show a particular solution.
At k=1 and k = 3 the Poisson brackets between variables x = v, M look like

{M;, M;}1 = €456 Mg, {M;, v} = €ijrvi {7,711 =0, (3.3)

and

M, Eijk Yk
M, Mj}s = eiji | ——= — / M, A , M;,~;}s = =258 i ts =0,
{ }z=¢ k( e g()( 7)%) {M;,7;}3 ) {visvits .
3.4

Here €451, is a totally skew-symmetric tensor.



The first bracket {.,.}1 is the well studied Lie-Poisson bracket on the Lie algebra e*(3).
Indeed, the Euler top can be expressed as a Hamiltonian system on coadjoint orbits of Lie
algebra e(3) of Lie group E(3). The nonholonomic Chaplygin ball is the so-called conformally
Hamiltonian system on special nontrivial deformations of the same orbits.

Remark 3 Of course, we can get similar Poisson bivectors for other solutions of (2.1]) as well.
For instance, if w = A4M, where

00
As=[00 0 ,
00

the integrals Hs and H, are in the involution with respect to the Poisson brackets associated
with the Poisson bivector

P lr o)z (o 7)) 6

It is easy to prove that the equations (Z1]) are non Hamiltonian equations with respect to this
Poisson bracket.

According to the second equation in ([B1), the symplectic leaves of the Poisson bivectors
P, and P; are topologically equivalent to each other. Below we study the difference between
their symplectic structures.

3.2 Properties of the linear Poisson bivectors.

Let us remind some necessary facts from the Poisson geometry. The Poisson manifold M is
a smooth (or complex manifold) endowed with the Poisson bivector P fulfilling the Jacobi
condition

[P,P] =0

with respect to the Schouten bracket on the algebra of the multivector fields on M. Other
Poisson bivector P’ is compatible with P if any of its linear combination P+ AP’ is the Poisson
bivector, i.e. if

[P,P]=0.

The compatible bivectors P’ are the 2-cocycles in the Poisson-Lichnerowicz cohomology defined
by Poisson bivector P on the Poisson manifold M.

The Poisson-Lichnerowicz cohomology of the Poisson manifold was defined in [27], and it
provides a good framework to express the deformation and the quantization obstructions, see
[39]. For example, the Lie derivative of P along any vector field X

PX) = £x(P) = [P,P)] =0 (3.6)

is 2-coboundary, i.e. it is a 2-cocycle associated with the Liouville vector field X. If X is such
vector field that the Jacobi condition

[[p(X),p(X)]] =0
is satisfied, then P(X) (B3) is called the trivial deformation of the Poisson bivector P.

Remark 4 In the theory of Frobenius manifolds we have another definition of the trivial
deformation. Namely, deformation is called trivial if there exists a formal diffeomorphism
¢ : M — M admitting the Taylor expansion, which pulls back P’ to P.



The first bivector P; (8.2) is the well studied Lie-Poisson bivector on the Lie algebra e*(3)
of Lie group E(3) of Euclidean motions of R3. It is easy to prove that

[[Pl,PQ]];AO and [[Pl,Pg]]:O.

It means that Ps is a 2-cocycle in the Poisson-Lichnerowicz cohomology of the Lie algebra
€*(3) and, moreover, bivectors P; and Ps; have the same Casimir elements, according to their
construction (BI)).

Proposition 3 In the generic case the Poisson bivector

&:L(g ;)—M(M,Av)(g 19) (3.7)

g(7)

is a nontrivial deformation of the standard Lie-Poisson bivector Py, i.e. P3 # Lx(P1) for any
X. In fact

g(v) (v, M)
2

Ps :ﬁy(Pl) + Ez(Pl) (38)

where entries of the vector fields Y =Y Y70; and Z = Z79; are given by
M

Yi=7'=0, Y =— :
5(7)

Zi+3 ((trA-Id—A)w)., i=1,2,3.

K2

It is easy to see, that if Hy = (v, M) = 0 then P3 = Ly (Pl) is a trivial deformation with all
the pleasant mathematical and physical consequences, see [27, [39] and [7, [L0] respectively.

Remark 5 In the finite-dimensional case local Poisson geometry begins with the splitting
theorem, which says that in the neighborhood of any point in the Poisson manifold M, there

are coordinates (qi,...,qk, P1,---, Pk, C1,...,C¢) such as
S R R o 0
P= AN=— 4= i1 (C)=—= N — d i(0) =0 .
;aqz apz+2lJZ:1<pJ( )801 acj an QDJ()

So, if the compatible bivectors P and P’ have a common set of Casimirs Ci,...,Cp, we can
identify the Darboux coordinates (g,p) of P with the Darboux coordinates (¢’,p") of P’ and
obtain the local map ¢ : M — M, which pulls back P’ to P.

Below we prove that in our case this local map can be extended to the global one.

Remark 6 If we come back to the general theory, the second Poisson-Lichnerowicz cohomology
group H% on M is precisely the set of bivectors P’ solving [P, P'] = 0 modulo the solutions of
the form P(X) = Lx(P).

We can interpret H% as the space of infinitesimal deformations of the Poisson structure
modulo trivial deformations. We should keep in mind that cohomology reflects the topology
of the leaf space and the variation in the symplectic structure as one passes from one leaf to
another [39].

Summing up, we suppose that the linear in momenta Poisson bivector P (B 7H3.8) is an
element of the second Poisson-Lichnerowicz cohomology group H% of €*(3). The first time this
bivector has been obtained was in [5] by investigating the nonholonomic Chaplygin ball.

3.3 The r-matrices

For any w equations (2] can be rewritten in the Lax form

dL r
— =[L,Q L=M+— R .
= L9, 3 AER, (39)



if we identify (R, x) and (so(3), [.,.]) by using a well known isomorphism

0 z3 —Z9
z=(z1,22,23) 2 Z=1|—-23 0 z1 |, (3.10)
z9 —ZzZ1 0
where x is a cross product in R® and [.,.] is a matrix commutator in so(3). As usual [30], the

first Lax matrix L gives rise to three integrals only

1 2H, H
—gtraceL2 = Hs + T2 + )\—21

Using this Lax matrix the Poisson brackets {.,.}; can be rewritten in the r-matrix form

L)L)} = (o O ) L] = [ran (0 ) L) ] (3.11)

1 2
HereL(A\) = L(A\) ® Id, L(p) = Id ® L(p) and ri2(A, ) is a classical r-matrix and

r21 (A, i) = Prig(p, A),

where P is a permutation operator [30].
For the first bracket {.,.}; B3) associated with the bivector P; ([B:2)) this r matrix

3
_ s
ri2(A ) = M_A;SZ@@SZ, (3.12)

is a well known constant matrix [30]. Here S; form a basis in the space of 3 x 3 antisymmetric
matrices

0 0 0 00 -1 0 10
Si=(0 o 1|, S.=[o0 o), s;=[-10 0
0 -1 0 10 0 0 00

For the nonholonomic bracket {.,.}s ([B.4]) associated with the bivector P; ([B.2]) the r-matrix
will be a more complicated dynamical r-matrix.

Proposition 4 At k = 3 the Lax matriz for nonholonomic Chaplygin ball (3.9) satisfies the
linear r-matriz algebra (I11) with the following r-matriz

3
r12(A p) = ﬁ <\/g1(—'y) - AVg(v) (M, Av)) ; S:i®S;. (3.13)

Thus, we obtain a classical r-matrix for the nonholonomic Chaplygin ball. However, it is
dynamical r-matrix meant for a concrete model only and, therefore, we could not make a
substantial profit out of the majority of opportunities of the classical r-matrix method [30].

3.4 Change of the time variable

The notion of the Poisson brackets allows us to rewrite the equations (2.)) in the form of

dz 1
E _{Hvx}kv H= §H4 (314)
after changing the time variable
dr = M dtu Hi2 = 17 H3 = g(,)/) ) (315)



where py, are the Jacobi multipliers (ZI0H2.11]). Namely this transformation has been used in
the Chaplygin work [I0] in order to get the solutions as the functions of the time variable. The
properties of this change of time are discussed in [7, [25].

It is easy to see that for the equations ([BI4) the Jacobi multiplier is equal to u7, because

i 8 de . n 8 2 de .
Sor (e G) =g (- F) -0
j=1 "7 j=1 "7

So, this systems of equations looks like the Hamiltonian system with respect to the Poisson
brackets {.,.}x, but at k = 3 its Jacobi multiplier does not equal to the constant, as it does for
the standard Hamiltonian systems [17].

On the other hand, if we make an inverse transformation

"9 dx; "9 dx;
dr' = u -t dt i i I (1.2 =
T 'uk = le 6,Tj (,Uk dt > le al'j ( dT'> O

we get a system with a constant Jacobi multiplier, but the form of the equations will be non-

Hamiltonian p
£ 2
T = i H, b

Remark 7 The systems with the vector field
X = PdH
and the Jacobi multiplier u(x) depending on z are called conformally Hamiltonian in [7].

So, at k = 3 there are two transformations of the time variable, which reduce either the
form of the equations or the value of the Jacobi multiplier to a habitual form. However, we
can not directly identify these transformations with canonical transformations of the extended
phase space, which change time and the Hamilton function simultaneously (28] 3T, 32} [34].

4 Separation of variables at (v, M) = 0.

Now we address the problem of separation of variables within the theoretical scheme of bi-
hamiltonian geometry [38]. According to [I0] we can start with the case (v, M) = 0 and then
reduce the generic case to this particular one. This reduction is related to the twisted Poisson
maps and its detailed discussion goes beyond the scope of this paper.

Let us remind, that the bi-Hamiltonian manifold M is a smooth (or complex) manifold
endowed with two compatible Poisson bivectors P and P’. Dynamical systems on M with the
integrals of motion in involution with respect to the both brackets

{HHHJ}:{HZaHJ}/:Oa 7’5.]:157”5 (41)

are called bi-integrable systems [3§].

In fact, the family of bi-integrable systems coincides with the family of separable systems
because the bi-involutivity of the integrals of motion (1) is equivalent to the existence of the
control matrix F' defined by

P'dH; = P F;; dHj, i=1,...,n. (4.2)
j=1

The eigenvalues of F' are the coordinates of separation, whereas the suitable normalized left
eigenvectors of F' form the generalized Stackel matrix S

F=S"'diag(q,...,q.) S



which defines the separation relations

n

(I)i(inpilea---aHn):Zsij(Qiapi)Hj+Ui(Qiapi):Oa i=1...n. (4.3)

j=1

Here the entries of Stéckel matrix S;; and the Stéckel potentials U; depend only on one pair
(g:, pi) of the canonical variables of separation and, in generis case, on the integrals of motion
[38].

In our case the Stéackel matrix and the Stéckel potentials depend only on variables of
separation, and it allows us to calculate the canonical transformation from the initial variables
v, M to the variables of separation explicitly.

4.1 Coordinates of separation.

In order to get variables of separation according to the general usage of bi-hamiltonian geometry
firstly we have to calculate the bi-hamiltonian structure for the given system with integrals of
motion Hy,..., H, on the Poisson manifold M with the kinematic Poisson bivector P [3§].

Proposition 5 Let us introduce vector fields Xy = ngaj, k = 1,3, with the following en-
tries: . _
Xj =0, X/= {fyxAk(fyxM)], i=1,2,3. (4.4)

If (v, M) = 0 then the Poisson bivectors
Pl =Lx,(P1) and  Py=Lx,(Ps)

are compatible with the bivectors Py and Ps (3.2) respectively. These bivectors P, have common
symplectic leaves
P.dH; =0, PldHs =0, k=13, (4.5)

with the initial kinematic bivectors Py, and the integrals of motion Hs = (M, M) and Hy =
(M, A M) are in the bi-involution

{Hs, Hy}), = {Hs, Hy}), =0, (4.6)
with respect to the corresponding Poisson brackets.

Thus, we proved that the Euler top and the nonholonomic Chaplygin ball are bi-integrable
systems at (v, M) = 0.
If Py 3 are given by 3:2) and P}, = Lx, (P) (&Z), then control matrices F(Y) and F®) in

PldH = P (F(k)dH) . dH = ( gg?’ )
4

are equal to

0 (AY7,7)
(k) — B
= < —(7,7) ((trAk 'Id_Ak)%’Y) ) ’ k=1,3. (4.7)

Here AY = (det Aj) Aj, "' are adjoint or cofactor matrices.

Proposition 6 The Darbouz-Nijenhuis variables associated with the bivectors Pj and control
matrices F*) are the roots of their characteristic polynomials

() = A2 = ((trAy - Td = Ax)7,7) + (7,7) (Ax¥7,7) = 0. (4.38)

These Darbouz-Nijenhuis variables are the variables of separation for the bi-lagrangian foliation
defined by integrals Hy, ..., Hy.



At (v, M) = 0 the passage from the Euler top to the nonholonomic Chaplygin ball consists of
the replacement of the numerical matrix A; (2.6) on dynamical one Az (Z7) in the equations
of motion (Z1)), in the Hamiltonian Hy = (M, A M) and equations ([LAFALTIE) only.

On the face of it we could get more complicated passage for the conjugated momenta, such
as the kinematic Poisson bivectors Py, ([B.2]) are completely different. Nevertheless, in the next
section we prove that the separated momenta can be obtained in a common way as well.

Remark 8 The simplicity of this passage is a sequence of the equation (B:])
P3 = ﬁy (Pl),

properties of the Lie derivative £ and of the vector fields Y and Xj.

4.2 Elliptic coordinates

If axes of the body frame attached to the body coincide with the principal inertia axes of the
body then the tensor of inertia A~' is diagonal and

al 0 0
A= 0 ax O
0 0 as

Moreover, if we put (v,v) = 1, then by dividing 7(A\) on det(A — AId) we get the standard
definitions of variables of separation.

Proposition 7 In the above-mentioned hypotheses the variables of separation u,v and u,v are
zeroes of the functions

_ 7 20 i A—uw)(A—v)
61()\) o )\—al + )\—az + )\—ag o ()\—al)()\—ag)()\—cm)’ (49)
and
_ n—a1)  Bm—a)  En—as)) _ A—wA-v)
63(A)_g(7)< o T e T m >_(/\—a1)(/\—a2)()\—a3)’ (4.10)
respectively.

Equation (£9) is a standard definition of the elliptic coordinates u, v on the unit sphere, whereas
equation (£I0) determines the nonholonomic elliptic coordinates u,v, introduced in [10], see
also [7, [8 16 25].

We have to point out that our aim is the calculation of the well-known variables of separa-
tion without any additional assumptions. Thus, we have to calculate the conjugated momenta
Du, Py and py, py in framework of bi-hamiltonian geometry. It is easy to prove that in our case
we have identical Stéckel matrices

s<1>:(1 1) and s<3>:(1 1),
—Uu —v —u —V

and identical Stéackel potentials

U =uHs—Hy, U =vHs— Hy,
Hs = (M, M), H,=(M,uw). (4.11)
U =uHs—H,, U® =vHs— Hy,

According to [38], the notion of the Stéackel potentials allows us to find unknown conjugated
momenta using the Poisson brackets only.
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For instance, the following recurrence chain of the Poisson brackets
¢1 = {u, U{ "}, ¢ ={u,d1}1,..., i ={u,¢i1h (4.12)

breaks down on the third step ¢3 = 0. It means that Ul(l)(u, D) is the second order polynomial
in momenta p, and, therefore, we can define this unknown momenta in the following way

_ N, (e = am) (e —w)
Pu= b2 Z 2w —v)(a; — u)(am — u) Ji (4.13)

igm

up to the canonical transformations p, — p, + f(u). As above, €51, is a totally skew-symmetric
tensor.

Similar calculation with U2(1)(v, Do) yields to the definition of the second momenta p,. In
nonholonomic case we can perform completely identical calculations too. The results obtained
so far can be summarized in the following statement.

Proposition 8 The initial coordinates x = v, M are expressed via elliptic coordinates u,v and
puap’u

o (u—a;)(v—a;) -
Vi = \/(aj_ai)(am_ai), #FjFm,
(4.14)

2¢g; im Vi Ym Aj — Gm
yy = Bl =) (4, ()

uU—v
In terms of the nonholonomic elliptic coordinates u,v and py,py, the same variables look like

%-—\/(“ﬂ“m(am‘") .\/((“—aﬂ(v—%) . itj#m, (4.15)

(u=n)(v-n) aj — a;)(am — a;)

s (= = wp — (0~ v)py).

 2g4mYi¥m(a; — am) (n—u)(n—v)
M= \/(n—al)(n—az)(n

In nonholonomic case these variables have been introduced by Chapligin [I0]. Our aim was
to calculate the variables of separation in framework of bi-hamiltonian geometry without any
additional speculations and assumptions.

4.3 The reduction of the Poisson brackets

The variables of separation u, v, p,,p, and u, v, py, Py are the Darboux variables with respect
to the brackets {.,.}; and {.,.}s, respectively. Thus, according to Remark 5, we can identify
these variables and get the diffeomorphism ¢ : M — M, which pulls back the nonholonomic
bracket {.,.}s to the Lie-Poisson bracket {.,.}1 on the Lie algebra e*(3).

Proposition 9 At (v, M) = 0 the Poisson bracket {.,.}s ([34)) between the variables v, M are
reduced to the Lie-Poisson bracket {.,.}1 (Z3) between variables

Yio= \/g(”Y) (77—(%7)%') v,  Ji=12,3,
(4.16)

M = - ( M L e®) <M,Av>~yj>.
Hi;ﬁj (77 - (1) ai) g(7)

This mapping identifies the Chaplygin variables u,v with the usual elliptic coordinates u,v on
the sphere.
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So, at (v,M) = 0 we can map the nonholonomic Poisson bracket to the standard Poisson
bracket on cotangent bundle to the sphere. It means that any integrable system on the sphere
has an integrable counterpart with respect to the nonholonomic bracket and vise versa. The
list of the known integrable systems on the sphere can be found in [4] [6] 4T].

On the other hand, we can say that mapping ([@I0) relates the usual metric on the sphere
with some nonholonomic metric on the same sphere. It can be interesting to study this metric
and the corresponding variational problem according to [20].

In the next section we prove that we can not identify the Euler top and the nonholonomic
Chaplygin ball using this mapping because they have different separated relations even at
(v, M) = 0.

4.4 Separation relations

Substituting variables v, M ([@I4) and (I3 into the Stéckel potentials (AIT]), we obtain a
pair of separation relations (@3] for the Euler top and the Chaplygin ball. These separated
equations define some algebraic curves and we can say that the equations of motion ([2)) are
linearized on the symmetrized product of these curves.

Proposition 10 In holonomic case at w = A1 M the variables of separation lie on two copies
of the hyperelliptic curve of genus one

ch . 4(a; —x)(ag —x)(az — x)y* — (xHz — Hy) = 0, X=UV, Y=Dpu,Py. (4.17)

In nonholonomic case at w = Az M the variables of separation lie on two copies of the following
hyperelliptic curve of genus two

c® . 4(n—x)(a1—x)(az—x)(az—x) y2—(xH3—H4) =0, X=1,V, ¥=Duy,Dv. (4.18)

In fact, we obtain the variables of separation and the separated equations geometrically, i.e.
without the equations of motion, the time variable and the underlying Hamiltonian or confor-
mally Hamiltonian structures. We only suppose that the foliation defined by the integrals Hs
and Hy on symplectic leaves of the corresponding Poisson brackets is bi-lagrangian foliation.

However, in order to get the solutions of the separated equations x(t) and y(¢) we have to
explicitly introduce a time variable t. Solving separated equations with respect to Hs and H,
one gets the Hamilton functions for the Euler top

_ dv(ar —u)(az —u)(az —u) n du(a; — v)(ag —v)(ag —v) o

Hy . s (4.19)
u— v—u
and for the Chaplygin ball
Hy = 4v(n —u)(ay —u)(az —u)(ag — u) pi n du(n —v)(a1 —v)(az — v)(az —v) P12; C(4.20)

u—v v—u
By definition the variables of separation are canonical variables and, therefore, we have
4x94/Pr(x 4x1+/Pr(x
{Hy,x1}e = 17;1) and  {Hy xo}p = ;7)((2) (4.21)
1— X2 2 — X1

Here variables x; o are coordinates of separation u,v or u,v at k = 1, 3, respectively. Polyno-
mials P (x) are the polynomials of degree 4 and 5 in x variable

Pi(x) = (a1 —x)(az —x)(as —x)(xHs — Hy),

P3(x) = (n—x)(a1 —x)(az2 = x)(ag — x)(xHz — Hy).
On the other hand, according to (B14), the brackets ({.21]) are equal to

2 Xm 2 d 2
H === d H -2
{ 4,X1}k B dt an { 4,X2}k - dt

12



where

- az)(n —az)

—V
pr =1, and  pz=+/g \/ ~a)) ) —v)

So, in order to get the solutions xj 2(t) of the equations of motion we have to consider the
Jacobi inversion problem for the equations

Xm dXQ
—_ d = —_— —_—
1 2/,Uk t / i) +/ B (s’
(4.22)
dexl X2dX2

VPr(x1) VPr(x2)’

where [y 2 are the constants of integration. The change of time variable ([BI5]) reduces these
equations to the standard Abel-Jacobi equations [10, 25]. The solution of this Jacobi inversion
problem by Wurzelfunktionen is discussed in [§].

Ba =

Remark 9 It is easy to prove that the right hand side in 8y ([@22) coincides with an addi-
tional Euler-Jacobi quadrature emerged in the Jacobi last multiplier theory. Of course, for the
Chaplygin ball this quadrature can be obtained without any change of time variable.

5 The 2 x 2 Lax matrices.

In variables of separation we deal with the uniform Stéckel systems ([LIM4.20) and, therefore,
we can get 2 x 2 Lax matrices associated with the Abel-Jacobi equations (£22)) in a standard
way, see [13, 26, [32] [33] [36] as well as the relevant references therein.

According to [32, [33] [36], let us introduce the following functions on the canonical variables
of separation and spectral parameter A

hi(\) = —%{H3,el()\)}

M) =~z { B ],

1

and
A = 3 ({HsmO)} —eHs).,

10 = gy (L = (1 BESERE oo - S252)

Here e1 3(\) are given by (LIHLIN), Hs is a leading term in the polynomial (xHs — Hy4) from the
separation relations (I ITHLIE]), whereas the Hamilton function is equal to Hy/2 [@I9HL2T).
In order to obtain these functions in initial variables we have to use the definitions of
e1,3(N), the integrals Hs 4 and the brackets {.,.}1 3 in (v, M) variables and, in addition, it is
necessary to substitute
u+v= Res|,___e3(A\)(A—trA)

in the last formulae.

Proposition 11 At (v, M) =0 the Lax matrices

hk €L 1 —6/ 0
L = , oy = —— k , k=1,3, 5.1
’ ( fre =y ) * preer \ 2hy e (5.1)
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satisfy to the Lax equation

d ke

Z 2 :—{H,z} :[.,sf ), )\}.

5 LN =5 (Hu Zg 1(A), @ (A)
Here 2/ = {z,Hy}1,3 is a time derivative up to Jacobi multiplier pq 3 (313).
As usual, substituting A = x into the determinants of the Lax matrces

det Z(\) = —hZ(\) — ex(N) fe(N)

which are equal to

B AH; — H,
det AN = e TN =@ =N
det Z(\) = — AHs — H,

A(n = N(ar = M)(az = A)(a1 = A)
one gets separated relations (£17) and (£I])) because e;(x) = 0 and hy(x) =y.

Remark 10 In [10] Chaplygin reduces the generic case at (v, M) # 0 to the particular case at
(v, M) = 0. By applying the inverse map to the Lax matrices (8:9) one gets the Lax matrices
for the generic case of the nonholonomic Chaplygin ball. These matrices and the corresponding
r-matrix algebra will be studied in a forthcoming separate publication.

Matrices %% () are associated with the uniform Stéckel systems and, therefore, they satisfy
to the linear r-matrix algebra [BI1]) with the well-studied dynamical r-matrices [13] 26 32} [33]
30]. In contrast with the previous 3 x 3 Lax matrices (89) it allows us to obtain some well
studied generalizations of these 2 x 2 matrices in the next paragraphs.

5.1 Chaplygin ball and separable potentials.

We are going to demonstrate that the Chaplygin ball at (v, M) = 0 is still integrable in the
force fields associated with a huge family of the so-called separable potentials [4}, T3] 41].

It is well known of how to get various generalizations of the separable systems using the de-
formations of their separated equations [I7]. For instance, let us consider following deformations
of the separation relations (£I7) and (ZIS)

4(ay —x)(ag —x)(az — x)y? — (xHz — Hy) +V(x) =0
4(n —x)(a1 —x)(az — x)(az —x)y* — (xHz — Hy) + V(x) =0,

where potential V' is some function on x. Usually, potential V is a linear combination of the
trivial separable potentials V,,, = «,,,x™™, where m is a positive or negative integer [4} 41].
In order to get the same deformations in the initial variables v, M we can use the generating
function [41]
(N

() = ,
(M) oY)
or the determinant of the corresponding deformations the Lax matrix 2 (\) (G))

(V) ]
ek(/\) MN '

Here ¢(\) is a parametric function on spectral parameter and [{(\)]asn is a linear combination
of the Laurent projections of £(\) by A [13] [32] [33].

fk_>fk+[

14



2

For example, if V = ax® one gets the integrable system

(67

Hs = (M7 M) + O‘(’%AW)a Hy = (MvAlM) - (’77A_17) ) (52)

ajaszas

which can be identified with the Neumann system on the sphere, and its nonholonomic coun-
terpart

Hy = (M,M)+ag(y) (n(y, Aq) = (A7, A7), (5.3)

H,

(M, AsM) — ag(y) (w - ) |

a1a2a3

Remark 11 Another nonholonomic analog of the Neumann system with the polynomial in
potential has been proposed by Kozlov [24] at

V= —ax® 4 (ar 4+ az + ag)x + 20T X)(SZ_—XX)(% —x) (5.4)

see integrals of motion in [@I0). At (y,M) = 0 this system is separable in the Chaplygin
coordinates [16].

If V = 3x3 we obtain a forth order polynomial potential on the sphere

Hy=(M,A M)+ ﬁw((%Av) — trA) : (5.5)

aj1a20as3
and its nonholonomic analog

-1

Hy = (M,AsM)+ Bg(v) (% — a1a2a3) {g(w) (n(v,Aw) - (Av,Aw)) — trA} )

(5.6)
Similarly we can get other well-known integrable systems on the sphere [4] [41], such as Braden
and Rosochatius systems, and their nonholonomic counterparts separable in the nonholonomic
elliptic coordinates.
The second type of perturbations of the Chaplygin system is related with other possible
deformations of the separated equations ([@I8). For instance, we can insert second arbitrary
parameter ¢ into the separation relations

4(n —x)(¢ = x)(a1 — x)(az —x)(ag —x)y* — (xHz — Hy) = 0, X=1u,v. (5.7)

As for the initial Chaplygin ball, we have to change the definition of the physical variables v in
terms of the variables of separation (£I0). By analogy it can look like

& ma)C—a)  G—u(-v)
6()\) _g(pﬂ ; )\_ai - ()\_al)()\_az)()\_as)v (58)

where function g() is determined from an obvious condition

Rese()) -1,

|)\:OO =

and an assumption (y,7) = 1. For the definition of the momenta M and of the Poisson bracket
between v and M we can use a transformation similar to (I6]). In this case physical meaning
of the equations (ZT]) is unknown.
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5.2 Analogs of the Chaplygin system on Riemannian spaces of con-
stant curvature.

At (y,M) = 0 the Euler top is a dynamical system describing free motion on the two-
dimensional sphere. It is well-known how to describe similar N-dimensional free motion on
any Riemannian space of constant curvature using a well-studied theory of the orthogonal coor-
dinate systems and the corresponding Killing tensors [3]. For example, according to [26] we can
get 2 x 2 Lax matrices (5.1) for such free motion and then add separable potentials [32, 33] 35],
which form depends on the chosen orthogonal coordinate system.

We can try to determine the N-dimensional Chaplygin systems on the Riemannian spaces
of constant curvature using known generalizations of the Chaplygin ball associated to the semi-
simple Lie groups [I5} 18] 21].

Let us start with elliptic coordinates (g, p) on the sphere Sy in N+ 1-dimensional Euclidean
space Ry. In this case the transformation of the free motion to its Chaplygin analog consists
of three steps:

e we have to change the separation relations from

N+1 N
I[I-a)p;-> ¢'Hn=0, j=1,...N, (5.9)
=1 =1
to
N+1 N
(n—q;) [] (@i —a))p; = ¢ Hm =0, (5.10)
=1 =1

compare with (G.9H5.9);

e we have to change the definition of ¢; in term of cartesian coordinates in Ry from

o L0
Vi Jj=1 q;
er(N) = - , 5.11
= T 0w o1
that implies Zﬁ’;l 42 =1, to
N+1 o N A —q;
Y (n — ax) Hj:l( qj)
es(\) = - : 5.12
3( ) g(ﬁ)/); )\_ak Hi\:l_l()\_al) ( )

where g() is defined by residue of e3(A) at infinity;

e we have to change the time variable in order to attach some nonholonomic physical mean-
ing to the proposed pure mathematical integrals Hi, ..., Hy and the corresponding equa-
tions of motion, see [15] 18] 21].

Remark 12 Similar to ([£I6]) the definitions (B.I1) and (GI2]) determine the canonical point
transformation between cartesian coordinates 4 and -y

3=\ 80) (1= G ) ws G=1 N

which allows us to determine the "nonholonomic” momenta p,, in terms of canonical momenta

P, with brackets {%;,p,,} = d;; and to get a "nonholonomic” Poisson bracket in Ry, similar
to the bracket {.,.}s &4).

Remark 13 Instead of (5II) we can start with any other coordinate system and the corre-
sponding separated equations on the Riemannian spaces of constant curvature [3]. For instance,
we can take elliptic coordinates

N2 1A —a))
’719 Jj=1 J
e(N) =1 +,§_1 P = fil()\ o) . (5.13)
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or parabolic coordinates

oz L0 —g)
oy _ Ve _ 1l=1 J
e(A) =\ —2vy ;; o IO e (5.14)

in N-dimensional Euclidean space.

So, there are not mathematical problems in the construction of such ”nonholonomic” dy-
namical systems associated with any orthogonal coordinate system and their potential gener-
alizations. The main problem is the introduction of a suitable time variable.

6 Generalizations of the nonholonomic Chaplygin system
at (v, M) # 0.

In the previous section we consider various deformations of our dynamical systems at (v, M) = 0
using the variables of separation. We proceed by discussing some possible deformations of the
Chaplygin ball in generic case.

Let us consider the deformation of the equations (21)

M=Mxw+~vyxb, Y= Xw, (6.1)

where w = A 3M and vector b is an arbitrary function on x = v, M.

It is clear that the functions Hy o ([2.2)) remain the integrals of equations (6.1J). It allows
us to look for two additional integrals Hs and H, in the involution with respect to the same
Poisson brackets {.,.}1,3

{Hg, H4}3 =0.

For the first Poisson bracket all integrable deformations are well known [2] [6, B0]. At n — oo we
have Az — A; ([27), and the corresponding equations of motion (6] coincide to each other.
It means that we can try to get nonholonomic counterparts of the Lagrange and Kowalevski
tops, or of the Kirchhoff, Clebsh and Steklov-Lyapunov systems.

Remark 14 If the Hamilton function reads as
2H:H4:(M,w)—|—2V("y), w:Alng,
then in holonomic case at k = 1 equations (G.I)) are identified with the Euler-Poisson equations

2, 6]

. 0H OH . OH 1
M—an—M‘f"}/Xa—’y, ’}/—’}/Xa—M, H—§H4, (62)

whereas in nonholonomic case at k = 3 first equation has to be replaced to

(6.3)

according to the procedure of elimination of the undetermined Lagrange multipliers [, [10].

Remark 15 There are other interesting deformations of equations of motion, which require a
changing these Poisson brackets, see [7, [29].

6.1 Linear integrals of motion.

Let us briefly consider the Lagrange top [2, [6l [30] and its nonholonomic twin [9, [19].
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Proposition 12 If w = A 3M,
a1 = ao, and b=(0,0,b3),

then the integrals of the equations (6.2)-(6.3)

Hs = (M,M)+2a7*(b,y)  and  Hy= (M,w)+2(b,7), (6.4)
are in the involution with respect to the Poisson brackets {.,.}1 and {.,.}s, respectively.
In holonomic case the linear in momenta integral

K=(0bM)=Ms;,  {HyK} =0,
can be obtained from the quadratic integrals (6.4]) in a standard way
VH —aH; = Vs —arMs = Va; —aK. (6.5)

In nonholonomic case the linear integral looks like

B ayxs(y, M) B
K =+/g(v) <M3+777—G1(%7)) , {Hn,K}5=0. (6.6)

It can be represented via quadratic integrals (64) and the Casimir functions according to the

relation )

a
Hy—a1Hs+ (a1 —a3)(n—ai(vy,y K2—717,M2:O.
1Ha 4+ (1 = aa) ( — ax(7,7) n—al(%v)( )
In both cases the equations of motion (G.1]) are equivalent to the Lax equation
dL r

It is obvious, that the Lax matrix L satisfies the linear r-matrix brackets (811 with the same
r-matrices (B12) and EI3).

In holonomic case by w = A1 M we have b x (M —w) =0at ag =az =1 and b; = by = 0.
It allows us to get another well-known Lax representation for the Lagrange top [2], 30]:

%:[L,QHB], L=AB+M+§. (6.7)

In nonholonomic case b x (M — w) # 0 and we have no such Lax matrix at all. Of course, it is
a superficial argument because the main point is that the nonholonomic system is related with
the genus three algebraic curve instead of the elliptic curve for the Lagrange top.

Namely, using the Euler angles and their conjugated momenta, for the Lagrange top we
can easily prove that the pair of canonical variables

YoMy — 1 Mo Do
U =3 = 008(9)7 Pu = = T ) {u,pu}l = 17
i +3 sin(6)
lies on the elliptic curve defined by equation
2ub+ B —aza?  ai(au+0)?
2
=0
@put uz -1 (u? —1)2 ’
where we fix the values of the integrals of motion
Hy=(,7)=1  Hy=(y,M)=¢( K=o,  Hy=p. (6.8)

For the nonholonomic system canonical variables

5, = Du

) p - )
Y

u=u {uaf)u}3:15
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satisfy to the following separated equation

o 2ub+ B —azpa’ ain (au+ of)?
2
+ =0. 6.9
a;lpu u2 _ 1 g (T] + a (u2 _ 1)) (u2 _ 1)2 ( )
Here we fix the values of the integrals of motion as in ([€.8) and
1 n—ap)? n4+a(u? -1
g= 5. p= % . 0= —#\/@
n—ay+ (a1 — az)u N+ a1 (u? —1) n—a

If £ = (v, M) = 0, one gets the elliptic curve, but in generic case rewriting the equation (G.9])
in polynomial form we obtain the algebraic curve of genus three.

Only at (v, M) = 0 we can get the solutions in the terms of elliptic functions and, therefore,
only in this particular case we can try to reconstruct the Lax matrix associated with the elliptic
curve.

Remark 16 Three different bi-Hamiltonian structures for the Lagrange top have been ob-
tained in [37]. These structures are related with different variables of separation and, therefore,
different quadratures. If we get similar dynamical Poisson bivectors for its nonholonomic coun-
terpart, one gets various quadratures, which could be associated with the distinct Lax matrices
and underlying r-matrix algebras.

6.2 Second order integrals of motion

For the Kirchhoff problem, the integrable cases by Kirchhoff, Clebsch, and Steklov-Lyapunov
are known. In this section we begin with the Clebsch case

Proposition 13 If w = Ay 3M then the integrals of the equations (€2)-([C-3)
Hy=(M,M)—(Avy,7) and  Hy=(Mw)+(A%y,7) (6.10)
are in the involution with respect to the Poisson brackets {.,.}1 and {.,.}s, respectively.

In holonomic case we have the well-studied Clebsch problem. In nonholonomic case this defor-
mation of the Chaplygin system has been proposed by Kozlov [24].
There are some different Lax matrices for the Clebsch model [6], [30]. For example,
Xy

L=XA,+M+ T

We can not directly generalize this matrix to the nonholonomic case, because Az # 0 23 in
contrast with A; = 0 above. We suppose that the nonholonomic Kozlov system is related with
the algebraic curve of higher genus and, therefore, the corresponding Lax matrices will be more
complicated deformations of the known Lax matrices for the Clebsch problem.

At (v, M) = 0 the Clebsch system becomes the so-called Neumann system on the sphere,
which is separable in the elliptic coordinates u, v (@) [6]. Its nonholonomic counterpart is the
separable system in Chaplygin coordinates u, v (£I0) [I6] and, therefore, we can get 2 x 2 Lax
matrices Z(\) (BI) for this nonholonomic system as well.

Remark 17 The Clebsch case is equivalent to the Brun case of integrability in the Euler-
Poisson equations [6] and, moreover, it is trajectory isomorphic to the Kowalevski gyrostat [22].
We can hope to get a nonholonomic analog of the Kowalevski top by using similar isomorphism.

Now let us consider the integrable Steklov-Lyapunov case in the Kirchhoff equation and
the corresponding integrals of motion

H3:(MaM)_2(M7AFY)+(77CQFY)a (
6.11)
Hy = (M,w) +2(M,AVy) + (Av,C%y),
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where C = diag(as — a3, as — a1, a1 — a2). These integrals are in the involution with respect to
the first bracket {Hs, Hy}1 = 0.

If we replace w = A1 M on w = AsM in Hy then {Hs, Hy}3 = 0 only if two parameters
a; coincide with each other. So, for the nonholonomic bracket {.,.}5 we have to propose some
more complicated deformations of the integrals (G1T]).

Remark 18 It is known that the Steklov-Lyapunov system is equivalent to the integrable
system on the sphere with forth order potential (.3]) [35]. We suppose that a similar trans-
formation of the system (B.6]) separable in nonholonomic elliptic coordinates allows us to get a
nonholonomic counterpart of the Steklov-Lyapunov system.

7 Conclusion

We consider two very similar dynamical systems, which evolve on coadjoint orbits of Lie algebra
e(3) and their non-trivial symplectic deformations.

Close ties between the integrable Euler top and the nonholonomic Chaplygin ball allow
us to get Lax matrices, r-matrices and bi-hamiltonian structure for this nonholonomic system.
Moreover, in framework of the Jacobi method of separation of variables we describe a huge
family of separable potentials, which can be added to nonholonomic Hamiltonian and briefly
discuss how to get the NN-dimensional nonholonomic systems on the Riemannian spaces of
constant curvature.

In [I0] Chaplygin transforms the generic case of the rolling ball to the particular case of
horizontal angular momentum (y, M) = 0. It allows us to solve the equations of motion using
the same variables of separation u,v ([£I0), which will be the non-canonical variables with
respect to initial Poisson bracket {.,.}s ([B4) after this map. We will discuss this Chaplygin
map in framework of the Poisson geometry in separate publication, as well as the corresponding
2 x 2 Lax matrices and the underlying r-matrix algebra.

We would like to thank Yu.N. Fedorov, I.S. Mamaev and A.A. Kilin for helpful discussions
and A.V. Borisov for gentle introduction to the nonholonomic theory.
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