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MINIMIZING THE PROBABILITY OF LIFETIME RUIN UNDER STOCHASTIC
VOLATILITY

ERHAN BAYRAKTAR, XUEYING HU, AND VIRGINIA R. YOUNG

ABSTRACT. We assume that an individual invests in a financial market with one riskless and one risky
asset, with the latter’s price following a diffusion with stochastic volatility. In the current financial market
especially, it is important to include stochastic volatility in the risky asset’s price process. Given the rate
of consumption, we find the optimal investment strategy for the individual who wishes to minimize the
probability of going bankrupt. To solve this minimization problem, we use techniques from stochastic
optimal control.
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1. INTRODUCTION

Pension actuaries traditionally have computed the liabilities for defined benefit (DB) pension plans;
however, more and more employees are participating in defined contribution (DC) plans. Indeed, in June
2007, the Employee Benefits Research Institute (EBRI) reported that in 1979, among active workers
participating in retirement plans, the percentages in DB plans only, DC plans only, and both DB and
DC plans were 62%, 16%, and 22%, respectively. The corresponding percentages in 2005 were 10%, 63%,
and 27%, respectively.

In terms of numbers of employees, EBRI reported that in 1980, 30.1 million active workers participated
in DB plans, while 18.9 million workers participated in DC plans. The corresponding numbers in 2004
were 20.6 and 52.2 active workers, respectively. Finally, in terms of numbers of plans in the private sector,
in 1980, there were 148 thousand DB plans and 341 thousand DC plans; the corresponding numbers in
2004 were 47 and 653 thousand plans, respectively.

Therefore, however one measures the change in employee coverage under DB versus DC plans, it is
clear that pension actuaries will need to adapt to the migration from DB to DC plans. One way that they
can adapt is to switch from advising employers about their DB liabilities to providing investment advice
for retirees and employees in DC plans. The purpose of our proposed research is to help train actuaries
for this opportunity under the easy-to-explain goal of an employee or retiree avoiding bankruptcy.

Previous work focused on finding the optimal investment strategy to minimize the probability of
bankruptcy under a variety of situations: (1) allowing the individual to invest in a standard Black-Scholes
financial market with a rate of consumption given by some function of wealth, [14], [2]; (2) incorporating
immediate and deferred annuities in the financial market, [12], [5]; (3) limiting borrowing or requiring
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that borrowing occur at a higher rate than lending, [3]; and (4) modeling consumption as an increasing
function of wealth or as a random process correlated with the price process of the stock, [4], [1], and [6].
Throughout this body of work, the price process of the stock is modeled as a geometric Brownian motion,
which is arguably unrealistic, but has given results that one can consider to be “first approximations.”
Here we extend some of the previous work and allow the stock price to exhibit stochastic volatility.
Additionally, we intend to find easy-to-implement rules that will result in nearly minimal probabilities of
bankruptcy under stochastic volatility.

The rest of the paper is organized as follows: In Section 2, we introduce the financial market and define
the problem of minimizing the probability of lifetime ruin. In Section 3, we prove a verification theorem
for this minimum probability. In Section 4, we present a related optimal controller-stopper problem, and
show that the solution of that problem is the Legendre dual of the minimum probability of lifetime ruin.
By solving the optimal controller-stopper problem, we effectively solve the problem of minimizing the
probability of lifetime ruin. Relying on the results in Section 4, we find an asymptotic approximation of
the the minimum probability of ruin and the optimal strategy in Section 5. On the other hand, in Section
6, relying on the Markov Chain Approximation Method, we construct a numerical algorithm that solves
the original optimal control problem numerically. In Section 7, we present some numerical experiments.

We learn that the optimal investment strategy in the presence of stochastic volatility is not necessarily
to invest less in the risky asset than when volatility is fixed. We also observe that the minimal probability
of ruin can be almost attained by the asymptotic approximation described in Section 5.1. Also, if an
individual uses the investment prescribed by the optimal investment strategy for the constant volatility
environment while updating the volatility variable in this formula according to her observations, it turns
out she can almost achieve the minimum probability of ruin in a stochastic volatility environment.

2. THE FINANCIAL MARKET AND THE PROBABILITY OF LIFETIME RUIN

In this section, we present the financial ingredients that make up the individual’s wealth, namely,
consumption, a riskless asset, and a risky asset. We, then, define the minimum probability of lifetime
ruin.

We assume that the individual invests in a riskless asset whose price at time ¢, Xy, follows the process
dX; = rXidt, Xg = x > 0, for some fixed rate of interest » > 0. Also, the individual invests in a risky
asset whose price at time t, Sy, follows a diffusion given by

ds, = S, (udt + oy dBf”) . So=S8>0, (2.1)

in which g > r and oy is the (random) volatility of the price process at time ¢t. Here, BW i a standard
Brownian motion with respect to a filtered probability space (2, F,P,F = {F;:}+>0). We assume that
the stochastic volatility is given by

or = f(Ye, Z1), (2.2)

in which f is a smooth positive function that is bounded and bounded away from zero, and Y and Z are
two diffusions. Below, we follow [8] in specifying the dynamics of Y and Z. Note that if f is constant,
then S follows geometric Brownian motion, and that case is considered by [14].
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The first diffusion Y is a fast mean-reverting Gaussian Ornstein-Uhlenbeck process. Denote by 1/e the
rate of mean reversion of this process, with 0 < € < 1 corresponding to the time scale of the process. Y
is an ergodic process, and we assume that its invariant distribution is independent of €. In particular, the
invariant distribution is Gaussian with mean m and variance 2. The resulting dynamics of Y are given

by
_ 1 ) _
dY,=-(m-Y,) +vy/—-dB;”, Yo=y€eR, (2.3)
€ €

in which B® is a standard Brownian motion on (Q, 7, P, F). Suppose B(!) and B are correlated with
(constant) coefficient p12 € (—1,1).

Under its invariant distribution N (m,v?), the autocorrelation of Y is given by

[t—s|
E[(Y; - m)(Y, —m)] = v2e” <. (2.4)

Therefore, the process decorrelates exponentially fast on the time scale €; thus, we refer to Y as the fast
volatility factor.

The second factor Z driving the volatility of the risky asset’s price process is a slowly varying diffusion
process. We obtain this diffusion by applying the time change ¢ — § - ¢ to a given diffusion process:

dZ, = g(Z) dt + h(Z;) dB, (2.5)

in which 0 < § < 1 and B is a standard Brownian motion. The coefficients g and h are smooth and at
most linearly growing at infinity, so (2.5) has a unique strong solution. Under the time change ¢t — ¢ - ¢,
define Z; = Zs.;. Then, the dynamics of Z are given by

dZ, = 6 g(Z,) dt + h(Z;) dBsy, Zo =z € R. (2.6)
In distribution, we can write these dynamics as
dZ, = 5 g(Z) dt + V3 h(Z,)dB®, Zy=z€R, (2.7)

in which B® is a standard Brownian motion on (€, F,P,F). Suppose B") and B®) are correlated
with (constant) coefficient pi3 € [~1,1]. Similarly, suppose B and B®) are correlated with (constant)
coefficient po3 € [—1,1].

Let W; be the wealth at time ¢ of the individual, and let m; be the amount that the decision maker
invests in the risky asset at that time. It follows that the amount invested in the riskless asset is W; — 7.
We assume that the individual consumes at a constant rate ¢ > 0. Therefore, the wealth process follows

AW, = [rW; + (u — r)my — | dt + f(Yy, Zy) m dBY, (2.8)

and we suppose that initial wealth is non-negative; that is, Wy = w > 0.

By lifetime ruin, we mean that the individual’s wealth reaches zero before she dies. Define the cor-
responding hitting time by 7o := inf{t > 0 : Wy < 0}. Let 74 denote the random time of death of the
individual. We assume that 74 is exponentially distributed with parameter A (that is, with expected time
of death equal to 1/)); this parameter is also known as the hazard rate.

In [13] Moore and Young minimize the probability of lifetime ruin with varying hazard rate and show
that by updating the hazard rate each year and treating it as a constant, the individual can quite
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closely obtain the minimal probability of ruin when the true hazard rate is Gompertz. Specifically, at
the beginning of each year, set A equal to the inverse of the individual’s life expectancy at that time.
Compute the corresponding optimal investment strategy as given below, and apply that strategy for the
year. According to the work of [13], this scheme results in a probability of ruin close to the minimum
probability of ruin. Therefore, there is no significant loss of generality to assume that the hazard rate is
constant and revise its estimate each year.

Denote the minimum probability of lifetime ruin by ¥ (w,y, z), in which the arguments w, y, and z
indicate that one conditions on the individual possessing wealth w at the current time with the two factors
Y and Z taking the values y and z, respectively, then. Thus, 1) is the minimum probability that 7p < 74,
in which one minimizes with respect to admissible investment strategies . A strategy w is admissible if
it is Fy-progressively measurable, and if it satisfies the integrability condition fg 72 ds < oo almost surely
for all ¢ > 0. Thus, 1 is formally defined by

Ww, g, 2) = inf P [y < 7). (2.9)

Here, P*¥# indicates the probability conditional on Wy = w, Yy = y, and Zy = 2. Below, we similarly

write EV¥# for the conditional expectation.

Remark 2.1. Note that we can express 1 as follows. This alternative representation will prove useful in
proving the verification theorem in the next section.

P(w,y, z) = inf E¥Y? / i<ty A e N dt}
4 0

= inf EV%* / 1{TO<OO}Ae—”dt]

0

(2.10)

= 1_‘[711—f Ew,y,z _6*)\7'0 1{T0<oo}i|

= inf E¥Y%~* _e_MO} .
iy L

3. VERIFICATION THEOREM

In this section, we prove a verification theorem for the minimum probability of lifetime ruin. First,
define the differential operator D? for € R by
1
Dby = —)\U+(Tw—I—(,u—r),é’—c)vw+g(m—y)vy+5g(z)vz

1 1 1 2
+ ifQ(y, 2) B2 Uy + - V2 vy, + 3 Sh%(2) vz + p1o f(y, 2) Bv \/:va (3.1)

+p13 f(y, 2) BV h(2) vz + p23 V2V \/fh(z) Vyz,

in which v = v(w, y, ) is appropriately differentiable.
Note that if w > ¢/r, then ¥(w,y,z) = 0 because the individual can invest ¢/r of her wealth in the
riskless asset and generate a rate of income equal to ¢, which exactly covers her consumption. Therefore,
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we effectively only need to determine the minimum probability of lifetime ruin and corresponding optimal
investment strategy on the domain D := {(w,y,2) € R3: w € [0,¢/r]}.

Theorem 3.1. Suppose v : D — R is a bounded, continuous function that satisfies the following condi-
tions:
(i) v(-,y,2) € C? is a non-increasing, convex function;
(i) v(w,-,-) € C*?,
(iii) v(0,y,2) = 1;
(iv) v(c/r,y,z) = 0;
(v) DPv >0 for all § € R.
Then, v < Y on D.

Proof. Assume that v satisfies the conditions specified in the statement of this theorem. Let 7 be
admissible investment policy, and let W™ denote the wealth process under 7. Define 7, = inf{t > 0 :
fgﬁgds >n}and T =79 AT

By applying Itd’s formula to e v(w, y, 2), we have

e NMo(WE, Yy, Z:) = v(w,y, 2) —l—/ e Mo, (W[, Y, Zi) oy dBt(l)
0

T 2 T
+ /0 e‘%(WﬁYt,th\[ B + /0 e M v (WF, e, Ze) VS h(Zy) dB (32)

.
+/ e M DT(W], Yy, Zy) dt.
0

It follows from the definition of 7, that the expectation of the first three integrals is zero. Also, the

last integral in (3.2) is non-negative because of condition (v) of the theorem. Thus, we have
EYYA e Mo(WT, Yy, Z,)] > v(w,y, 2). (3.3)

Because v is bounded by assumption, by letting n — oo, it follows from the dominated convergence

theorem that
BV [ N0y (WE Yo, Zo)] 2 v(w, , 2). (3-4)

T0?

Since W] = 0 when Wy = w > 0, it follows from condition (iii) of the theorem that
EYY*[e=?0] > v(w, y, 2). (3.5)

By taking the infimum over admissible investment strategies, and by applying the representation of 1
from (2.10), we obtain ¢ > v on D. O

Corollary 3.2. Suppose v satisfies the conditions of Theorem 3.1 in such a way that condition (v) holds
with equality for some admissible strategy © defined in feedback form by w; = (W, Yy, Zi), under a
slight abuse of notation. Specifically, suppose D”*(wﬂ’z)v(w,y, z) =0 on D. Then, v =1 on D, and 7*
s an optimal investment strategy.

Proof. In the proof of Theorem 3.1, if we have equality in condition (v), then because the inequality in
(3.3) becomes an equality for that investment strategy, we conclude that v = 1 on D. a



In the next section, we use this verification theorem and their corollaries to solve for the minimum
probability of ruin .

4. COMPUTING THE MINIMUM PROBABILITY OF LIFETIME RUIN

4.1. A Related Optimal Controller-Stopper Problem. In this section, we present an optimal
controller-stopper problem whose solution is the Legendre dual of the minimum probability of ruin.
First, note that we can represent the three Brownian motions from Section 2 as follows: Given B, B2,

and B®), define B @), E(Q), and B® via the following invertible system of equations:

B = pa BV + V1= pt B, (4.1)

P23 — P12P13 §(2) 4 \/(1 - ,0%2)(1 - P%g) — (p23 — P12p13)2 §(3)‘

\/1—P%2 ' vl—P%2 '

One can show that E(l), E(z)’ and B®) thus defined are three independent standard Brownian motions
on (0, F,P,F).
Next, define the controlled process X7 by

Bt(g) = P13 Et(l) +

dX] = —(r =N X; dt — -+ " x7aBY +47aB® +1PdBP, Xo=x>0,  (4.2)
f(Y%a Zt)
in which v = (7(2),7(3)) is the control, and Y and Z are given in (2.3) and (2.7), respectively.
For x > 0, define the function @Z; by

-
Y(x,y, z) = inf sup E*¥* [/ e M X, dt + e~ min ((e¢/r)X],1)] . (4.3)
Ty 0

1 is the value function for an optimal controller-stopper problem. Indeed, the controller chooses among
processes 7 in order to maximize the discounted running “penalty” to the stopper given by ¢ X, in (4.3).
On the other hand, the stopper chooses the time to stop the game in order to minimize the penalty but
has to incur the terminal cost of min ((¢/r)X7, 1), discounted by e~*" when she stops.

Using techniques similar to the ones in [6], one can show that the controller-stopper problem has a
continuation region given by {(x,y,2) : 0 < z./,(y,2) <z < x0(y, 2)} for some functions 0 < x./,(y, z) <
r/e < xo(y,z) with (y,2) € R% Thus, if # < 2./,(y, z), we have O(x,y,2) = (¢/r) z, and if > 20(y, 2),
we have @(w, y,z) = 1. Moreover, 1[1 is non-decreasing and concave with respect to x on R* and is the
unique classical solution of the following free-boundary problem on [z, (Y, 2), wo(y, 2)]:

¥+ NL = 0;
c. (4.4)

r

e + (1£o+;g£1+£2+\/5M1+5M2+\/§M3

N—

(mc/r(ya 2),Y,2) = % xc/r(yv z), 1;:1: (xc/r(yv 2),Y,2)

W
&(xo(yvz)vyaz) =1, @Z&?(x()(y7z)7yaz> = 0;



in which
Lov = (m—y)vy+ V2 Vyys (4.5)
N
Liv = —p1o . 7) VNV2X Vgy, (4.6)
1/ pu—r 2
Lov = —Av—(r—A a:vx—k( > 22 Vg, 4.7
? =2 2\ f(y,2) 47
—r
Miv = —pi3 2 h(z) x Vyz, (4.8)
1
Mov = g(2)v, + 3 h2(z) Vysz, (4.9)
Mzv = pazvV2h(2) vy, (4.10)
and

NLS = sgp [; <<7(2)>2 + (’7(3))2> Vi

2 - P23 — P12pP23
+ 4@ V\f 1= ply Gy + VO h(2) == 1 4.11
p 12 Yy 1— p12 ( )

43 V5 h(2) V(1= ph) (1 = pT3) — (p23 — p12p13)? %] ‘

V31— P12

Because ¢ is concave with respect to =, we can express NL9 as follows:

NL® = —% v (1 - ) w 5h2( ) (1 - P13 M \[\/> (p23 — p12p13) ﬂ):iz%z (4.12)

T

4.2. Convex Legendre Dual of @Z; Because @Z; is concave with respect to x, we can define its convex
dual ¥ by the Legendre transform: For (w,y,2) € D = {(w,y,z) € R : w € [0,¢/7]},

U(w,y,z) = max (Qﬁ(x,y, z) — wa:) . (4.13)

In this section, we show that the convex dual W is the minimum probability of lifetime ruin; then, in the
next section, we asymptotically expand @Z in powers of /e and V0.

Theorem 4.1. V¥ equals the minimum probability of lifetime ruin v on D, and the investment policy
™ given in feedback form by wf = (W[, Yi, Z;) is an optimal policy, in which W* is the optimally
controlled wealth (that is, wealth controlled by *) and the function 7* is given by

wy2) =~ g ””\ffy V5 <:§Z)z> e (4.14)

in which the right-hand side of (4.14) is evaluated at (w,y, z).
Proof. From (4.13), it follows that the critical value z* solves w = @I(x,y, z); thus, given w, we have

* = I(w,y,z), in which I is the inverse function of zﬁx with respect to x. Therefore, ¥(w,y,z) =
@(I(w,y,z),y, z) — wl(w,y, z). By differentiating this expression of ¥ with respect to w, we obtain
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\Ilw(wa Y, Z) = ,l/;x(‘[(wa Y, Z)a Y, Z)I’w(wa Y, Z)_I(w7 Y, z)—wfw(w, Y, Z) = _[(w7 Y, 2)7 thUS, = _\I]’w(w7 Y, Z).
Similarly, we obtain (with w = ¥, (z,y, z)) the following expressions:

Va2, Y, 2) = _’ﬂhﬂw(ia;uzﬂ’ (4.15)
by(2,y,2) = Uy(w,y, 2), (4.16)
Ve, y,2) = Ua(w,y, 2), (4.17)
byy (9, 2) = Wany (W, Y, 2) by (2,9, 2) + Wy (w, 9, 2), (4.18)
Voa (2,9, 2) = Vo (w0, 9, 2) Yz (2,9, 2) + Vos(w,y, 2), (4.19)
Yoy (2,9, 2) = Wuy (w0, Y, 2) Pz, 9, 2), (4.20)
Do (7, 2) = Voo (W, Y, 2) D (2,7, 2), (4.21)
and
Do (2,9, 2) = oy (W, 4, 2) U (w0, Y, 2) Vo (2, Y, 2) + Uy (w, 5, 2). (4.22)

By substituting z* = —¥,,(w, y, z) into the free-boundary problem for v, namely (4.4), one can show
that ¥ uniquely solves the following boundary-value problem on D:

ming Div(w,y, z) = 0;

v(0,y,2) =1, wv(c/r,y,z) = 0. (4.23)

Because U is convex with respect to w, the optimal policy 7* in (4.23) is given by the first-order necessary
condition, which results in the expression in (4.14). Thus, by Corollary 3.2, we deduce that ¥ is the
minimum probability of lifetime ruin . a

Theorem 4.1 demonstrates the strong connection between 1& and 9, namely that they are dual via the
Legendre transform. (As an aside, if we have v, we can obtain ¥ via zﬁ(:p, Y, z) = miny, (Y(w,y, z) + wx).)
Therefore, if we have 1, then we obtain the minimum probability of ruin v via (4.13). More importantly,
we get the optimal investment strategy 7* via (4.14). As a corollary to Theorem 4.1, we have the following
expression for 7* in terms of the dual variable x.

Corollary 4.2. In terms of the dual variable x, the optimal investment strategy 7 is given by mf =
(XS, Yy, Zy), in which X* is the optimally controlled process X, and

7 (z,y,2) =

%ﬁme %+mf(ywm (4.24)

f 2(
with the right-hand side of (4.24) evaluated at (z,y, z).
Proof. Let w = 1), (z,y,2) in (4.14) and simplify the right-hand side via equations (4.15)-(4.22) to obtain

(4.24). O



5. ASYMPTOTIC APPROXIMATION OF THE MINIMUM PROBABILITY OF LIFETIME RUIN

In this section, we asymptotically expand 1&, the Legendre transform of the minimum probability of
ruin, in powers of \/e and /8. (A parallel analysis of expanding the Legendre transform of the value
function of the utility maximization problem was carried out in [9].) At the end of this section, we will
use this work to approximate 7*. To begin, expand 1& and the free boundaries in powers of v/6:

=1y + Vo1 + s+, (5.1)
xc/r(yv Z) = a:c/r,(](y’ Z) + \/gxc/r,l(?% Z) + 51"0/7",2(97 Z) T (52)

and
xO(y, Z) = xoyo(y’ Z) + \/513071(:% Z) + 5:’60,2(:% Z) +oeee (53)

Insert the expression in (5.1) into NL9® in (4.12) to obtain the following expansion in powers of v/9:

1 72
NLE,(S - _ 1/2 (1 _ ,0%2) 1{’0,1?/
€ 0,zx
1 Joay | )
+Vo | =0 (1 - p%Z) ( A07$y> Vizz — 2 s V1ay (5.4)
€ 0,xzx 0,xx
5 N N
- \/> v h(z)(pas — P12ﬂ13)w + O(9).
€ 0,xx

Keeping terms up to v/8, we expand the free boundary conditions in (4.4) as

A~ A~

Go(@epmo(¥s2),9,2) + V0 201 (49, 2) Bo.a (@m0 (¥ 2),9,2) + i (@epmoly 2), 9, 2)]

(5.5)
= ; <xC/T,0(y7 Z) + \/g xc/r,l(ya Z)) )
éo,x(xc/r,O(ya Z)a Y, Z) + \/5 |::L‘c/r,1(ya Z) 12107:1::13(1‘6/7’,0(3/’ Z)a Y, Z) + él,x(xc/r,O(yy 2)7 Y, Z)} (5 6)
c .
=
do(zo0(y:2),y,2) + Vo [$0,1(y, 2) tho.x(200(Y, 2),, 2) + $1(x0,0(y, 2), v, 2)} =1, (5.7)
and
Vo.e(z00(y, 2),y,2) + V3 [:E071(y, 2) V0.20(20.0(Y, 2), ¥, 2) + V1.2(T0.0(Y, 2), Y, z)} =0. (5.8)

We begin by approximating 1[10 and the free boundaries z./.o and zgo. Then, we use the boundaries
Tespo and oo as fived boundaries to determine 1. As one can see from equations (5.5)-(5.8), this fixing
of the boundaries introduces an O(v/8)-error into 11 in O(v/d)-neighborhoods of Tesro and To 0.
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Terms of order §°. By inserting (5.1)-(5.4) into (4.4) and collecting terms of order 6°, we obtain the
following free-boundary problem:
. 92
o (ot £ 02) o 2 1 )
1&0('%0/7‘,0(:[/7'2)73/72) = %xc/r,O(yaz)a 1&07&"(1‘0/7",0(3/7 Z)>y7 Z) = %; (59)
Yo(To,0(y: 2),y,2) =1, oz(z00(y,2),y,2) = 0.

Terms of order /§. Similarly, by comparing terms of order v/ and using Zesro and xop as fixed
boundaries for 1&1, we obtain the following boundary-value problem:

<%£0+ﬁ£1+£2)1ﬁ1+(M1+ﬁM3)¢0

~ 2 “ A~ “
b (1= ) ((22) =2 22 b

L (5.10)
—\/g v h(z)(p2s — /)12P13)7w0’7zz Loz —
zzl(xc/nO(yaZ)ayv Z) =0, @21(900,0(1/72)71/,2) =0.
Next, we expand the solutions of (5.9) and (5.10) in powers of \/e:
1]}0(1‘, Y, Z) = 772}0,0(1‘7 Y, Z) + \/EIZJOJ(.%, Y, Z) + 67&0,20& Y, 2) +eey (511)
and
1&1('%.73/7 2) = 1&1,0(3772/7 Z) + \Elﬂl,l(w:yv Z) + 61;1,2(1.7 Y, Z) +e (512)
Similarly, expand the free boundaries x./.o and zp in powers of Ve
xc/r,O(yv Z) = xc/r,0,0(ya Z) + \/Exc/r,o,l(ya Z) =+ 6330/7",0,2(3/’ Z) R (513)
and
£0,0(Ys 2) = 20,00y, 2) + Vero0.1(y, 2) +ex002(y,2) + - . (5.14)

Substitute (5.11) and (5.12) into (5.9) and (5.10), respectively, and collect terms of the same order of /€.
As discussed earlier, we determine the free boundaries .. /r,o,o(% z) and x00,0(y,2) via a free-boundary

problem for @@0,0; then, we use these boundaries as the fized boundaries for @2071 and @@1,0.

Terms of order 1/¢ in (5.9). By matching terms of order 1/e in (5.9), we obtain the following:

; o
Lo o0 — v? (1 - 0%2) - =, (5.15)
0,0,xx
or equivalently
; ; Vo
(m —y) Yooy + % Y0,0,yy — v? (1 - P%2) = = 0. (5.16)
0,0,xx

We, therefore, look for an 1&070 independent of y; otherwise, 1&070 will experience exponential growth as y
goes to +oo; see [7] and [8]. We also seek free boundaries ..o and xo,0 independent of y.
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Terms of order 1/y/e in (5.9). By matching terms of order 1/4/e in (5.9) and using the fact that
ﬁo,o,y = 0, we obtain the following:

Lo o1 = 0. (5.17)
Therefore, we look for an 1[)0,1 independent of y; otherwise, 1,[30,1 will experience exponential growth as y
goes to to0.

Terms of order ¢’ in (5.9). By matching terms of order € in (5.9) and using the fact that 1&0704} =
1&0,1@ = 0, we obtain the following Poisson equation (in y) for g :

Lovos = —cx — Lo (5.18)

The solvability condition for this equation requires that cx + Lo @ZAJO’O be centered with respect to the
invariant distribution N(m,?) of the Ornstein-Uhlenbeck process Y. Specifically,

<693 + Lo ¢0,0> = cx + (L2) Yoo = 0, (5.19)

in which (-) denotes averaging with respect to the distribution N(m, v?):

1 0 _=m?
<U>_\/27r7/ v(y)e 2% dy. (5.20)

In (4.43), the averaged operator (Lg) is defined by

<L’2)v:—)\v—(r—/\)mvx+(M_T)Q:UQUM, (5.21)

in which o,(2) is given by

R < ! > . (5.22)
oz(2)  \J[*(y,2)
Thus, we have the following free-boundary problem for 1/}070:
cx — Moo — (1 — N) 2000z + 5(2) 200,020 = 0;
D0.0(Te/r00(2),2) = £Tesr00(2),  Y000(Tesro0(2),2) = £; (5.23)
Do.0(2000(2),2) =1,  Yo,0(000(2),2) = 0.

2
with s(z) = % (%) . The general solution of the differential equation in (5.23) is given by
doolw.2) = Du(2) 2P 4 Dy(2) 2P 1 o (5.21)
in which .
Bi(z) = 25(2) [(r —A+s(2)+ \/(r —A+5(2)) + 4)\5(2)] > 1, (5.25)
and )
By(z) = 2507) [(r —A+s(z)) — \/(r —A+5(2)) + 4>\s(z)} < 0. (5.26)

We determine D; and Dy from the free boundary conditions.

The free boundary conditions imply that

C C
D1(Z) CCc/r,o,o(Z)Bl(Z) + D2(2) xc/r,o,o(Z)BQ(Z) + - xc/r,O,O(Z) = - @“c/r,o,o(z)a (527)
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D1 (z) B1(2) UUc/r,o,o(z)Bl(z)_l + Da(z) Ba(2) mc/r,o,o(z)Bz(Z)_l + % = 57 (5.28)
Dl(z) 1‘0,070(Z)B1(z) -+ DQ(Z) .%'070’0(2’)32(2) + 51'070,0(2) = 1, (5.29)

and
D1(2) Bi(2) 20,0,0(2) )71 + Da(2) Ba(2) o,0,0(2) 2~ + ; =0, (5.30)

which gives us four equations to determine the four unknowns D1, D2, T/, and zo0,0. Indeed, the
solution to these equations is

B 1 ¢ Bi(z)—1\5®
D& =-go=1 <r‘ Bi(z) ) ’ (5:31)
Dsy(z) =0, (5.32)
Te/r0,0(2) =0, (5.33)

and
_ Bi(z) r

z0,0,0(2) = W T (5.34)

It follows that -

Bi(z c

Yoo(x,2) = — Bl(zl)—l (f : Blgzz_)l : x) + o (5.35)

Terms of order /e in (5.9). By matching terms of order /€ in (5.9) and using the fact that 1&0,04} =
1[1071@ = 0, we obtain the following Poisson equation (in y) for 1&073:

Loos = —L1 1/30,2 — Labo 1. (5.36)
As above, the solvability condition for this equation requires that
<£1 o2+ Lo &0,1> =0, (5.37)
in which
121072(56, z)=Ly* <—c:c — L9 1&070> : (5.38)
It follows that 1&0’1 solves
(L2)ho1 = <£1£61 (Cl‘ + Lo 7,130,0>> - (5.39)
Recall that we impose the (fixed) boundary conditions 1/3071(xc/r’070(z), z) =0 and

1[1071(%7070(2), z) =0 at z./00(2) =0 and wg0(2) = B?(lz()zll L

From (5.38), it is straightforward to show that @20,2 can be expressed as follows:

Yo2(,y,2) = =Di(2) Bi(2) (Bi(z) = 1) &™) n(y. 2), (5.40)

in which 7 solves

ooty (155) 3 (55) -2 (f5) 0 o
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It follows that the right-hand side of (5.39) equals

— pr2 (n—7)vV2Di(2) Bi (2) (Bi(2) — 1) 1) <’7y(ya2)>

fy,2)
) 9 (5.42)
- —-r
= p1a (1 — ) V20 D1(2) B{(2) (Bi(2) = 1) 2™ ( F(y,2) | 5 ( . > —s(2) | ),
2\ f(y,2)
in which F is an antiderivative of 1 /f with respect to y; that is,
Fy(y,2) ! (5.43)
Yy, z) = . .
! fly, )
From (5.39) and (5.42), we obtain that 1&071 equals
Yo1(z,2) = Di(2) P13 4 Dy(2) P2 4+ A(2) 2P1®) Inz, (5.44)

in which By and By are given in (5.25) and (5.26), respectively, and A is given by

Az) = p12 (1 — 1) V2v Dy (2) B3(2) (B1(z) — )<F(y,z) <1 </H>2_S(Z)>>_ (5.45)

(2B1(2) = 1) s(2) = (r = A) 2\ f(y,2)

The functions D1 and Dy are given by the (fixed) boundary conditions at z, /r,0,0(2) =0 and wo0(2) =

B?(lz()zzl - L, from which it follows that

doa(z, 2) = Alz) B () <lnx —In (Bl(z)l : T))

Bi(z)—1 ¢
(5.46)
= A(2)2P®) In (m : Bll;jzz_)l : ;) .

Next, we focus on (5.10) to find 1&1’0, after which we will approximate v by 1&010 + ﬁi[}og + \/gzﬁl’o.

Terms of order 1/¢ in (5.10). By matching terms of order 1/e in (5.10), we obtain the following:
Lot =0, (5.47)
from which it follows that 1[1170 is independent of y; otherwise, 1&1,0 will experience exponential growth as

y goes to too; see [8].

Terms of order 1//¢ in (5.10). By matching terms of order 1/y/€ in (5.10) and using the fact that
1[117071, = 0, we obtain the following:

Lot11 = 0. (5.48)

Therefore, we look for an 1&171 independent of y; otherwise, 7,@1,1 will experience exponential growth as y
goes to Foo0.
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Terms of order ¢ in (5.10). By matching terms of order € in (5.10) and using the fact that 1[1170& =
1&1,1@ = 0, we obtain the following Poisson equation (in y) for 1&172:

N N r N
Lo = —LaP10+ p13 ;(y, ) h(z) 210,022 (5.49)

The solvability condition for this equation requires that

A —r N
<—£2 P10+ p13 ;(y, 2 h(z) $¢0,0,zz> =0, (5.50)
or equivalently,
~ —7r ~
(L2) P10 = p13 <;(y,z)> h(2) 2 100,025 (5.51)
with boundary conditions 1[1170 (Ter0,0(2),2) = 0 and 1[1170 (70,0,0(2), 2) = 0 at the boundaries z./,.9,0(2) = 0
and x00(2) = B?g;le - L. Tt follows that 1[1170 is given by
. Bi(z)—1 ¢ Bi(z) r
— Bi(®) Nt O B I} Ao(2)1 Lo 2s) n 59
ro(z) == n <:p Bi(2) 7“> [ 1(z) + A2(z)In | = B =1 ¢/ (5.52)
in which A; and Ay equal
H H

(2B1(2) = 1)s(2) = (r=A)  [(2B1(2) — 1) s(2) — (r — \)]*’
and
HQ(Z)
(2B1(2) — 1) s(z) — (r— M)’

1
As(z) = 3 (5.54)
with Hy and Hs functions of z defined by

Hi(z)+ Ha(z) Inx

< (o5 ) mty s (Tt 0 e (= Bt ]

5.1. The Approximation of the Probability of Lifetime Ruin and the Optimal Investment

Strategy. Combining (5.35), (5.46), and (5.52), we obtain the following approximation of v
9 (x, 2) = hoo(z, 2) + Vet (w, 2) + Vb o(x, 2)
_ 1 (C‘Bl(Z)_l-x)Bl(Z)_'_Cx

Bix) -1\ Bi(2) "
+VEA() 2P ) <x . Bﬁ‘zz—)l | ;’) (5.56)
Ve B (m : Blfgj)(z)l . ;) |:A1(Z) + As(2) In <x : Bﬁl)(z_)l : Z)} ,

in which A, Ay, and As, are specified in (5.45), (5.53), and (5.54), respectively.
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We also approximate the dual of the optimal investment strategy up to the first powers of /e and V0,
as we did for ). Using (4.24), we obtain

N R el AP, L, w2
Nz, 2) = Py, z) " Voven ve < Py " ot T 1/}072’@) (5.57)
w—r A h(z) n
+5 <_M Y1022 + P13 F(y, 2) 1/’0,07~’CZ> :

Given w € Ry, we solve for z using w = Afgé(x, z). Then we let %% (w, z) := ) (z, z) — zw. We also

denote by 7 the function that satisfies 7% (w, z) := 79 (z, 2).

6. NUMERICAL SOLUTION USING THE MARKOV CHAIN APPROXIMATION METHOD

In this section, we describe how to construct a numerical algorithm for the original optimal control
problem directly using the Markov Chain Approximation Method (MCAM); see e.g. [11] and [10]. For
the ease of presentation, we will describe the numerical algorithm only when the fast scale volatility factor
is present. In what follows p will denote the correlation between the Brownian motion driving the stock
and the one driving the fast factor; that is, p = pi2.

Let us fix an h-grid; that is, a rectangular compact domain G C R? with the same spacing h in
both directions. We choose an initial guess (on this grid) for a candidate optimal strategy. Denote this
strategy by m. Then, our goal is to create a discrete-time Markov chain (fﬁ)nzo that lives on G" and
that satisfies the local consistency condition

EZ;Q[A@“QH] = b(z, W)At”’h(a:, ) + O(Ath),

6.1
Covin[A&h 1] = Alw, m)AE™" (2, m) + o(At"), o1

in which A&, 41 = &r1 —&n, and b and A denote the drift and the covariance of the vector X; = (W,,Y;),
respectively. (The Markov chain is constructed to approximate this vector in a certain sense.) E’;;Z
denotes the expectation, given that the state of the Markov chain at time n is . In (6.1) the quantity
At" (called the interpolation interval) is to be chosen so that it goes to zero as h — 0. We also do not
want this quantity to depend on the state variables or the control variable.

Since G" is a compact domain, we impose reflecting boundary conditions at its edges. (Natural
boundaries exist for W (t), specifically 0 and the safe level . However, Y; lives on an infinite region.)
For example, we choose the transition probabilities to be p™"((w, ), (w,y — h)) = 1, when y is as large
it can be in G" and for all w € [0, €].

6.1. Constructing the Approximating Markov Chain.

6.1.1. When p = 0. Denote a = %, b= 1/\/% . We obtain the transition probabilities of the Markov chain
&M as
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_ B%/2+ ha(m —y)*

pm (w, ), (w,y £ 1))

h )
w(w,y))?/2 + h(p — r)r(w,y)* + h(rw — c)*
P (w,y), (wE hyy)) = (f(y)m(w,y))*/2 + h(p @h) (w,y) ( ) 7 (6.2)
Ah _ N,k w,
P (w,y) (wyy) = SR
and choose the interpolation interval to be
2
Ath = }l—
Qh
in which
Q™M (w,y) = (v f(y))* + 5> + hla(m — y)| + hl(x — r)w(w, y)| + klrw — ],
and

Q" = max Q™" (w,y),

(w,y,m)

in order to satisfy the local consistency condition. Here a™ = max{0, +a}.

6.1.2. When p # 0. In this case a convenient transition probability matrix solving the local consistency
condition is

TR ((w.g), (w,y + b)) = LT PIE/2 = lpm(w y)IBF(4)/2 + ha(m — y)*

h
P ((w,y), (w + h,y)) = (f(y)m(w,y))?/2 — |p7r(w,y)|ﬁf(ygz R — r)m(w, ) + h(rw — ¢)F |
PO (w,y), (w+ hyy + h)) = p™((w,y), (w—h,y — h)) = (Pﬂ(wazz%);ﬁf@)’
P ((w,y), (w+ b,y = h)) = p™"((w,y), (w = h,y + h)) = (Pﬂ(waz%)h_ﬂf(y)

~h __ N,k
P ((w,y), (w,y)) = T,

where

Q™" (w,y) = (nf(y)* + 8% — |pm(w,y)|Bf(y) + hla(m — y)| + hl(u — r)m(w, y)| + hlrw — |-

For values of |p| close to 1, the transition probabilities may be negative. The positiveness of these
probabilities is equivalent to the diagonal dominance of the covariance matrix A = (a;;). (Recall that we

call A diagonally dominant if a;; — ) la;j| >0, Vi.) The construction of an approximating Markov

G
chain when some of the expressions il’]l ](7;5.3) are negative will be discussed next.

6.1.3. When p = 1 and some of the transition probabilities in (6.3) are negative. We accomplish the
construction of the approximating Markov chain in two steps, following [10]:

(i) Decomposition. Asin [11] Sections 5.3 and 5.4, we decompose X into separate components and build
approximating Markov chains to match each component. Then, we combine the transition probabilities
appropriately to obtain the approximating Markov chain for X itself.
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Let X = XM 4+ X in which

axH = <”f5<y)> B!, (6.4)
ax® - <rWt ;(f;_(“yt _)r)”t> dt. (6.5)

Since p = 1, we take B! = B2. Suppose that the form of the locally consistent (with dynamics of X @

and X, respectively) transition probabilities and interpolation intervals are

,h _ 2
' h
oM, 7) —7“53”,Aﬁﬁ—éw
1 1
m,h _
ny (x,T h
pg’h(l‘,f‘) = . Q(*h’ ) ) At;h = =5
2 2

for some n’f’h(az, T), ng’h (z, %), and appropriate normalizers Q", Q. Then, the following transition prob-
abilities and the interpolation interval are locally consistent with the dynamics of X

7,h — m,h — 2
) h ) h
pﬂ’h(x,iﬁ) _ nq (-’E,f) + 712 (337-73)7 AP — . (66)
Q + hQj QF + hQj
Since it is easier, we first provide the expression for p;r’h:
( +
. a(m—y
5" ((w,y), (w,y £ h)|r) = (@h) ’
2
mh (b —r)m(w,y)* + (rw —)*
Py ((w,y), (wEh,y)|m) = o , (6.7)
2
~h ,h
mh Q2 —Qy" (w,y)
Pa ((w7y)a(w7y)) = QVQh )
2

where
Q5" (w,y) = alm —y|+ (1 = r)[m(w,y)| + [rw — |

The computation of p71r’h is more involved. This is the subject of the next step.
(ii) Variance control. The system (6.4) is fully degenerate; that is, the corresponding covariance
matrix A is not diagonally dominant. The previous technique for building a Markov chain does not work.
Instead, we will build an approximating Markov chain by allowing the local consistency condition to be
violated by a small margin of error.

If (01,09) = (gk1, gke) for some constant ¢ and integers ki, k2, we could let the transition probability
to be p/(z,x £ (hky, hks)) = % and the interpolation interval to be At = Z—;, and we would obtain a
locally consistent Markov chain. This is not possible in general. For an arbitrary vector (o1, 02), we can

find a pair of integers ki (x, ), ka(z, 7), and a real number v(x, ) € [0, 1], such that

oy(z,m)\ o ki(x, )
( > >_M’)<b@mﬂﬁ@ﬂ)'
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Since the Markov chain is constrained to the grid G", we can only approximately let it move in the
direction of (1, 02)T. We choose
P (@, @ £ h(ki, k2)") = p1/2,
N T (6.8)
p"(x,x £ h(k1, ke + 1)) = p2/2,

in which p; + p2 = 1, and p; and ps will be appropriately chosen in what follows. The mean and the

covariance of the approximating chain is

Ep (At (z,m)] =0,

6.9
EL T [AL" (@, m) AL (2, 7)T] = h*C(x, 7), 09
where
k? kiks E? k1 (kQ + 1)
C ’ — 1 1
(@m = <k1k2 k2 ) e (kl(k:ng 1) (ky+1)?
(6.10)

_ k? ki1(ka + p2)
ki(ka +p2) k3 + 2pka + po

We choose the interpolation interval to be At™"(z,7) = h?/q?. On the other hand

— Alz. 1) a? = ki ki (k2 + )
a(x,ﬂ)—A( ’ )/q (kl(]@‘f"}/) (k2+7)2>7

and we see that if we pick po = v, then Ci1 = a11 and Ci2 = a2 match, but we violate the local

Cy— a3y  ~v(1—7) ( 1 )
— =0 =]. 6.11
2 ki 0B (611

We will choose ko sufficiently large so that the local consistency condition is almost satisfied, and the

consistency condition by

numerical noise in (6.11) is significantly reduced.

6.1.4. The case when p € (—1,1) and some of the transition probabilities in (6.3) are negative. We will
decompose the state variable into three components:

> (dWV) (Wi —cHd (n—r)my e f(Yy) 1 0 0 dB}
e e Y [

that is, a drift component, a fully degenerate noise component, and a noise component with diagonally
dominated covariance matrix. We can build an approximating Markov chain for each component sepa-

rately and then combine them as discussed above.

6.2. Approximating the Probability of Ruin and Updating the Strategy. We solve the system
of linear equations
VEh(z) = e AT N prh (g, 7)Vmh(3), (6.13)
zeGh
with boundary conditions V™"(0,y) = 1 and V™" (c/r, y) = 0. This is the dynamic programming equation
for a probability of ruin problem when the underlying state variable is the Markov chain &". In the next
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step, we update our candidate for the optimal strategy. For convenience, denote V™" by V. In the
interior points of the grid
h(p = 1)[V(w + h,y) = V(w,y)] + (B/2)pf () [V(w+ hy + h) + V(w,y —h) = V(w+ h,y —h) = V(w,y + h)]
L) V(w+hy)+V(w—hy) —2V(w,y)]
On the wealth dimension boundaries of the grid, we let w(c/r,y) = 0 and
h(p —r)[V(h,y) = V(0,9)] + (8/2)pf (y) [V(hy + h) + V(0,y — h) = V(h,y —h) = V(0,y + )]
f2(y) 2V (0,y) — 5V (h,y) + 4V (2h,y) — V(3h,y)]

The updates of the optimal strategy for the maximum and minimum values of y are similar.

W(wv y) =

77(07 y) - =

Iteration. Once the optimal strategy is updated, we go back and update the transition probabilities and
solve the system of linear equations in (6.13) to update the value function. This iteration continues until
the improvement in the value function is smaller than an exogenously picked threshold.

Two Technical Issues.

e The initial guess of the optimal strategy is important. For p = 0, we take the initial strategy as
the one in constant volatility case, where the closed-form solution is available in [14]. For p # 0,
we take the final strategy computed from zero-correlation case (p = 0) as the initial guess. This
initial guess makes the algorithm converge fast.

e For p # 0, the covariance matrix of the wealth process and volatility factor, in general, does not
satisfy the diagonal dominance condition. The problem is more serious for the slow factor, since

”‘variance control”’ is far greater.

its variance is of order of §, and the numerical noise using
To solve this issue we perform a “scale adjustment” to increase the variance of the factor. For
example, if we define Z; = 100Z;, then the dynamic of the system become

—— = pdt Y, — | dB
St lu’ + f ( ty 100) to

dZ, = 5(100m — Zy)dt + 100v/6v/2v5d B

(6.14)

when g = (m—2z) and h = v/2v. The new system is mathematically equivalent to the original one,
but with a much bigger variance; thus, the numerical noise in variance control is much smaller.
Note that the scheme here is equivalent to choosing a different grid sizes for the volatility and

wealth dimensions.

7. NUMERICAL EXPERIMENTS

In order to conduct our numerical experiments we will take the dynamics of the slow factor in (2.7) to

be
dZ, = 6(m — Z)dt + V5v2vdBY | Zy = z.

We let f(y,z) = exp(—y) or f(y,z) = exp(—2) in (2.2), depending on whether we want to account for the
fast volatility factor or the slow volatility factor in our modeling. We will call 1/e or § the speed of mean
reversion. We will take the correlations between the Brownian motions driving the volatility factors and
the stock price to be p = p13 = p12.

The following parameters are fixed throughout this section:
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e 7 = 0.02; the risk-free interest rate is 2% over inflation.

e 1 = 0.1; the return of risky asset is 10% over inflation.

e ¢ = 0.1; the individual consumes at a constant rate of 0.1 unit of wealth per year over income.
e )\ = (0.04; the hazard rate is constant such that the expected future lifetime is 25 years.

e m = 1.364 and v = 0.15, so that the harmonic average volatility, which we will denote by

om = 1/E[e/*™)] = 1/E[¢?Y] = e=™ " = 0.25; where Y is a Gaussian random variable with

mean m and variance v2. The distribution of this random variable is the stationary distribution
of the process (V;);>0; see (5.22). [Note that o, is very close in value to E[f(Y)] = E[e™Y] =
emm /2 = (.26
In our numerical procedure we use a bounded region for Y and impose reflecting boundary conditions.
However, f(Y;) is not bounded and not bounded away from zero. On the other hand, the invariant
distribution of the process Y is Gaussian with mean 1.364, and variance 0.15%. So it is with very small
probability that Y; is negative or very large. Therefore, the fact that f(Y;) is not bounded or bounded

away from zero does not affect the accuracy of our numerical work in a significant way.

Observation 1. We give a three-dimensional graph of the minimum probability of ruin and the optimal
investment strategy in Figure 1, which are computed using MCAM. Here the speed of mean reversion
is 0.5, p = 0, and only one factor is used. In our experiments we observed the optimal strategy 7* is
positive (no-shortselling). As expected we observe that w — ¥ (w,y) is convex and decreasing. Note that
fly) = ¥ (w,y) is increasing. Also, f(y) — 7*(w,y) is decreasing; however, it is not necessarily true that
w — 7 (w,y) is decreasing. The latter behavior depends on the value of y.

The probability of ruin does not depend on the sign of the correlation, p, between the Brownian
motions driving the stock and the one driving the volatility. The larger the magnitude of p, the larger
the probability of ruin. However, the minimum probability of ruin is quite insensitive to the changes in

p; see Figure 2.

Observation 2. We compare the optimal investment strategy 7*(w,y, z) in (4.14) to

L—7r c—rw
a2 (p—1)r "’

m(w;o) =

in which

p:%[(T+)\+8)+\/(T+)‘+3)2_4r)‘]7

1 /p—r 2
5= —
2 o

When we want to emphasize the dependence on o, we will refer to p as p(o). Young [14] showed that the

and

strategy 7 is optimal when the volatility is fixed to be o.
If only the fast factor is present and the speed of mean reversion is 250 (¢ = 0.004), then % in (5.56)
can be expressed as

U (w) = o,0(x)
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whose inverse Legendre transform is
YV (w; o) = <1 - Zw)p(am) , (7.1)

which is exactly the minimal probability of ruin if the volatility were fixed at o,,,. Therefore, it is not
surprising that for very small values of €, the minimum probability of ruin ¥(w,y), calculated using
MCAM, can be approximated by (7.1); see Figure 3-a. In our numerical calculations and in (7.1), we
observe that the minimum probability of ruin ¥ does not depend on its second variable. This result is
intuitive, since when only the fast factor is present whatever the initial value of oy is, the volatility quickly
approaches its equilibrium distribution (which is Gaussian with mean o,,). In fact mo(w; oy,) practically
coincides with the optimal investment strategy 7*, which is computed using MCAM; see Figure 3-b.

The most important conclusion from Figure 3-b is that it is not necessarily true that the optimal
investment strategy when there is stochastic volatility is more or less than the optimal investment strategy
when the volatility is constant. Comparing 7(w; o) and 7*(w, —In(o)) for different values of o, we see
that 7*(w, —1In(0)) < 7(w;o) for larger values of o, whereas the opposite inequality holds for smaller
values of 0. The investment amount decreases significantly as the volatility increases.

If only the slow factor is present and the speed of mean reversion is 0.02, then

Vw2 = (1- )7,

- (7.2)
approximates the minimum probability of ruin ¢ (w, z), which we calculate using MCAM, quite well;
compare ¥(w, —In(o)) and 1% (w, —In(c)) for different values of ¢ in Figure 4-a. We also compare 7 (w; o)
and 7*(w, —In(o)) for several values of o and draw the same conclusions as before. Also note that the
optimal investment strategy is not necessarily a decreasing function of wealth.

When we take the speed of mean reversion to be 0.2 (medium speed), then the probability of ruin
starts diverting from what (7.1) or (7.2) describes; see Figure 5-a. As to the comparison of the optimal

investment strategy with 7(w; o), the same conclusions can be drawn; see Figure 5-b.

Observation 3. We compare the performance of several investment strategies in the stochastic volatility
environment. Let oy be the initial volatility. We denote by 7 the strategy when one only invests in
the money market. The corresponding probability of ruin can be explicitly computed as ¥M (w) =
(1 — ¢/rw)™VIM" We will also denote 7%(w) = 7(w; o), ©° = 7(w; o), and
p—r c—rw

T Ply,2) (p-

We let 7¢(w) denote the approximation to the optimal strategy we obtained in Section 5.1 when we only

m(w,y, 2) (7.3)

use the e-perturbation. Similarly, we let 7° (w, z) be the approximation to the optimal strategy when we
only use the d-perturbation.

We obtain the probability of ruin corresponding to a given strategy m by solving the linear partial
differential equation D"v = 0, (see (3.1) for the definition of the differential operator D™) with boundary
conditions v(0,y, z) = 0 and v(¢/r,y, z) = 1. (This computation uses the MCAM without iterating.)

In Figure 6 we observe that the performance of 7¢ and 7€ are almost as good as the optimal strategy

7*. (Here we are considering a medium mean reversion speed. When the mean reversion speed is much
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smaller, then 7%

would be a better investment strategy.) Moreover, their performances are robust, in
that, they do not depend on the initial volatility ¢y. This should be contrasted to 7¢ and 7®. The former
performs relatively well when og is small, whereas the latter performs better when g is large. When
00 = Om, all strategies perform as well as the optimal strategy. Also, observe that for wealthy or very
poor individuals the choice of the strategy does not matter as long as they invest in the stock market.
The difference is for the individuals who lie in between.

As a result, we conclude that if the individual wants to minimize her probability of ruin in a sto-
chastic volatility environment, she can still use the investment that is optimal for the constant volatility
environment. She simply needs to update the volatility in that formula whenever the volatility changes

significantly.
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