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Ruin probability with Parisian delay for a
spectrally negative Lévy risk process
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Abstract. In this paper we analyze so-called Parisian ruin probability
that happens when surplus process stays below zero longer than fixed
amount of time ¢ > 0. We focus on general spectrally negative Lévy
insurance risk process. For this class of processes we identify expression
for ruin probability in terms of some other quantities that could be pos-
sibly calculated explicitly in many models. We find its Cramér-type and
convolution-equivalent asymptotics when reserves tends to infinity. Fi-
nally, we analyze few explicit examples.
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1 Introduction
In risk theory we usually consider classical Cramér-Lundberg risk process:

Xt:JI—f—pf—St, (1)

where z > 0 denotes the initial reserve,
Nt
i=1

is a compound Poisson process. We assume that U;, (i = 1,2, ...) are i.i.d dis-
tributed claims (with the distribution function F and tail F :=1— F ). Arrival
process is a homogeneous Poisson process V; with intensity A. Premium income
is modeled by a constant premium density p and the net profit condition is then
Av/p < 1, where E(U;) = v < co. Lately there has been considered more gen-
eral setting of a spectrally negative Lévy process. That is, X = {X;};>0 is a
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process with stationary and independent increments with only negative jumps.
We will assume that process starts from Xg = x and later we will use conven-
tion P(-|Xo = x) = P,(-) and Py = P. Such process takes into account not only
large claims compensated by a steady income at rate p > 0, but also small per-
turbations coming from gaussian component and possibly additionally (when
ITx(—00,0) = oo for jump measure ITx of X) compensated countable infinite
number of small claims arriving over each finite time horizon (see e.g. [15]).

One of the most important characteristics in risk theory is a ruin probability
defined by P(r; < o0) for 7,7 = inf{t > 0 : X; < 0}. In this paper we
extend this notion to called Parisian ruin probability, that occurs if process X
stays below zero for longer period than a fixed ¢ > 0. Formally, we define the
excursion below zero:

s =sup{s <t:1(x,>01lx,<0) =1}
Parisian time of ruin is given by
¢ =inf{t >0:t—¢>(}
and Parisian ruin probability we define as:
P(7¢ < 00| X = x) = P, (1 < o0).

The case ( = 0 corresponds to classical ruin problem and we do not deal with
this case here. The name for this problem comes from Parisian option that
prices are activated or canceled depending on type of option if underlying asset
stays above or below barrier long enough in a row. We believe that Parisian ruin
probability could be better measure of risk in many situations giving possibility
for insurance company to get solvency. Parisian ruin probability was already
considered by Dassios and Wu [7] where Parisian ruin probability was found
for classical risk process (II) with exponential claims and for Brownian motion
with drift. In Dassios and Wu [8] Cramér-type asymptotics was found for ().
In this paper using the fluctuation theory we show that these results could be
extended to the case of a general spectrally negative Lévy process. In particular
we show how to deal with risk process being sum of independent classical risk
process (1) and Brownian or a-stable motion perturbations. Additionally, we
derive asymptotics of Parisian ruin probability in convolution-equivalent case,
that is when claim size has a heavy-tailed distribution.

This paper is organized as follows. In Section [2] we introduce basic notions
and notations. In Section [l we give main representation of Parisian ruin prob-
ability. In Sections [ and [l we give asymptotics of Parisian ruin probability in
Cramér and convolutions-equivalent case, respectively. Finally, in Section [6] we
analyze few particular examples.

2 Preliminaries

In this paper we consider a spectrally negative Lévy process X = {X;};>0, that
is a Lévy process with the Lévy measure IIx satisfying IIx (0,00) = 0. Assume



that Xo = > 0 and that X; — 0o as t — oo a.s. (that is, reserves of the
insurance company increases to infinity a.s.). This assumption excludes also
case of a compound Poisson process with negative jumps. We assume also that
EX; < oco. Note that EX; > 0 by drift assumption. With X we associate
the Laplace exponent ¢(3) := 7 logE(e?**) defined for all 3 > 0 and function

®(q) = sup{f > 0 : p(6) = q}. We will consider also dual process X; = —X;
which is a spectrally positive Lévy process with jump measure II¢ (0,y) =

ITx (—y,0). Characteristics of X will be indicated by using a hat over the
existing notation for characteristics of X. For process X we define ascending
ladder height process (L™, H) = {(L; *, H;) }+>0:

Ly

oo otherwise

1 _{ inf{s >0:Ls >t} ift< Ly

and )
H, = XL;l ift < Loo
oo otherwise,

where L = {L;};>0 is a local time at the maximum (see [I7, p. 140]). Recall
that (L~!, H) is a bivariate subordinator with the Laplace exponent x(6, 3) =

—%logE (e‘eLfl_BHfl{tSLw}> and with the jump measure IIy. We define

descending ladder height process (L=1, H) = {(L; ", ﬁt)}tzo with the Laplace
exponent (6, 3) constructed from dual process X. Recall that ZOO has expo-
nential distribution with parameter %(0,0). Moreover, from the Wiener-Hopf
factorization we have:

0—0(B)
5 (3)

( ) -
see [IT, p. 169-170]. Hence

#(0,0) = ¢'(0+). (4)
We introduce a potential measure U defined by

U(dx,ds) :/ P(L; ! € ds, H; € dx)dt
0

with the Laplace transform f[o 00)2 e~95=BY(dx,ds) = 1/k(0,8) and renewal

function: -
U(dz) = / U(dz,ds) =K (/ l{HtEdw}dt) .
[0,00) 0

For spectrally negative Lévy process upward ladder height process is a linear
drift and hence the renewal measure is just Lebesgue measure:

U(dz) = dz. (5)



Moreover, from (&),

° ~ 0
—0z
e FU(dz) = —; (6)
/0 ©(0)
see [I7, p. 195].
We will also use the first passage times:
7, =inf{t > 0: X; <z}, f=inf{t >0:X; >z}

Suppose now probabilities {P; },cr corresponds to the conditional version of P
where Xy = x is given. We simply write Py = P. We define also Girsanov-type
change of measure via:

dP; | & (c)

de Fi 50 (C)

(7)

for any ¢ for which Ee®X1 < oo, where &; (¢) = exp{cX; — 1 ()t} is exponential
martingale under P, and F; is a natural filtration of X. It is easy to check that
under this change of measure, X remains within the class of spectrally negative
processes and the Laplace exponent of X under P is given by

pe(0) =@ (0 +c)—@(c) (8)
for 8 > —c. Similarly, by @) on P¢ exponent of descending ladder process equals,

_p(B+9-p()
B
since on an account of positive drift of X we have ®(0) = 0.

For ¢ > 0, there exists a function W@ : [0,00) — [0,00), called g-scale
function, that is continuous and increasing with the Laplace transform

ke(0, ) (9)

Awgﬁwwwm%4wm—m*,e>@@. (10)

We denote W (z) = W (z). Domain of W9 is extended to the entire real axis
by setting W@ (y) = 0 for y < 0. For each y > 0, function ¢ — W9 (y) may
be analytically extended to ¢ € C. Moreover, let

y
ZWD(y) =1+ q/ WD () dz.
0

It is known that:

E, (e—eﬂf,r; < oo) = 2O (11)
E, (e,qﬁ; 1(7(;<oo)) = ZW@(g) - ﬁq)wm (z) (12)
E, (eUXTJ T < oo) = <Zg—“’<”>>(a:) + %Wg—%”(”))(a:)) (13)



where W ™¢™) and quf“a(v)) are scale functions calculated with respect to the
measure P”. We understand 6/® (0) in the limiting sense for § = 0, so that

Patry <o) = { 1 TFOME R0 (14)

For details see [I7] or [16], Remark 3]. If ]P’QC(XT[; =0,7, < 00) > 0 then we say
about downward creeping. This is possible only when downward ladder process
is of unbounded variation with strictly positive drift d. In this case the renewal
function U has a strictly positive and continuous density @ on (0, 0o) satisfying:

Po(X, = 0,7 < oo) = dix), (15)

where @(04) = 1; see [I7, Theorem 5.9 and Problem 5.5].

3 Main representation

The main representation is given in the next theorem.

Theorem 1 Parisian ruin probability for a spectrally negative Lévy risk process
equals:

P, (¢ < 00) = P, (15 < 00)P(7¢ < o0) (16)

+(1-P(r¢ < x)) /°° P(r > ()P.(7y < oo, -X - € dz)
0

and
P.(r5 < 00) = £(0,0)U(z,00) = 1 — ¢ (0+)W (z), (17)
/OO e ds /OO P(r > s)P.(1y < oo, -X, - € dz) (18)
0 0 -
_ Ii(O, O)g(w, OO) _ Ké(zue())) e@(a)z/m e—<I>(9)y ﬁ(dy) (19)
_ 11—y (09+)W($) _ %db(@)m (Zé(g))(x) + @(9_9) Wé(:))(:c)) . (20)

Proof The equation (I6) follows from the strong Markov property and from fact
that X has only negative jumps. Moreover, identity

P.(1y <o) =P(7) < ) (21)
and observation that for x > 0:

P(7 < 00) = ®(0,0)U (x, 00) (22)



complete proof of (IT) in view of (I4) (for ([22) see [I7, p. 187]). Finally, note
that from (I)):

° 1 + 1
—0s + o —0T] _ - _ —®(0)z
/0 e P(Tz>s)ds—§(1—E(e 1(7j<oo)))_9(1 e ()).
(23)
Further, in case of downward creeping, distribution P, (7 < oo, —XT(; € dz)
might have an atom at 0 but it does not have influence on the rhs of (20):

/ b ds/ P(rf > s)Pu(ry <00, —X,_ € d2)
0 0

1 [ee)
= —/ (1 - efé(e)z) P.(ry <o00,—X - €dz)

- w - %Em [eé(G)XTJ,TO_ < o0l (24)

Identity (I3]) completes proof of ([20). The equation ([I3)) follows from following
equality:

Po(—X, €dz,my <o0) =P(Xo — € dz, 7 < o0) (25)

and [I7, Problem 5.5].
O

Remark 1 Note that
> —Bx —0 — —0 ¥ —0
/0 eITW ) (@) do = p(B+ ®(0) 7!, Zy)(x) =1- 9/0 W) () dy.

Remark 2 Consider now particular case of spectrally negative Lévy process:
Xt:iE+pt—St+UBt, (26)

where p > 0, 0 > 0, S; is a subordinator of bounded variation with jump
measure [l and By is a Brownian motion independent of S;. Moreover, since
S; has bounded variation, then:

0 oo
uoz—/ ZHX(dz)z/ M5 (z)dz < oo,
0

— 00

where I (2) = 5 (z,00). Note that py = ES;/p < 1 because EX; > 0. We
recall now Pollaczek-Khintchine formula (see [I3] Theorem 3.1]):

Pu(ry < 00) = 70,000 (,00) = 1= (1=po) 3 pip (K" 5 M) (), (27)

n=0

where

M(dz) = iﬁ)A((,z) dz, (28)



and when o > 0:

o0 0
0K (dz) = —P——
/0 () = ot

hence K (dz) = f_—ge—<21)z)/“2 dz.

The case of ¢ = 0. If there is no Gaussian component, that is X; is
drift process minus subordinator of bounded variation, then K(dz) = do(dz).
The equation 27) allows also to identify [;~ e % ds [["P(r] > s)Pu(ry <
o0, =X - € dz) using 27), (I7) and ([I9). Moreover,

p=P(ry <o0)=1— ——==—==py. (29)

To identify ruin probability P,(7¢ < o00) we need to find constant
P(7¢ < o0), which is given in the next theorem.

Denote by pT(s) = P.(r, < s) probability that the excursion above 0 is
shorter than s and let

p(s,t) = / Pt <t)Pe(ry <s, —X, - €dz)
0
+P(rF <P (1y < 5, X, - =0)

be probability that upper excursion above 0 is shorter than s and the first
consecutive excursion below 0, which is shifted downward by —e, is shorter then
t. Note that pT(s) = p(s, o).

Theorem 2 (i) If X is a process of bounded variation, then

Jo B > OP(ry <00, =X - € dz)
L—p+ [o B(rF > OP(ry < o0, —X,- €dz)’

P(t¢ < 00) =

where
/ o—0s ds/ P(rf > s)P(ry < oo, -X.- € dz)
0 0

L A TS AT
“ ), (1 e )Hx(z)dz. (30)

(i) If X is a process of unbounded variation, then

P(7¢ < 00) = lim im P 0) = (0, €)

b—oo €l0 1-— p(b, C) (31)

Proof If X is a process of bounded variation then by [2, Cor. VIL5] 0 is irregular
for (—00,0). Since by drift assumption we excluded the case of compound
Poisson process X, it means that 0 is regular for (0, 00). Now point (i) follows



from Theorem [ by taking = 0 and by using identities ([29) and (B5]). In the
proof of (ii) we adapt the idea from the proofs of main results of Dassios and
Wu [7] and Dassios and Wu [9].
Let 50i = 0. First we will define the sequence of stopping times:

of =inf{t > 6, : Xy < —e}, o, =inf{t >4, : X; =€},

oy =inf{t > o : X; =0}, 0, = inf{t >0, : X; <0}

and the processes:

i [ Xike if 0f <t<ot
t X if oiF <t <6,

Moreover, let b > 0 and
m, = inf{t > 0:t —sup{s <t:1(x,<0)l(x,>0) = 1} > b}.
Similarly, we define stopping times Tbi and Ti for X*. Observe that:
P(rS < 1) <P(r¢ <) <P(7S < 7). (32)

We will find }P’(Tfr < 7,7) first by decomposing the path of the process X into
excursions above and below 0. Formally, probability of event A;, that the first
excursion below 0 of length greater than ( is jth excursion and it happens before
the first excursion above 0 longer than b, equals:

P(4;) = p(b, )~ (p (b) = p(b, 0))-

Summing over j = 1,2,... gives:
¢ _pr(0) —p(®,9)
P(rs <7}) = T p0.0) (33)
Similarly,
P(rS < 1) = B > ) + B < P Q200 (34)

1- p(b, C)

Recall that process of bounded variation X was excluded from our considera-
tions. Thus by regularity of 0 for (—o0, 0) it follows that 0 is regular for (0, c0)
(see [I7, Theorem 6.5, p. 142]). Straightforward consequence of this fact is that
lime o P(r;" < ¢) = 1 and that P(¢ < 7,7) and ]P’(TJCr < 7;7) have the same
limits as € | 0. From (B2) we then derive the assertion of the theorem. (]

Remark 3 To find P(7¢ < o) for the process (26) with o = 0 one can use the
following identity for z > 0 (see [I3| Corollary 4.5] and [I7, p. 105 and Cor.
7.5]):

_ J
]P’(—XT[; €dz, 1y < o0) = pollg(dz) = EH)?(Z)dZ (35)



and then
/ 5 ds / B(r > )P (ry < 00,—X, _ € d2)
0 0

= % - (1 - efq)(e)z) ﬁf((z)dz.
0

Remark 4 The probability 1 — p(s,t) could be identified using double Laplace
transform. Indeed, by [I7, Ex. 6.7 (i), p. 176] and (IIJ),

ﬂw/ / (1 _p(&t))efﬁtefws dtds = 1-— e*@(ﬁ)eEe <€<I>(5)XTO w‘ro>
0 0

E (eq»(mzew 1 x, >6))
EPPX., ’

= 1-—

where e, is independent of X exponential random variable with intensity w.
Moreover, from [16] we know that

20X, _ w(@0B) -~ (W)
: B ) (F—w) 0)
and that " o »
P(-X, €dz)= mW “Ndz) — wW')(2) dz. (37)

Hence choosing function n(e) such that limit

T P(_Kew < E)
m(w) = 161%1 EECEE (38)
exists and is finite, we have:
i =P — (s, (39)
where o0 () () (8 - )
[ denad - g Sy 10)
Then also we have:
P(r¢ < 00) = Tim L&:6) —d(5,00) (41)

b—o0 q(b, <)

4 Cramér’s estimate

In this section we derive exponential asymptotics of Parisian ruin probability.
Assume that there exists v > 0 satisfying @(y) = ¢(—v) = 0 and that @(6)



is finite in the neighborhood of 7. Then Ee™7*1 < oo and we can define new
measure P~7 via (7). Define U, (dz) = U.so) (dx) := €"*U(dx) and

uz/ x(/]\ﬁl)(dx),
0

where ﬁgq)(dz) = e~ @ ®P(H, € dx)dt for ¢ > 0. Note from [3] that U,
is a renewal function of the ladder height process calculated on P~7. Moreover,
from [3] we have:

0k _~(0, 0x(0,
= B0, = O, (12)

Note also that drift of X on P~ is positive, since by (§)) its Laplace exponent
equals then

P—~(0) = p(=7y—0)
.

and hence @ (0+) = —¢'( ) > 0. Thus

P (7 <o0)=1. (43)

Theorem 3 We assume Cramér conditions, that is, that there exists a v €
(0,00) such that p(v) = 0 and that §(0) is finite in the neighborhood of v. We
also assume that support of 11 is not lattice when II(R) < co. We have:

liTrn P (16 < o0) = P(r¢ < OO)E("()/);LO) + (1 —=P(r¢ < 0)) ), (44)
where - 7(0,0) 1
—0s ¢(c) — Kk, _
/0 ¢ ) ds vl (v + 2(0))%u

and P(7¢ < 00) is given in Theorem[2. If u = oo, then LHS of (7)) is understood
to be 0.

Proof By (22)) and the Key Renewal theorem saying that (/]\V(dx) on (0,00)
converges weakly as a measure to = tdx (see [17, p. 188] and [3]) we have:

#(0,0)

lim ?*P(7H < 00) = #(0,0) lim €U (z, 00) = %(0,0) liTm [77(96, o0) =
wtoo Vi

zToo zToo

Moreover, by (24]) and (23)),

/ e 0 ds/ P(r > s)Py(1y < 00, =X - € dz)
0 0

/\+ -~
_PE 9< o0) %IE |:€_@(9)(er ) < o

10



and by (@3], the Optional Stopping Theorem and [I7, Problem 5.5] we have:

liTm e"E [eé(e)(xﬁ ﬂc), < oo} = liTm E~Y {e({)(eH’Y)(Xﬁ ﬂc),?;' < oo}

= limE~ [e*‘l’(")*”(%—”] =Ry (0,®(0) +9) lim [ e~ OO (dy)

xToo 2

- N ~ B0
=7 (0,0(0) +7) lim [ @O (2 + dy) = (Vfr(q’((@;;?u
0

(v + @(0))%n

This completes the proof in view of Theorem [II

5 Convolution-equivalent case

We start from introducing class of Lévy processes, which we will deal with in
this section. Process X considered here have jump measure Il ¢ in a class S (@) of
convolution equivalent distributions, which could be formally defined as follows:

Definition 1 (Class £(®) For a parameter a > 0 we say that distribution
function G on [0, 00) with tail G = 1 — G belongs to class £(®) if

(i) G(x) > 0 for each z > 0,

G(u—=z)

(1) limy—eo ) = e®® for each z € R, and G is nonlattice,
(#42) limp—o0 égz;)l) = e® if G is lattice (then assumed of span 1).

Definition 2 (Class S(®)) We say that G belongs to class S(®) if
(i) G € L) for some a > 0,

(1) for some My < oo, we have

G2 (u)

w5 ()

= 2My, (45)

where G*2(u) = 1 — G*?(u) and * denote convolution.

For all @ € R such that the following integral is finite we define the moment
generating function § such that

0q.(GQ) = /000 e G(du),

11



where G is a ﬁni:ce distribution function.
Recall that X = —X is a spectrally positive Lévy process. Throughout this
section we assume that for X we have:

(4)

Iy € S for a >0 (46)
and
[ e aye s (a7)
(i)
pla) <0  for a>0; (48)
(iid)
e 90, (H) <1, where ¢=lim —2=h) g So(H) = 6o(Hy). (49)
810 #(0, =)
The first condition gives:
I € S for a > 0; (50)

Latter condition (iii) has a force when « > 0; by drift assumption for o = 0 this
condition is automatically satisfied.
We define relation: f(z) ~ g(x) iff limg_,o0 f(2)/g(z) = 1.

Theorem 4 Under assumptions [{6))-(49) asymptotic Parisian ruin probability
equals:

P, (1S < 00) ~ EX, <$)2 (P(TC <o0) +(1—P(r¢ < oo))f(e)(C)) /:o T (y) dy,
where

/0 e_‘gsf(e)(s) ds = % /0 (1 — e_q)(e)z) B(z)dz (51)
and

e*O&Z

B = (—@(a)—i—a/:o Mg (y) dy).

Above for a = 0 the quantity —p(«)/« is understood in limiting sense and equals
—¢'(0+) = EX;.

12



Proof From [14, Theorem 6.2] we have that:

2 0o
P(7} < 00) = #(0,0)U(x, 00) ~ EX; (%) / 5 (y) dy (52)
and that: R
liTm P(Xo+ —z € dz|7 < 00) = B(z)dz,
where p 5(0)
e * o o _
B(z) = —— _AY W _ o) T (y)dy ) .
0= (-2 [T e e g ay

The equations ([23) and (25), dominated convergence theorem and Theorem [II
complete the proof.
O

6 Examples

6.1 General classic risk process (1)

For the process (I) we have IT ¢ (dz) = AF(dz) and (0) = pd—A+X [~ e =% F(dz).
By B3, \
P(r, < oo, -X.- € dz) = =F(z)dz,
p

and hence

/ e % ds/ P(r} > s)P(ry < 00, =X - € dz)
0 0

A

= — h 1- e—@(e)z) F(z)dz. 53
) (=) (53)
Probability P(7¢ < ) could be found using Theorem 2] with (53)) and

A
p:]P)(T0_<OO):?U,

where v = fOOOyF(dy). Theorem [I] gives then Parisian ruin probability
P, (¢ < o) for all z > 0.
To find Cramér asymptotics, note that ®(6) and ~ solve the equations:

/ "0 F(dz) = (- p2(0) + )/, / T * F(dn) = (A p1)/A
0 0

Moreover, from () we have:

£(0,0) = ¢'(0+) =p— Av. (54)

13



By [#2)) using fact that ¢(—v) = 0 we have:

p= /\/ ye Tl 5 (y, 00) dy = A/ yeVF(y) dy
0 0

and hence
Ay o -t
I ep C< :]pc< < / WE d)
lm B(r¢ < 00) = B¢ <o0) (20 [y Fly)dy
+H(1=P(r¢ < 00))£19(Q),
where

[emown = ([T dy>_1 ("7~ Grmr)

If F eS8 for >0 then P(¢ < o) is given in Theorem @

6.2 Classic risk process (1) with exponential jumps

Corollary 1 Assume that X; is Cramér-Lundberg risk process () with expo-
nential claims F(dz) = ée%* dz, where £ = 1/v. Then

¢ < 0o _i;(%n( pED )
Po(7" < o) pE p€— A1 - D) (55)

¢ [pg
D:l—/ ,/Te—“ﬂ@tt‘lh(% pAL)dt
0

and I1(x) is modified Bessel function of the first kind.

where

Proof From ([T) and ([IQ) (see also [I, p. 63]) we have:

7(0,0)0 (x, 00) = I%e-(%)w. (56)

Moreover, by lack-of-memory property of exponential distribution, distribution
of undershoot of 0 is also exponential with intensity £. Hence:

ooe_es ) o] - . - . — B ) — ief(pﬁpfk)z <I>(6)
/0 d /0 P(r} > 5)P,(1, < oo, X, - €dz) pr: COED) (57)
and by (B3)
> —0s > — _ ) = i @(9)
/0 ¢ ds/o P > By < o0, —X € ds) = Zomrits (58)

14



Inverting the Laplace transforms (57) and (B8] with respect to 6 (see [4]) gives:
A

/ P(r} > OPu(ry < 00,—X.— €dz) = —e 5D (59)
0 0 P
and

P(r." > QP(ry <o0,—X - €dz)=—D. (60)

0 0 P
Further, from Theorem 2] we have that
%D
P(r¢ < 00) = ——L (61)

PE=A L A’
23 +pED

Representation (I6) given in Theorem [[l and identities (&6), (B9) and (GI) com-
plete the proof of (G3)). O
Parisian probability in this case was already identified in [7].

6.3 Brownian motion with drift

Corollary 2 Assume that
Xt = O'Bt + pt,

where o,p > 0 and By is a standard Brownian motion. Then
9 s
Lor(es)-ng

_ e—(2pa’ )z
9 Sus
v (25)+ 2%

U(x) = 2y/maN (V2z) — /e + e

and N'(.) is a cumulative distribution function for the standard normal distri-
bution.

where

Proof Note that:
/ P(r > ()P, (1, < oo, _Xq-g €dz)=0.
0

Moreover, using

(63)

and (I0) we have



and hence from (I7]),
P.(ry < o0) = e~ (o),

The first passage probability 727 has inverse Gaussian distribution and

— Poj__°_ IV
g (b5 7) o (36 o).

Similarly,

P <0 =N (B ) e (Dve- ).

From (G8)-(@6) using continuity of Brownian paths note that we have:

_pt () —pb,Q) . Pe(rg <OP(rS >0)
W 0.0 TP < BPF < 0)

Vi (-8/5) -2/
R )
Vi (25) - 25
Roloi) o1

where we use fact that ¥(—z) = ¥(x). Note also that:

)

Jim %“’(5 ;) - <2fpf ORI

VG

(68)

)

(69)

Putting equations (64) and BI)) into (I6) of Theorem [ completes the proof of

Probability (62) was also given in [7].

O

One of the main goals of this paper was identifying Parisian ruin probability
for more complex spectrally negative Lévy processes. Such typical examples we

analyze below.

6.4 General classic risk process perturbed by independent

Brownian motion

We assume that:
Ny

Xt::c—f—pt—ZUi—i-aBt,
=1
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where p,o > 0 and By is independent of Poisson process IV; with intensity A and
sequence of arriving claims {U; }i=1,2,.... Then ¢(6) = pd—A+A fooo e % F(dz)+
"726‘2 and ®(0) solves equation

/0 " 00 F(dz) = ()\ — pd(9) — ?@2(9) + 9) /A

Parisian ruin probability P, (7¢ < oo) is given in Theorem [T and all appearing
there terms except P(7¢ < 00) are given in Remark
Using Theorem 2{ii) and Remark @ we will find P(7¢ < o). Since X has
a Gaussian component, then W) (04) = 0 and from Tauberian theorem (see
g. |5, Theorem 1.7.1°]) it follows that

(w)
lim W) = 32
el0 € g

Thus n(e) = € and

2w

m(w) = m.

Parisian ruin probability P(7¢ < ) is given in (&I for

2 - )
[ a0 = m (70)

Cramér asymptotics P,(7¢ < oo) is given in Theorem [3] where 7 solves

equation:
o0 022
/ e"*ZF(dz):(/\—i—pw— )/)\
0

and (0,0) = ¢'(0+) = p — Av. Furthermore,

= A / ye ' F(y)dy + o.
0
Assume now that claim size has exponential distribution F(dz) = £e~¢% dz.
Then by [I8] (see also [10]):

2
P.(1y < o0) = K(0, 0)U(z,00) =1+ Zcieﬁ”x, (71)

=1
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where

(360° +p) = \/(3¢02 +p)? = 202(6p — )

01 = 0_2 )
(360% +p) +/(b€02 +p)? — 202(6p — )
02 = 0_2 )
B o%03 — 2pos
C1 =

02(03 — 01) — 2p(02 — 01)’
—0? 0% + 2poy
02(03 — 0?) — 2p(02 — 01)

C2 =

We have,

/ =% ds / B(rF > )P (ry < 00,—X,_ € d2)
0 0

= %]P’I(TO_ < 0) (1 — 5/000 e~ (2(0)+8)s ds) — %]P)I(TQ_ < o) (1 _ @(9§+§> 7

where ®(0) solves equation

— %zqﬁ(e) — (5%2 +p> D%(0) + (A + 60— p&)@(0) + €0 =0 (73)

and by inverting this Laplace transform one can identify: fooo P(r} > QPu(r5 <
00, —X - € dz).
We will find now

P(¢ < 00) = Jim lim (1- p(bicz)pzblszgrg > b) )

for the exponential claim size with intensity . Note that by (Z2)) Laplace

transform % (1 — ﬁ) is then the only single Laplace transform that must

be inverted at point s = ¢ to derive Parisian ruin probability P,(7¢ < o0)
(compare with (70) where double Laplace transform must be inverted).
Note that

p0.0) = (=Bl <b. X, =0)¢ [ B < Qe s
+P(rF < OPc(my < b,XT(; =0)

and

P (5 < b, X, - = 0) =P(ry; < 00, X - = 0)

—/ P.(ry < 00, X - = 0)Pc(1y > b, Xy € dz). (75)
0
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Thus from (78] and ([I'7, Therorem 5.9, p. 122] we derive:

1-P(ry <b,X -=0) <
lim C— a0 —d [ aEa.de),  (70)
el0 € 0
where
P.(r~ > b X, €d
o1 (b, dz) = lim TelTo 2 b Ko € d2) (77)
el0 €
. (>0 ( )
. ]P)T€><_ . ]P)ETO_>b_
lim ——=——" =gz, lim - = g3(b)
then from (74)
P(TC < o0) = g2 + ga(00) — g3(00)
g2 + ga(c0) 7
where

ga(b) = d(@ (0+) — /OO u(2)g1(b,dz))¢ /OOO P(r) < ()e 2 dz

0

and g;(00) = limp_0 g;(b) (¢ = 1,3,4). The probability P(r] < () appearing
in g4 could be found using Kendall’s identity saying that if spectrally negative
X has has a density m(¢,z) at z, then 7 also has a density at s and

P(rf eds) «
T ds gm(S,I), (78)

where in our case

_ 00 1 Y 00 (/\s)k Y gk(y _ a:)kflefﬁ(y*m)
= /ws N <S’ 0\/5) > T & — 1) :

k=1

We will find functions g; for i = 1,2, 3.
Function g1 (b, dz). Note that:

P.(ry > b, Xp € dy) = P(rP~ > b,0B, — pb € dy)e ™

€

b €
+)\/ eiAt/ P(rB~ > t,0B; — pt € dz)
0 —oo

—z+e
/ ]P)fthJre(To_ >b—t,Xp_; € dy) F(dh) dt,
0
(79)
where

7B~ —inf{t >0:0B; —pt > €}

and probability P, (7, > s, X € dy) appearing in (T9) could be derived using
so-called ballot theorem:

P.(rg >s,Xs€dy)/dy = m(s,y—z)—y/

(80)
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see [6]. Moreover, by the strong Markov property,

t
P(rP~ > t,0B,—pt € dz) = dz (¢ (z;pt) _/ P(rB- ¢ ds)g (2—6——1?@—5)
g 0

where by Kendall’s identity (78],

2
R Lt S
Hence P(rB~ > t,0B; — pt € dz)
leiﬁ)l ) ,edz =E7(21), (82)
where . .
= (zt) = %eT/O ﬁe—m ds.
Summarizing,

91(b,dy) = e "= (y,b) dy

b 0
+/\/ ef)‘t/ =7 (z,b) dz
0 —o0

/ P_._n(ry >b—t Xo_s € dy) F(dh)dt.
0

Function gg(b). Similarly,

b 0 —z
+)\/0 e*”/ 7 (z,b) dz/o P_._,(1g >b—1t)F(dy)dt.

Quantity go. Finally,
P(r > () =P(r7" > ()™
+A /C e M /6 P(rB% > t, 0B, + pt € dz) /OO P,y (> ¢ —t) F(dy) dt,
’ - ’ (83)

where
7'€B+ =inf{t >0:0B; + pt > €}

has the inverse Gaussian distribution:

ds (sp —€)?
P(rB+ € ds) = —& —_— .
(177 eds) o exp { 507




Thus
P(rB*+ > t,0B; + pt € dz)

léiﬁ)l - =Z7(z,1), (84)
where . . ,
=t (z,t) = ie—é—’pz@’m/ L ds
2m 0 Vs3
and

0
g2 = e*M/ =t (y,¢) dy

Cioo 0 oo
A /O e /_ =*(2,0) /0 P._(rf > C—t)F(dy)dt.  (85)

The probability P, (7" > s) = P(rT, > s) for z < 0 appearing above could
be obtained using Kendall’s identity (8]).

6.5 General classic risk process perturbed by a-stable mo-
tion

We will assume now that:

Nt
thx—i-pt—ZUrf'Zt, (86)
i=1

where p,o > 0 and Z; is a spectrally negative a-stable motion with o € (1,2)
independent of Poisson process N; with intensity A and the sequence of arriving
claims {U;};=12,.. Note that for @ € (1,2) process Z is of unbounded varia-
tion. Moreover, process X has no gaussian component and it does not creeps
downward. Then ¢(6) = pf — X + /\foOo e %% F(dz) + c6* for some ¢ > 0 and
®(0) solves equation

/ e @2 P(dz) = (A — p®(0) — c®*(0) + 6) /).
0
Then from [IT] we have:

Pu(r5 < o0) = R(0,0)0 (z,00) = 1—(1—po) 3 o (K<"+1>* . M"*) (), (87)
n=0
where pg = %, M(dz) = LF(y)dy and K (dz) = Y7, %x(o‘fl)”.
Finally, P, (7¢ < o0) could be found using main representation given The-
orem I the equation (I9) and identity (87). Using Theorem [2(ii) and Remark
M one can also identify P(7¢ < oo) where similarly like in case of Brownian

perturbation we have: W) (04) = 0 and

W) (€) 1
li = .
el0 a1 (@)
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Thus n(e) = €*~! and
w

- I(a)®(w)
Note also that for process (86l we have

m(w)

&

Assuming that F(z) = o(z~%) for large = we derive that Iy € S(©. From
Theorem [ we have

c xfaJrl

P (76 < 00) ~ (IP’(T< < 00)/EX1 +P(1¢ = 00) (C)) a(a—1) 7

as x — 0o, where the Laplace transform of f(¢)(-) is given in (&1]) for Il ¢ defined
in (BY).
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