FORWARD-CONVEX CONVERGENCE OF SEQUENCES IN ]L(_)F
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ABSTRACT. For a sequence (fn)nen in ]L(J)r, we provide simple necessary and sufficient conditions to

ensure that each sequence (hn)nen of its forward convex combinations, the latter meaning that hy, €

problem of mathematical finance.

0. INTRODUCTION

turns out to be inadequately small for a large number of modeling tasks.
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conv({fn, fnt1,...}) for all n € N, ]L(J)r-converges to the same limit. These conditions correspond

to a measure-free version of the notion of uniform integrability and are related to the numéraire

A growing body of work in applied probability in general, and in the field of mathematical
finance in particular, has singled out LL°, the Fréchet space of a.s.-equivalence classes of random
variables topologized by the convergence in probability, as especially important (see, e.g., [3, 8]
13l 16, 17]). Reasons for this are multiple, but if a single commonality is to be found, it would
have to be the fact that LY is measure-free. More precisely, the L%-spaces built over the same
measure space with different probabilities will coincide as long as the probabilities are equivalent.
The desirability and necessity of the measure-free property in mathematical finance stems from the
central tenet of replication (popularized by the work of Black, Scholes, Merton and others) which
finds its mathematical expression in the theory of stochastic integration. Since replication amounts
to complete removal of risk, the probability measure under which a financial system is modeled
should not matter, modulo its negligible sets. On the other hand, given that general stochastic
integration does not admit a canonical pathwise definition, we are left with L0 as the only proper

setting for the theory. The only other measure-free member of the (IL”),¢[0,o] family, namely L.°°,

It is important to note that the interplay between L, the measure-free property, and stochastic

integration, reaches farther into the history than the relatively recent progress in mathematical

finance. The seminal work of Stricker ([I5]) on the semimartingale property under absolutely-

continuous changes of measures and the celebrated result of Dellacherie and Bichteller (I, 2, [7]) on

the theory of L%-integrators are but two early examples. Even before that, results related to the
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measure-free structure of L9, but without relation to stochastic integration, have been published
(see, e.g., [ [14]).

While L? seems to fit the modeling requirements perfectly, there is a steep price that needs to
be paid for its use: a large number of classical functional-analytic tools which were developed for
locally-convex (and, in particular, Banach) spaces must be renounced. Indeed, L° fails the local-
convexity property in a dramatic fashion: if (€2, F,P) is non-atomic, the topological dual of L° is
trivial (see [9], Theorem 2.2, p. 18). Therefore, a new set of functional-analytic tools which do not
rely on local convexity (and the related tools such as the Hahn-Banach theorem) are needed to treat
even the most basic applied problems. Specifically, convexity has to be “supplied endogenously”,
leading to various substitutes for indispensable notions such as compactness (see [6, 12l [16]). A
central idea behind their introduction is that a passage to a sequence of convex combinations,
instead of a more classical passage to a subsequence, yields practically the same analytic benefit,
while working much better with the barren structure of L. The situation is not as streamlined as in
the classical case where true subsequences are considered. Indeed, there are examples of sequences
(fn)nen in Lg_ (the nonnegative orthant of ) that converge to zero, whereas the set of all possible
limits of the convergent sequences (hy)nen such that hy, € conv({fn, fnt+1,...}) is the entire ]L(j_
(see Example [L3] for details).

It is a goal of the present paper to give necessary and sufficient conditions on a sequence (f,)nen
in 1[49r to be forward-convexly convergent, i.e., such that each sequence of its forward convex com-
binations (meaning a sequence (hy,)neny with hy, € conv({ fn, fnt1,...}) for all n € N) converges in
Lg to the same limit. Arguably, forward-convex convergence plays as natural a role in L.? as the
strong convergence does in L'-spaces. It rules out certain pathological limits and, as will be shown,
imposes a measure-free locally-convex structure on the sequence. Put simply, it brings the benefits
of local convexity to a naturally non-locally-convex framework.

As far as sufficient conditions for forward-convex convergence are concerned, the reader will
quickly think of an example: almost sure convergence of the original sequence will do, for instance.
Other than the obvious ones, useful necessary conditions are much harder to come by, and it
is therefore surprising that one of our main results has such a simple form. It says, inter alia,
that a sequence (f,)nen is forward-convexly convergent if and only if there exists a probability
measure Q in the equivalence class that generates the topology of L? such that (f,)nen is LY(Q)-
convergent. Effectively, it identifies forward-convex convergence as a measure-free version of the
notion of uniform integrability.

Interestingly, there is an alternate route towards better understanding of the role played by
forward-convex convergence; it is inspired by recent work in mathematical finance by one of the
authors (see [10]). For a sequence (f,,)nen in LY, one can form a nested family (Cy,)nen, each C,, being
the L-closure of conv({fn, fas1,---}), and interpret forward-convex convergence as convergence
of each sequence (hy,)nen with h, € C, to the same limit. If C denotes (), Cp, it can be shown

that (fn)nen is forward-convexly convergent if and only if its limit f is a numéraire in C, i.e.,
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if it essentially maximizes the expected logarithmic utility (again, under some probability in the
equivalence class generating the topology of L) among all elements of C. This extremality property
can be viewed as a measure-free no-loss-of-mass condition on the original sequence, giving further
support to the interpretation of forward-convex convergence as a variant of uniform integrability.
After this introduction, we give a brief review of the notation and terminology (both about L? and
the notion of a numéraire) and state our main result in Section 2. The bulk of the paper (Section
3) is dedicated to its proof, which is further divided into 4 logically separate parts. Given that
the majority of applications of our results are in applied probability, we choose to use probabilistic
notation and talk about expectations, random variables and convergence in probability instead of

integrals, measurable functions and convergence in measure.

1. THE RESULT

1.1. Preliminaries. Let (2, F,P) be a probability space, and let IT be the collection of all proba-
bilities on (€2, F) that are equivalent to (the representative) P € II. All probabilities in IT have the
same sets of zero measure, which we shall be calling II-null. We write “Il-a.s.” to mean P-a.s. with
respect to any, and then all, P € II.

By L; we shall be denoting the set of all (equivalence classes modulo II of) possibly infinite-
valued nonnegative random variables on (€2, F). We follow the usual practice of not differentiating
between a random variable and the equivalence class it generates in L. The expectation of f € L
under P € IT is denoted by Ep[f]. For fixed P € II, we define a metric dp on L via dp(f,g) =
Ep [lexp(—f) — exp(—g)|] for f € L4 and g € L;. The topology on L, that is induced by the
previous metric does not depend on P € II; convergence of sequences in this topology is simply
(extended) convergence in probability under any P € II.

A set C C Ly is convex if (af + (1 — a)h) € C whenever f € C, g € C and «a € [0, 1], where the
multiplication convention 0 x co = 0 is used. For A C L, conv(.A) denotes the smallest convex set
that contains A; conv(A) is just the set of all possible finite convex combinations of elements in A.
Further, conv(A) will denote the L -closure of conv(.A).

If (fn)nen is a sequence in L, any sequence (hy,)nen such that h,, € conv({ fn, fnt1,...}) for all
n € N will be called a sequence of forward convex combinations of ( f)nen-

The set of all f € L such that {f = oo} is I-null is denoted by LY. We endow LY with the
restriction of the L -topology; convergence of sequences under this topology is simply convergence
in probability under any P € II. When we write Lg— lim,, 00 fn = f, we tacitly imply that both
the sequence (f,,)nen and the limit f are elements of LY.

A set B C LY is called LY -bounded if | limg_,o sup ;e P[f > ¢] = 0 holds for some (and then
for all) P e II. If B C ILS)r is L(jr—bounded, its Ly -closure is a subset of LQF, and coincides with its

Lg_—closure.

1.2. Numéraires. We start with a result about certain “optimal” (extremal) elements of subsets
of LY.
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Proposition 1.1. For K C LY, let h € K be such that {h = 0} C {f = 0} holds for all f € K.

Then, the following statements are equivalent:

(1) There exists a o-finite measure p on (2, F), equivalent to the probabilities in 11, such that

J hdp = sup e [ fdu < oo.
(2) There exists P € 11 such that Ep [f/h | h > 0] <1 holds for all f € K.

Proof. We exclude from the discussion the trivial case K = {0} so that {h > 0} is not II-null.

First, assume (1). If u[h = 0] = oo, we can easily redefine it so that u[h = 0] < oo without
affecting the values of the integrals | fdu, for f € K. Therefore, we can assume that pu[h = 0] < occ.
Define P € II via

1 fuhdy 1 pfAn {h=0}]
4] = arcr  2eAnih
2 Thdn T2 pl{h =0}
using the convention 0/0 = 1. Then, Ep [f/h | h > 0] = [ fdp/ [ hdp < 1 holds for all f € K.
Conversely, assume (2) and define p : F — Ry U {oo} via

, for A € F,

1
plA] = Ep [(E]I{;Do} + H{h:O}) HA} , for A e F.

It is apparent that p is a o-finite measure, equivalent to P € II. Moreover, for any f € I, we have

[ = Be (£ /1) Lpey] = Eals/h | 1> OBl > 0] < Plh> 0] = [ has
which completes the proof. O

Definition 1.2. An element 2 € K C LY such that {h = 0} C {f = 0} for all f € K that has
one of the equivalent properties of Proposition [T will be called a numéraire in K. The set of all

possible numéraires in K will be denoted by K"™™.

By condition (1) of Proposition [Tl ™™ exactly consists of elements in K that are supported
by a “dual” o-finite measure pu, equivalent to all probabilities in II. Clearly, the linear mapping
]LS]r > f — [ fduis in general extended-valued and only lower semicontinuous; therefore, 1 does not
define a dual element in the strict functional-analytic sense. However, “morally” speaking, "™
coincides with the set of possible maximizers of strictly increasing and strictly concave functionals
on K. In fact, if h € K™™ and P € II are as described in condition (2) of Proposition [Tl A
is essentially the element in K that maximizes the functional K > f — Ep[log(f)]. We use the
quantifier “essentially” because the last problem might not be well-posed, and an approximating

procedure has to be utilized in order to construct h, as can be seen from the proof of Theorem

1.1(4) in [10].

1.3. The main result. Having introduced all the ingredients, we are ready to state our main
equivalence result. Before we do that, we pause to give an example of the kind of pathological

behavior we are trying to outlaw.
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Ezample 1.3. Take Q = (0, 1] equipped with the Borel o-field and Lebesgue measure P, and define
the sequence (fy,)nen by

fon=(m-— 1)2m_11[((k._1)/2m—17k/2m—1}, forn=2""14k—1withmeNand1<k<2m !

It is straightforward to check that Lg_— lim,, 00 frn = 0, but as we shall show below, this sequence
behaves in a strange way: for any f € LY, there exists a sequence (hy)nen of forward convex
combinations of (fy,)nen such that ]LQF— limy, 00 hpp = f.

We start by noting that it suffices to establish the above claim only for f € L5°; and, consequently,
pick f € LS with f < M for some M € R,. For each m € N, let 7, be the o-field on 2 generated
by the intervals ((k — 1)27™, k27|, 1 < k < 2™. For m € N, define g,,, := Ep[f | Fi]; by the
martingale convergence theorem, ILS)F— lim,,, 00 gm = f. Furthermore,

2m 2m

m Ep [All-1)/2m, k/2m)]
gm = 32" B (A1) o Dy o) = D m
k=1 k=1

f27n +k_1 .

Set am = m'Ep [hH((k_l)/2m7k/2m]j| e Ry forme Nand 1 <k < 2™ so that, for m > M, we

have
2 m

Eplh M
> ok = elh] <<l
k=1

m

Define the sequence (hy, )nen as follows: for m € N with m < M, simply set hom-1,p 1 = fom-1,5_1
for all 1 < k < 2™~ 1 while for m € N with m > M set

2m 277L 277L
hom-145—1 = (1 - Zam,e> fom + >t fomio1 = <1 -3 Oém,é) fom + gm

/=1 k=1 /=1

for all 1 <k < 2™1. Then, (hy)nen is a sequence of forward convex combinations of (f,)nen, and
LY-limy, o0 by = f.

Theorem 1.4. Let (fu)nen be a sequence in LY. Set C := Mpen €V ({ fr, fat1,---3). If
0 .

(CONV) L- lim fo = f.

holds for some f € ILS)F, then the following statements are equivalent:

(1) Ewery sequence of forward convex combinations of (fn)nen LY.-converges to f.
(2) Whenever a sequence of forward convex combinations of (fn)nen is Ly -convergent, its L -
limit is f.
(3) ¢ ={f}.
(4) ¢ CLY and fecmm.
(5) There exists Q € II such that sup, ey Eg[fn] < 0o and lim, . Eg||f, — f|] = 0.
With (CONV]) holding, and under any of the above equivalent conditions, we have

(1'1) W({flyf%-“}):{zanfn“‘ (1_Zan>f

neN neN

(an)neN € AN} .
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where AN is the infinite-dimensional simplex:

AN .= {a = (ap)nen | an € Ry for alln € N, and Zan < 1}.

neN

Furthermore, with Q being any probability in 11 that satisfies statement (5) above, the ]L(jr—topology

on conv ({ f1, fa,...}) coincides with the L}F(Q)—topology, (in particular, conv({ f1, f2,...}) with the

]Lg_-topology is locally convez), and conv ({ f1, fa2,...}) is Lg_—compact; in fact, it is Li(@)—compact.
In the special case f = 0, the equivalences of the above five statements and the properties discussed

after them hold even without assumption (CONVI).

Implications (1) = (2), (2) = (3), (3) = (4) and (5) = (1) are all straightforward, and (CONV))
is not required. Indeed, (1) = (2) and (3) = (4) are completely trivial. For implication (2) = (3),
observe that C coincides with the set of all possible L -limits of sequences (h;,)nen of forward convex
combinations of (f,)nen. Finally, implication (5) = (1) is immediate since

limsup Eq [|h, — f]] < thUP( sup Eq || fx —f|]> =0

n—o00 n—o00 Nok>n

holds for any sequence (hy,)nen of forward convex combinations of (f,,)nen-

The proof of implication (4) = (5) is significantly harder, and will be discussed in Section 21
We shall first deal with the case f = 0, where (CONV]) will not be assumed. Then, we proceed
with the proof of (4) = (5) in the general case. There is a simple argument that reduces the proof
of implication (4) = (5) to the special case f = 0; however, in order to be able to carry out this

argument one needs to first establish (4) = (1), which is quite technical.

Remark 1.5. Consider an ]L(j_—convergent sequence (fp)nen, and set f = ]L(j_— limy, o0 frn. From
a qualitative viewpoint, Theorem [[.4] helps to understand the cases where there exists a sequence
(hpn)nen of forward convex combinations of (fy,)nen that Lgr-converges to some limit other than f.
Indeed, by statement (4), this happens if and only if f ¢ C"™, in other words, if (fy,)nen converges

to a “suboptimal” limit of all the possible limits of its sequences of forward convex combinations.

Remark 1.6. In the special case f = 0, (CONV]) is not needed in Theorem [L4 However, when
f # 0, (CONY)) is crucial for (3) = (1) of Theorem [[4] to hold. We present below an example to
illustrate this fact.

Assume that (2, F,P) is rich enough to accommodate a sequence ( f,)nen of random variables that
are independent under P and have identical distributions given by P[f, = 0] = P[f, = 2] = 1/2. By
Kolmogorov’s zero-one law, it follows that any possible L -limit of sequence of convex combinations
of (fn)nen has to be constant. Now, (f,)nen is uniformly integrable (in fact, uniformly bounded)
under P, which means that C = {1}. With f = 1 we have all (2), (3) and (4) of Theorem [[.4]
holding. However, both (1) and (5) fail.

Remark 1.7. Our treatment only applies for sequences in ILS)F, since it uses the concept of the

numéraire, only defined for subsets of ]Lg_. It would be interesting to obtain a similar result for L°.
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2. PROOF OF THEOREM [L.4]

We split the proof in four steps, indicating each time what is being proved. For the first two
steps, and in particular until the case f = 0 has been treated, condition ([CONV]) is not as-
sumed. We introduce some notation that will be used throughout the proof: for n € N, set
Cp = conv ({ fn, fat1,...}) € Ly so that C = [),cnCn- Also, let S,, € Ly be the solid hull of Cy:
g €S, if and only if 0 < g < h for some h € C,,. It is clear that S, is convex and solid, and that
Cn C Sp.

2.1. ¢ C LY implies that conv ({f1, f2,...}) is L% -bounded. We start by showing that S, is
Li-closed, for n € N. For that, we pick an S,-valued sequence (gx)ren that converges P-a.s. to
g € Ly. Let (hg)reny be a C,-valued sequence with g < hy for all & € N. By Lemma A.1
in [B], we can extract a sequence (}le)keN of forward convex combinations of (hy)ren such that
h = limp_, Ek € Ly IT-a.s. exists. Of course, h € C,, and it is straightforward that ¢ < h. We
conclude that g € S, i.e., S, is Li-closed.

Let S = (),,cny Sn; then, C € S and S is L -closed, convex and solid. We claim that S actually is
the solid hull of C; to show this, we only need to establish that for any g € S there exists h € C with
g < h. For all n € N, since g € § C S, there exists h,, € C,, with g < h,,. By another application of
Lemma A.1 from [5], we can extract a sequence (ﬁn)neN of forward convex combinations of (A, )nen
such that h := Li-limg_, l~1k exists. Then, h € C and g < h.

Each §,, is Li-closed, convex and solid; therefore, a straightforward generalization of Lemma
2.3 in [3] gives, for each n € N the existence of a partition Q@ = &, U (2 \ ®,,), where ®,, € F,
{fle, | f € Sy} is L -bounded, while hlg\e, € S, for all h € L. Clearly, C;, 2 Cyq1 implies
®,, C ®,,41, for all n € N. However, since f, € LY, i.e., {f,, = oo} is II-null for all n € N, it follows
that @, = @, for all n € N. In other words, ®,, = @, for all n € N. Then, hlg\g, € S for all
h e€lL,. Since C C Lg_, and, therefore, § C ILS)r as well, it follows that Q \ ®; is II-null. Therefore,
Sy is ]L(j_—bounded, which completes this part of the proof. Observe that all S,,, n € N, are convex,
solid, ]L(jr—bounded, and Lg—closed; we shall use this later.

2.2. Equivalence of (1), (2), (3), (4) and (5) in Theorem [1.4 when f = 0. As already
discussed, the proofs of (1) = (2), (2) = (3), (3) = (4) and (5) = (1) are immediate, and (CONV])
is not used. Here, we prove (4) = (5) when f = 0 without assuming (CONV]).

Since &7 is Lg-bounded, there exists P € II such that sup,cs, Ep[h] < oo; in particular,
sup,en Ep[fn] < co. Given the existence of such P € II, the following result will be useful in
order to extract a probability Q € II that satisfies condition (5) of Theorem [[4]

Lemma 2.1. Fiz P € IT with sup, ey Ep[fn] < 00. Then, the following statements are equivalent:

(1) For some Q € 11, sup,,cy Eglfn] < 0o and lim,_, Eg[fn] = 0.
(2) For any € > 0, there exists A € F such that P[Q\ A| < e and lim,,_, Ep[f,I4.] = 0.
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Proof. First assume (1) in the statement of Lemma 21l Define Z := dQ/dP; then, P[Z > 0] = 1.
For fixed € > 0, let § = d(€) > 0 be such that, with A, := {Z > §} € F, P[Q\ A] < € holds. Then,
limsup Ep[f,14.] = limsupEQ[(l/Z)an{Z>5}] < (1/6)limsup Eg[f,] = 0.

n—oo

n—o0

Now, assume (2) in the statement of Lemma 21l For each k € N, let By € F be such that
PQ\ B] < 1/k and lim, o Ep[f,Ip,] = 0. By replacing By with Ufn:l B,, for each k € N
consecutively, we may assume without loss of generality that (By)ren is @ nondecreasing sequence
of sets in F with limj_,o P[By] = 1, as well as that lim, o Ep[f,1p,] = 0 holds for for each fixed
k € N. Define By = 0, ng = 0, and a strictly increasing N-valued sequence (ny)reny with the
following property: for all k € N, Ep[f,Ip,] < 1/k holds for all n > nj_;. (Observe that this is
trivially valid for £ = 1.) Then, define a sequence (E,, )nen of sets in F by setting E,, = By, whenever
nk—1 < n < ng. It is clear that (F,),en is a nondecreasing sequence, that lim,, ., P[F,]| = 1, and
that lim, o Ep[fyllp,] = 0. With Ey := 0, define Z := ¢} 27 "lg,\g,_,, where ¢ > 0 is
a normalizing constant in order to ensure that Ep[Z] = 1. Define Q € II via Q[A] = Ep[Z14]
for all A € F. With K = sup,cyEp[fn] < 00, sup,enEolfn] < esup,enEp[fn] = cK < oo.

Furthermore,

Eqlfn] = Eqlfnle,] + Eqlfalo\g,] < cEplfule,] + 27 "Ep|fulo\g,] < cEplfulg,] +cK27".
Since limy, o0 Ep[frlE,] = 0, we obtain lim,,_,o Eg[f,] = 0, which completes the argument. O

We continue with the proof of the implication (4) = (5), fizing P € IT with sup,,cy Ep[f,] < oo
until the end of 2.2

For any A C ILS)F, define its polar A° := {g € Lg | Ep[gh] <1 for all h € A}. It is straightfor-
ward that (U,cx An)o = Nnen A3, for all collections {4, | n € N} of subsets of LY. Also, consider
the bipolar A% := (A°)° of A; Theorem 1.3 of [3] states that if a set is convex and solid, A°°
coincides with the Lg—closure of A.

For eachn € N, §,, C ILE)|r is convex, solid and Li-closed; therefore, S;° = S,,. Since S = [, cn Sn
is the solid hull of C = {0}, i.e., S = {0}, we have

() (0] -0 -
neN neN neN

Since |J,,cy Sy is convex and solid, the above means that the LY -closure of [,y Sy is LY.

Fix € > 0. Define a N-valued and strictly increasing sequence (ny)ren with the following property:
for all k € N there exists g, € S;; such that P[|g, — 2k| < k] < €2=(k+1) " (This can be done in
view of the fact that the LY -closure of |J, .y S is LY.) In particular, Plgy < k] < €27+ and
Ep[gifn] < 1 hold for all £ € N and n > ny. Define Ac := (\cn{gr > k}; then, P[Q\ A] < e
Furthermore, for all £ € N and n > ng,

Ep[fnla] < Epl[fnlig,>ry] < Eel(gr/F) falig>ky] < (1/F)Erlgrfn] <1/k.
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Then, lim,, o Ep[f,l4.] = 0. Invoking Lemma 2l we obtain the existence of Q € II such that
sup,en Eglfn] < 00 and lim,, o Eg[fy] = 0.

2.3. Equivalence of (1), (2), (3), (4) and (5) in Theorem [I.4: general case. We shall now
tackle the general case f € L%. Of course (1) = (2), (2) = (3), (3) = (4) and (5) = (1) are
still trivially valid. Here, we shall first show (4) = (1), and then use this to reduce the proof of
(5) = (1) to the special case f = 0, which we have already established. For the purposes of 2.3,
we work under the assumption (CONV]).

2.3.1. Proof of (4) = (1). The first line of business is to reduce the proof of (4) = (1) to the
case where f = 1. Consider a new ]Lg_-valued sequence (fn)neN defined via fn = fnlfr—0y for all
n € N. With C being the set of all possible L -limits of (fn)neN, i.e., the equivalent of the set
C for the sequence (fn)nen in place of (fn)nen, we shall show that C = {0}. Let (hy)nen be a
sequence of forward convex combinations of (fn)neN such that h := Li-limy, l~zn exists. Let
(gn)nen be a sequence of forward convex combinations of (f,,)nen such that lNLn = gnl{y—o) holds for
all n € N. Even though (g, )nen might not be L -convergent, Lemma A.1 in [5] gives the existence
of a sequence (hy)nen of forward convex combinations of (g, )nen that IT-a.s. converges to some
h € Ly. Of course, hllfr_qgy = Ly-limg, o0 (hnlir—oy) = E, and (hy)nen is a sequence of forward
convex combinations of (f,)nen. It follows that h € C; since f € C™™, we have hl;_g = 0.
This, in turn, implies that & = 0. Therefore, C = {0}. From the already-established validity of
(4) = (1) in the special case of zero limit, we obtain that L} -limy o (hsl{ =) = 0 holds for any
sequence (hy)nen of forward convex combinations of (fy,)nen. It follows that in order to show that
Lg— lim,, o hy, = f holds for any sequence (h;,)nen of forward convex combinations of (fy,)nen it
suffices to show that L9~ lim,, o0 (s, I{t~0y) = f holds for any sequence (h;,)nen of forward convex
combinations of (f,)nen. Redefine the sequence (fn)neN via f, = (fu/ D)0y + Lir—oy, as well
as the set C. Clearly, C = (AL >0y —Hl{f o} | h € C}. By (CONVJ, LY -lim;,—ye0 fo = 1.
Furthermore, C C Lg_ and f € C™™ imply C C L and 1 € C™™. If we show that any sequence
(iNLn)neN of forward convex combinations of (fn)neN LY -converges to f = 1, it will follow that
L(jr— limn%m(hnl{fw}) = f holds for any sequence (h;,)nen of forward convex combinations of
(f n)neN .

To recapitulate: we only have to show the implication (4) = (1) for the special case f = 1.

Therefore, we assume that f = 1 until the end of the proof of implication (4) = (1).

In order to proceed, we shall need a general result — see Theorem 1.1(4) of [10].

Theorem 2.2. Let K C 1[49r be convez, closed and Lgr—bounded. Then, for all P € II there exists
F=J(P) € K such that {f =0} C {f =0} and Ep[f/f | f > 0] <1 holds for all f € K.

For a convex, closed and Li—bounded K C Lg_ and P € II, it is easy to see that an element fe K
satisfying the condition of Theorem is unique. We shall call it the numéraire in K under PP.

The following two results will be used in the sequel. Although they appear also in [I1]], we include

here their proofs for completeness.
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Lemma 2.3. Fiz P € II. Consider two ]L(jr—valued sequences (gn)nen, (hn)nen such that Ep[g,] <1
and Ep[hy,] < 1 for alln € N, as well as Lgr-limn_,oo(gnhn) = 1. Then, Lg_—limn%oo gn = 1 and

LY -limy, o0 by, = 1.
Proof. The fact that ]L(j_— limy, 00 (gnhn) = 1 implies that ]L(j_— limy, 00 vV gnhn = 1; then

lim sup (1 — Ep [\/gn—hnD =1~ liminfEp [\/ﬁ} <0,

n—oo

as follows from Fatou’s Lemma. Since

[(w—n \F)} Ep (9] + Bp (o] — 2Bp [v/guhn] <2 (1— B [\ouha)) .

LY -limp—o0 (v/Gn — Vhn) = 0 holds. In view of g, — hn = (/Gn — Vhn) (/n + Vhn) and the
]L(jr—boundedness of both sequences (g, )nen, (hn)nen (holding because Ep[g,] < 1 and Ep[h,] < 1
for all n € N), we also have ILS)F- lim,, o0 (90 — hp) = 0. Furthermore, the equality g, + h,, = ( In —
\/H)2 + 2y/gnh, gives L&- lim;, o0 (gn + hyn) = 2. Finally, combining Lg_- limy, 00 (g, — hn) = 0
and LY-limy, o0 (gn + hy) = 2, gives LY-limy, o0 gn = 1 = LY-limy, o0 Ay O

What follows is a convergence result regarding a sequence of numéraires of nonincreasing convex,
closed and bounded subsets of Lg.

Proposition 2.4. Fiz P € TI. Let (K,)nen be a nonincreasing sequence of closed, conver and
bounded subsets of IO, and let K := Mpen KCn- For each n € N, let ﬁl be the numéraire in IC,
under P. Also, let f be the numéraire in K under P. (These numéraires exist in view of Theorem

o~

[22.) Assume that {f: 0} is II-null. Then, Lg—limn%oo fn = f.

Proof. We shall actually establish the existence of a subsequence (]/C\mn)neN of (ﬁl)neN such that
L9 - limy, 00 fmn = f By the same argument, it will follow that any subsequence of (fn)neN has a
further subsequence that ]Lg—converges to f Since ]LE]F is equipped with a metric topology, it will
follow that the whole sequence (fn)neN converges to f

First, one applies Lemma A.1 from [5] to get the existence of a sequence (fn)neN such that
fn € conv({fn, e ,fgn}), where n < £, € N, and such that f = L9 - limy, o0 f, exists. We may
assume that (£, )ncn is an increasing sequence, forcing it to be so if necessary. The fact that {f: 0}
is II-null implies that {j/’\n = 0} is I-null for all n € N. Therefore, {f, = 0} is I-null for all n € N.
Since Ep[f/f,] < 1 holds for all f € K and n € N, the convexity of function Ry 3z — 1/z € Ry
gives Ep[f/fn] <1, for all f € K and n € N. By Fatou’s lemma, Ep[f/f] < 1 holds for all n € N;
in particular, {f: 0} is II-null. As fe K and fis the numéraire in K, we have f: f

Define mg = 1 and a N-valued strictly increasing sequence (my, )nen inductively via my, = €,
for all n € N. Then, for all n € N, Ep[fm, /fm,] < 1 holds by definition and Ep[fm,, /fim, ] S 1
holds because fmwl € conv({fmnfl,...fmn}). Letting g, := fmn/fm%l and h, = fmn/fmn for
all n € N, we have Ep[g,] < 1, Eplhy] < 1, and LO-limy, o0 (gnhn) = LO- T, oo (frnn /frn_y) = 1,
which follows because I[Br— limy, _ao fmn = f and ]P’[f = 0] = 0. Therefore, the conditions of the
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statement of Lemma are satisfied for (g, )nen and (hy)nen. It follows that ILS)F— lim, o0 hyy = 1,

~

which, in view of Lg_— lim,, o0 fmn = f, gives Lg_— lim,, o0 fmn = f. U

Remark 2.5. The result of Proposition [2.4] does not necessarily hold if {f = 0} is not IT-null.
Indeed, let 2 = (0, 1], F be the Borel o-field on 2 and P be Lebesgue measure on (€2, F). Define
two nonincreasing sequences (fn)neN and (gn)nen via fn = (1/2)L0,1/3) + (1/7)L(1/3, n/(ns1)] +
Lt/ (ns1),1) and gn := To 173 + (1/(5n))L(1/3,1). Let K, be the solid hull of conv({ﬁ“gn}). Then,
K =Mpen Kn = {hl,1/3 | 0 < h <1}, and (Ky)nen is a nonincreasing sequence of closed, convex
and Lg_—bounded sets. Evidently, f: I, 1/ is the numéraire in K under P. Also,

In 1 1 n 1 1 1 2 2 1
E -~ =2 = - = - < — — —:1’
P[fj <3>+5<n+1 3>+5n n+1 —3+15+5

from which it easily follows that ﬁl is the numéraire in K,, under P for all n € N. However,
LY -limy o0 fro = (1/2)I0,1/3 # f-

Since f =1 € C™™, there exists P € II such that Ep[h| < 1 for all h € C. Until the end of the
proof of (4) = (1) we shall keep this P € 11 fived. Since each C,, n € N, is LY -bounded and f =1
is the numéraire in C under P, a combination of Theorem and Proposition Z4] imply that the
numéraire ﬁl in C,, under P exists for all n € N, and ]LQF— limy, a0 ﬁl =1.

We finally state two more helpful results before we establish implication (4) = (1). In both of

them, we tacitly assume that f = 1 and that ﬁl is the numéraire in C,, under P for each n € N.

Lemma 2.6. Let (hy)nen be any sequence of forward conver combinations of (fn)nen such that

LY -limy o0 by, = 1. Then, limp o0 SUPNs k> Ep||hy/ fn — 1|] = 0.

Proof. Since ILS)F— lim, o0 hyy = 1, ]LQF— limn%ooﬁl =1 and {ﬁL = 0} is II-null for all n € N, we
have L9- 1imn_>oo(hn/fn) = 1. If limp 00 SUPN5>, E]p[|hk/fn — 1]] = 0 fails, then there exists
e > 0 and two N-valued sequences (ng)seny and (k¢)geny with T limy_,o ng = oo and ny < ky for all
¢ € N, such that Ep[|hy,/ ﬁle —1|] > € for all £ € N. In particular, this means that the sequence
(I, /fnl)geN cannot L (P)-converge to 1. We shall however show in the next paragraph that
LY (P)-limy_ o0 (h, / ﬁw) = 1, reaching a contradiction and establishing the claim of Lemma 20l
Note that Lg_—limg%oo(hkz/f:u) = 1, since hkl/fm, = (hkz/ﬁw)(ﬁw/ﬁu) and both sequences
(hi,/ fke) sen and (fke/ fnl)geN are Lg—convergent to f = 1. Furthermore, since fnl is the numéraire
in C,, under P and hy, € Cp,, Ep[hkl/fw] < 1 holds for all # € N. By Fatou’s lemma, L°-
limg_,oo(hkl/ﬁw) = 1 translates to limy_, Ep[hkl/fne] = 1. Therefore, (hk(/fng)ZGN is ]L}F(]P’)—

convergent to 1, which completes the argument. O
Lemma 2.7. Any sequence of forward convex combinations of (fn)neN ]L(j_—converges to f=1.

Proof. Let (fn)neN be sequence of forward convex combinations of (ﬁ@)neN- For each n € N,
fn € conv({fn,...,fgn}), for some ¢, € N with ¢, > n. Since f = 1, Lg_—limn%m(ﬁn/ﬁl) = 1.
Furthermore, Ep[f,/fn] < 1 and Ep[fy, /fn] < 1 hold for all n € N. Letting g, := fn/fn and
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hy = fu,/fn for all n € N, the conditions of the statement of Lemma [Z3 are satisfied. Therefore,
L9 - limy, 00 gn = 1, which implies that LI lim,, o0 fp = L9-Tim, a0 fn = 1. O

We can now finish the proof of implication (4) = (1) of Theorem [[L4l Let (hy)nen be a sequence
of forward convex combinations of (fy)nen, and write h, = Zf;":n ap i fr, where n < ¢, € N,

ap > 0foralln e Nand n < k < 4, as well as Ef;”:n an = 1. Let (fn)neN be the sequence of

forward convex combinations of (ﬁl)neN defined via fn = Zf;”:n an,kfk for each n € N. Then,
~ ’ ~ ~ o~
hy, — “ - - —
Ep | n/\ fn| < an,kE]P’ |fk/\fk| < sup Ep |kafn| + sup Ep |kafn| ‘
In k=n n N3k>n n N3k>n fn

A double use of Lemma [Z0, with f and f respectively in place of h, gives ILS)F— limy, 00 (\hn —
fn\/fn) = 0. Since (fn)neN is L9 -convergent to f = 1, L%-lim, o0 (hn — fn) = 0 follows. Now,
Lg— lim,, 00 fn = 1 holds in view of Lemma 271 Therefore, Lg— lim,,_s00 hyy = 1, which concludes

the proof of implication (4) = (1).

2.3.2. Proof of (1) = (5). Given the equivalence of (1) and (4), implication (1) = (5) can be proved

by a reduction to the already-treated special case f = 0, via the following result.

Lemma 2.8. The following statements are equivalent:

(1) Every sequence of forward convex combinations of (fn)nen I[Br—converges to f.

(2) Ewvery sequence of forward convex combinations of (| fn — f|)nen Lg-converges to zero.

Proof. As (2) = (1) is immediate, we only treat implication (1) = (2). Start by defining the
sequence (ﬁ)neN via fn = fo A f for n € N. Then, LI-lim, fn =f. If C is the equivalent of the
set C with (fn)neN in place of (fn)nen, we have f € C and that g < f for all other g € C. By the
already-established implication (4) = (1), it follows that C C LY and f € CMum: therefore, every
sequence of forward convex combinations of (ﬁ)neN LY -converges to f. As (fn—f)VO = fr—(furf)
for all n € N, we obtain that every sequence of forward convex combinations of ((f, — f) V 0)pen
LY -converges to zero. Furthermore, as (f — f,) VO = (f,, — f) VO — (fn — f) for all n € N, every
sequence of forward convex combinations of ((f — f) V 0)pen Lg—converges to zero. Finally, since
lfo—="Fl=(n=F)VO+(f— fn) VO for all n € N, every sequence of forward convex combinations
of (|fn — fl)nen LY -converges to zero. O

In view of the result of Lemma and the treatment in §2.2] we obtain the existence of Q € II
such that sup, oy Eq[|fn — f|] < oo and lim, o Eq[|fn — f|] = 0. Replacing Q, if necessary, by
Q' € 1I defined via dQ//dP = ¢(1+ f)~! where ¢ = (Eg[(1 + f)_l])_l, we may further assume that
Eg[f] < oo; in other words, sup, ey Eg[fn] < 0o and lim, o Eg[| f — f|] = 0.

Remark 2.9. In the proof of Lemma [Z8 implication of (4) = (1) of Theorem [[.4] under ([CONV))
is used. This is the reason we went through all the trouble of first establishing the implication
(4) = (1) of Theorem [[.4l Unfortunately, there does not seem to be any nontrivial way to obtain
the interesting implication (1) = (2) of Lemma 2.8]
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2.4. Proof of claims after the equivalences. The following result will be the key to establishing

all the properties of C; that are mentioned after the five equivalences in Theorem [I.4]

Lemma 2.10. Let C; C Ly be the set on the right-hand-side of (LI). If Q € II is such that
condition (5) of Theorem 14 holds, then Cf is L} (Q)-compact.

Proof. First of all, since sup,,cy Eg[fn] < 0o, which in particular implies that Eg[f] < co by Fatou’s
lemma, it is clear that supyec; Eq [g] < oo — in particular, C] C ILS)F.

We shall show that any sequence (gx)ken in Cj has an L} (Q)-convergent subsequence. For all k €
N, write gr = > en Qhnfn + (1 = 2 ey Qkn) f, Where ap = (g n)nen € AN, By a diagonalization
argument, we can find a subsequence of (gx)xen, which we shall still denote by (gx)ken, such that
oy = limy_,o0 gy, exists for all n € N. Fatou’s lemma implies that o = (o)nen € AN, Let
9= Y nenfn+ (1=, cnn)f. We shall show that limy_ Eg[lgr — g]] = 0. For € > 0, pick
N = N(e) € Nsuch that sup, ey Eg[|fvin—f]] < €/2. Define g™ == SN o, f,+ (1= o) f,

as well as g,(CN) = Zivzl apnfon+ (11— Zivzl apn)f for all k € N. Observe that

5o s -of =20

] < Y aniaBallfiven — fI) <

neN

€
2

Z aN+n(fN+n - f)
neN

Similarly, Eq H g,(CN) — ng < €/2 holds for all £ € N. Furthermore,

N
lim sup Eqg Hg,(CN) — g(N)H < lim sup (Z lag n — o] Egl| fn — f|]> =0.

k—00 k—00 ne1

It follows that limsupy_,. Eqg [|gr — ¢g|] < €. Since € > 0 is arbitrary, limy_, Eg [lgx — ¢|]] =0. O

To finish the proof of Theorem [[4] it remains to show that C; = C] and that the Lg—topology
coincides with the L! (Q)-topology on Cy. First of all, since f € Cy, f,, € C; for all n € N, and
C1 is closed, we have C{ C C;. On the other hand, conv({f1, f2,...}) C C{; since C} is LY -closed
by Lemma 2.10] C; = conv({ f1, f2,...}) € Cj. Therefore, C; = C|. Finally, let (gi)ren be a Ci-
valued and I[Br-convergent sequence, and call g := ]Lg_— limg_soo g1 € C1. Lemma [[.1] implies that
every subsequence of (gx)gen has a further subsequence that is L (Q)-convergent. All the latter

subsequences have to L} (Q)-converge to g, which means that (gi)gen L. (Q)-converges at g.
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