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Abstract: In this article asymptotic expressions for the final prediction er-
ror (FPE) and the accumulated prediction error (APE) of the least squares
predictor are obtained in regression models with nonstationary regressors. It
is shown that the term of order 1/n in FPE and the term of order logn in
APE share the same constant, where n is the sample size. Since the model
includes the random walk model as a special case, these asymptotic expres-
sions extend some of the results in Wei (1987) and Ing (2001). In addition,
we also show that while the FPE of the least squares predictor is not affected
by the contemporary correlation between the innovations in input and output
variables, the mean squared error of the least squares estimate does vary with
this correlation.

1. Introduction

Consider a simple regression model
(1.1) Yt = Bri—1 + €,

where (3 is an unknown constant, &;’s are (unobservable) independent random dis-
turbances with zero means and a common variance o2, and z; is an unit root process
satisfying

(1.2) Ty = Tp—1 + N,

with g = 0, 7 = Z;;lo ciwi—j, 2o lejl < oo, 372 ¢; # 0, and w; being in-
dependent random noises with zero means and a common variance o2. We also
assume that ¢; is independent of {w;,j <t —1}. Note that if 3=1,¢co=1,¢; =0
if 5 >0, and &, = wy, then (1.1) becomes the well-known random walk model (see,
for instance, Chan and Wei M]) Having observed (y;41,%;),i=1,...,n—1, § can
be estimated by least squares

-1
(1 3) B . E?:l TilYi+1
. = ST
Dim1 T
If z,, also becomes available, then it is natural to predict y,4+1 using the least
squares predictor,

(14) :’jnJrl = znén
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To assess the performances of the least squares predictor, we consider the final
prediction error (FPE, Akaike [1])

(15) E{ (yuer = iur)’ f = 0” + B{a2(Bu = B)" }.

and the accumulated prediction error (APE, Rissanen [14])

(1.6) = fo + szgfl(ﬁifl - B)*(1+0(1)) as.,

where the second equality of (1.6) is ensured by Chow [5]. It is straightforward to
see that the terms in (1.5) and (1.6),

n

n x? Z:ll T;Ej 2
RS

i=2 i=2
and
2
A (Lnxn)(% Z?;11 $i5i+1)
(1.8) nz (B, — B)2 = { L2 e
n? D T

When {y:} is a random walk model mentioned above, Wei ([15], Theorem 4)
showed that the rhs of (1.7) equals 202 logn + o(logn) a.s. By imposing further
assumptions on the distribution of wy, Ing (]9], Corollary 1) subsequently obtained
the limiting value of the expectation on the rhs of (1.8), which is 202. This article
extends these two results to models (1.1) and (1.2), which provides a deeper un-
derstanding of the least squares predictor (estimate) in situations where Fisher’s
information, Z?;ll x?, grows at a rate much faster than n, and the innovations in
input and output variables come from different sources. The rest of the paper is
organized as follows. Section 2 derives the asymptotic expressions for the rhs of
(1.7). In Section 3, sufficient conditions are given to ensure that the expectation on
the rhs of (1.8) is bounded by some finite positive constant for all sufficiently large
n. We then apply this moment property and the results obtained in Section 2 to
show that
(1.9) lim E{nz? (B, — 8)%} = 202
Some discussions related to (1.9) are given at the end of Section 3. In particular,
it is shown that while the FPE of the least squares predictor is not affected by the
contemporary correlation between ¢; and w;, the mean squared error of the least
squares estimate does vary with this correlation. In addition, we also show that
the squares of the normalized estimate, n(Bn — (), and the normalized regressor,
Zn /4/N, are not asymptotically uncorrelated.

2. An asymptotic expression for the APE

To prove the main result of this section, two auxiliary lemmas are required. They
are also of independent interests.
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Lemma 1. Assume the {w:} in Section 1 satisfy sup_ o ;o0 Elwi|® < 00 for some
a > 2. Let zy = Z;flodjwt i, where |d;| < Cj™1 for some C > 0 and all j > 1.

Then, with v, = 02 Z§ %)df ’

Z — ) =o(1) as.

t=1

(2.1)

S|

Proof. Straightforward calculations yield that

t t la—1
(22) 2162 - = Zdw%—l(“]l2 - Uf}) +2 Z Z di—1, di—1,W1, Wi,
=1 l2=21;=1

By (2.2) and changing the order of summations,

£ (5 ) (35

t=n, =1 \t=n1 l=n1+1 \t=I
ni lz*l no
dt*lldt7l2
22 02\ 2 T e pen
1o=2 \l;=1 \t=n1
no lg—l na
dt*lldt7l2
o 3 S5 ) L
lo=n1+1 \l1=1 \t=ls

=M+ (2)+6)+ (),
where 7 = w? — o2. In the following, we shall show that for some oy > 1, there

are C, > 0,&1 > 1, and & 1 > 1 independent of n; and ny such that

n2

(2.3) B|(k)|™ < CR(D>

t=n1

)52,k7

tﬁl,k

where k = 1,...,4. (2.3) and Mdricz (1976) imply that for some « > 1, there are
C* >0,& > 1, and & > 1 independent of n; and ng such that

! 2 no

Yt * 1 I

(2.4) D
=n1 =n1

As a result, (2.1) follows from (2.4) and Kronecker’s lemma.
Let oy = min{«/2,2}. Then,

n2 d2
E|(1)]* <Gy 1E{Z y o = ; )y

=1 t=n,
< Cl 1 Z Z a1/2 a1/2 Z'dtl ldt? l|alE|77 |0(1
ti=ny ta=n1 2
(25) na 1 n2—1 1 no 1
<Cipg ( 7o + Z e Z Vs (ty — t1)°‘1>
t=n ti=n1 "1 to=t1+1 “2

o ng €21
§0113<Zti1> 013<Z tg%) )

t:n1 t:n1



On prediction errors 63

where C ;,i = 1,2,3 are some positive constant independent of n; and ng, 1 <
&1 < o, &1 = a1/&1a, first inequality follows from Burkholder’s inequality,
second one follows from the fact that 0 < a3/2 < 1 and changing the order of
summations, third one is ensured by sup, E|w:|* < oo and |d;| < Cj~!, which
implies for all ny < t1,t2 < no, D20 |diy—idi,—1|** < Chralts — t2| 1, for some
Ci14 > 0. As a result, (2.3) holds for £k = 1. The proof of (2.3) for the case of
k = 2 is similar. The details are thus omitted. To show (2.3) for the case k = 3, let
a3 = «. Then, by Minkowski’s inequality and using Wei (1987, Lemma 2) twice,
one obtains

UGN di_i,di—g
E|(3)|** < C51E] ) { > (Z %%1 }%ws

(2 6) l12=2 \l1=1 \t=n1

ny lo—1 no d d az/2
<Csp2 (Z Z(Z %)2> )

lo=211=1 t=n1

where C3 ;,1 = 1,2 are some positive constants independent of n; and ng. Observe
that for ny < t; < ts < ng and any 1 < M; < My < ny, Zl]\fMl |de, —idi,—1| <
Cs 3(logty —logty)/(ta — t1), where C3 3 > 0 is independent of M; and M,. Using
this fact and changing the order of summations, it follows that the rhs of (2.6) is
bounded by Cs4(322,, t72)*3/2, where Cs 4 is a positive constant independent of
ny and ng. Hence, (2.3) holds for £ = 3. The proof of (2.3) for the case k = 4 is
similar to that of k = 3. Therefore, we skip the details. O

Remark 1. If in Lemma 1 2, = Y277 djw;—; with |dj| < Cj~',j > 1, then the
same argument also yields (2.1) but with +; replaced by v* = 02 Z;io d?. For a
related result, Brockwell and Davis (1987, Proposition 7.3.5), assuming that w;’s are

i.i.d. with finite second moment and d;’s satisfy Y7 |d;| < oo and 3772 d3j < oo,

obtained (n™* Y"1 | 27) — 7" = 0,(1). While the moment restriction of their result
is slightly weaker than that of Lemma 1, the identically distributed assumption
can be dropped in Lemma 1. In addition, the assumption on d; in Lemma 1 seems
less stringent. More importantly, Lemma 1 gives a strong law of large number for
n~1 Y7 | 27 under rather mild assumptions, which is one of the key tools for our
asymptotic analysis of APE.

Lemma 2. Assume sup_ ;.o Elwt|* < 0o for some a > 2 and

(2.7) S Jes] = Ok ).

Jj=k

Then,

n—1
log <Z x?) = 2logn + o(logn) a.s.
j=1

Proof. First note that x; = Z;Zl n;. Define Ny = 92;21 wj, where 6 = Z;io c;.
Then,

(28) Ty = Nt - St,
where S; = Z;;é fjwi—j with f; =377 . In view of (2.8),

n—1 n—1 n—1 n—1
(2.9) ot = N}I-2) N;S;+ ) SE
j=1 j=1 j=1 j=1
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Since | f;] = O(j '), Lemma 1 yields

n—1

(2.10) > 87 =0(n) as.

j=1
By the law of the iterated logarithm,
n—1

(2.11) Z Nj2 = O(n*loglogn) a.s.

j=1

By Lai and Wei ([12], (3.23)),

n—1
. . .loglogn 9
(2.12) lim inf —= == Z N? >0 as.
Jj=1
Now, Lemma 2 follows directly from (2.9)-(2.12). O

Remark 2. By assuming

(2.13) S lel < o,
=0

Proposition 17.3 of Hamilton (1994) gives the limiting distribution of n =2 Z;le a2,

which is \? fol w(r)?dr, where \ = 0, 372 ¢; and w(r) denotes the standard Brow-
nian motion. This result immediately implies

n—1
(2.14) 10g<z x§> =2logn + O,(1).
j=1

Lemma 2 and (2.14) provide different estimates for the difference between 2logn
and 1og(2?;11 %), but neither is more informative than the other. On the other
hand, we have found that the assumption on the coefficients used in Lemma 2, (2.7),
seems to be weaker than the one imposed by Hamilton, (2.13). This can be seen by
observing that (2.7) is marginally satisfied by C1j~2 < lej| < C3572,Cy > Cy >0,
whereas (2.13) is not.

We are now ready to prove the main result of this section.

Theorem 1. Assume that models (1.1), (1.2), and the assumptions of Lemma 2
hold. Also assume that sup_ 4o Ele:|*° < 0o for some ag > 2. Then,

(2.15) Zx?_l(ﬁi_l — B)? =20%logn + o(logn) a.s.,
=2
and
(2.16) (yi —5:)° = Z e? +20%logn + o(logn) a.s.
=2 i=2
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Proof. First note that (2.9)-(2.12) yield

n2

(2.17) lim sup -
n—oo (loglogn)y 7 x?

< 00 a.s.

By Wei (]15], Lemma 2) and (2.7),

a n—1 @
< Con /2 <Z ff) < Cine?,

Jj=0

Sn

nl/2

(2.18) E

where C,, and C* depend only on «a. (2.18) and the Borel-Cantelli lemma give
(2.19) S, = o(n'/?) as.
Since the law of the iterated logarithm implies

N, = O((nloglogn)'/?) as.,

this, (2.8), (2.17), and (2.19) yield

(2.20) —— =o0o(1) a.s.

Zj:l x?
In view of (2.20) and Wei ([15], Theorem 3), we have

n

n—1 n—1
(2.21) Zx?_l(@,l —B)? =o%log <Z x?) +o | log <Z xf) a.s.,
Jj=1 j=1

=2

As a result, (2.15) follows from Lemma 2 and (2.21); and (2.16) is an immediate
consequence of (2.15) and (1.6). O

3. An asymptotic expression for the FPE

Assume that models (1.1) and (1.2) hold, F(e;w;) = 7 is a constant independent of
b, SUP_ oo cpeno Elet| 0 < 00,0 > 2, and sup_ oy oo Elwi|* < 00, > 2. Then, by
the functional central limit theorem, continuous mapping theorem, Ito’s formula,
and some algebraic manipulations, it can be shown that

{ (Jaa) (3 0, Ticisn) }

2

# Z?:_ll a7 ,
w2 () (pow Jy walt)dwa(t) + o0 [y wa(t)dwy (1))
(Ji ezt )’

where “=" denotes weak convergence, (wq(t), ws(t)) is a standard Brownian mo-
tion of dimension 2, p = 7/02, and 03 = 0% — p?02. If we can further show that
for some g > 2,

)

(3.2) E

(an)(%Z?;lxism) !
N — o),

1
n? Z?:l 1%2
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then, in view of (3.1), (3.2), and (1.8),
nE{a;, (6, - 5)%}
2
wg(l) (paw J"Ol wa(t)dwa( + og fO wa d’wb( ))

(fol wg(t)dt)

In the rest of this section, we provide sufficient conditions to ensure (3.2). In addi-
tion, the expectation on the rhs of (3.3) is investigated (Corollary 1). Let us start
with a useful lemma.

(3.3)

—E +o(1).

Lemma 3. Let Fy.a,, () be the distribution function of Z;n:l a;wit1—;, where

a, = (a1,...,am) . There are some positive numbers k, ¢, and M such that for all
m>1,—o0 <t <ooand ||a,|* =" af =1,
(3.4) | Fiman (%) = Fimoa,, (y) [S M |z —y |7,

as | x —y |< t. Then, for any q > 0,
—q

n—1
1
(3.5) Eq| = > af =0(1).
j=1

Proof. The proof is closely related to the one given in Ing (|9], Lemma 1), with the
assumption there being strengthened to (3.4). First note that

S § o= a?
(3.6) n2Z:17 >—ZJ:17 EZ 572571,

where 0 < 6 < 1, and without loss of generality, nd is assumed to be a positive
integer. Rearranging the series on the rhs of (3.6), one obtains

2

5 lq 2 S
(3.7) PP DI Dt Tyt
where | > max[2/k,1/q,(1/¢){(1/6) — 1)} ] and for simplifying the discussion, lg

and { (1 —d)n }/(lg) are also assumed to be positive integers. By the convexity of
function 7%,z > 0,

1, oA —est g
<n2; Z) S{ lq } (I1-¥9)n

(1—8)n
lq

(3.8) _
1 (1g-1 2 _ q

I D
(1=9)n
lq

=0 —ond+ 1+

In view of (3.8), if one can show that for some positive number C independent of
7, the following inequality,

—q

< (C < o0,

lg—1 I2

(3.9) E Z

no+ G=9n (176)71 i+j
né + L= ‘”"z' +7
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holds for all j = 0,1,...,{(1 = d)n/(lg)} — 1 as n is large enough, then (3.5)
follows. The rest of the proof only focuses on the case where j = 0, because the
same argument can be easily applied to other j’s.

Fori=0,...,lg — 1, define

B (1-0&)n. —1/2
(310) Yn,i = { no + Tl $n5+(17§)ni,
(17(5)71_1
1-§ —-1/2 71
(311) Wn,i = { no + (ZT)TLZ } Z fmw Jr(1 5)n i
m=0

where f; = 37, ¢, and
(312) Fn,i = Ini— Wn,i-
(Note that x; = Z;é fiwi—;.) Then,

lg—1 -4 0o lg—1 -4
E <ZY,3Z-> = [ Pr (Z ) >t o dt
=0

Y2 < t—l/Q> dt
(3.13)

IS A A N S| Wy 1)

0o lg—1
= / E{E(HIAM
0 =0
where A, ; = { —t~Y/CD <V, ; <t} In view of (3.10)-(3.12), for 0 < p <
lg—1,0<i<p and 0 <j <p-—1, W,, is independent of (F, ;, W, ;). In
addition, var(W, ;) > ¢ > 0, where ¢ = 0,...,l¢g — 1 and ( is a positive number
independent of n and i. According to these facts, (3.4), and arguments similar
to those used in (3.10) and (3.11) of Ing |9], there exist some positive numbers
0 < (' <00,0< s < o0, and a positive integer Ny such that for all n > Ny and all
t>s,

lg—1
(3.14) E (HIAw) < = h/2,
=0

Since, by construction, I > 2/k, (3.13) and (3.14) guarantee that for n > No,

lg—1 -4 0o
E (ZY,?) <s+ C’/ t=D/24t < o0,
i=0 s

which yields (3.9). O

Fnlq 1;Wn17FnuZ—0 Sl — )}

Lemma 4 below shows that (3.4) is easily found in many time series applications.

Lemma 4. Ifw;’s are i.i.d. random variables satisfying E(w1) = 0, BE(w}) = 02 >
0, and E(Jw1|*) < oo for some o > 2. Assume also that for some positive constant
My < o0,

(3.15) /OO l(t)|dt < Mo,

— 00
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where p(t) = E(e'™1) is the characteristic function of wi. Then, for all —oo < t <

oo, m > 1 and ||a,|| = 1, there is a finite positive constant My such that
(3.16) SUp  fr.ma,, (%) < M,
—oo<r <00

where fi.m.a,, (-) is the density function of Z;nzl ajwit1—;. As a result, (3.4) follows.

Proof. The proof is inspired by the ideas of Feller ([7], p. 516), which deal with the
special case, a; = m~'/2 for all j = 1,...,m. Without loss of generality, assume
02 = 1. Denote Y = >>"" | ajwi1—j. Then, py(t) = E(e") = [[/L; ¢;(a;t). By
Chow and Teicher (6], Theorem 8.4.1),
2t2
o(a; )—1—74'0( _?t2)7

as a3t* — 0. This gives for |a;t| < &7, where ] is some small positive constant,

a?t?
(3.17) fplagt)] <1 - 27

On the other hand, since (3.15) yields |¢(t)| — 0 as |[t| — oo, by Chow and Teicher
(6], Corollary 8.4.2), |p(t)] < 1 for all ¢ # 0, and hence for all |[¢t| > 0] (with 07
defined above),

(3.18) lp(t)] < 04,

where 6, is some positive constant < 1. Now, by (3.17),

/ H|<P(ajf)|df§/ 5 dt—i—/ 5 ngo a;t)|dt
—00 ;4 \t|<o [t]>
Slme%dt+/ 5t H|<paJ )|dt,

Omjl

> 0Op_1 > -+ > 0. For t >

(3.19)

where O; is a permutation of |a;| satisfying O,
87 /Om, (3.17), (3.18) and the fact that

4(1 — 0y) a267

0h=1—-(1-6,)<1
1 ( 1) < 57 402,

imply

242 2
(3.20) |p(a;t)] < max{l — JT, 61} < max{l—

402 ’91}—1_5402 ’

where 0 < ¢ < min{1,4(1—6;)/6%" }. In view of (3.20) and the fact that E;":_ll 0: =
1-02,

m—1 o

/|t> g Hlso i< g [ o8 25

I R S
(3.21) =eTi g—eton / lp(t)dt
55;2 755*212

<e 2 supzxe —r My < o0.
r>1
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By (3.21), (3.19), and the fact that

—oo<r<oo

1 [* "
swfiman@ <5 [ T[lelalar
i

(3.16) follows. In addition, it is not difficult to see that (3.4) can be deduced
from (3.16). O

In the following lemma, some moment bounds for (1/v/n)z, and (1/n) Z;:ll i X
€i+1, are obtained.

Lemma 5. Assume models (1.1) and (1.2), with sup, E(|e¢|?7) < oo and
sup; E(|w¢|?) < o0, for some g > 2. Then,
q
) < 00,

1n—1 q
— E Ti€i4+1 < 00.
i 1

i=

Proof. The proof of Lemma 5 is similar to that of Ing (9], Lemma 1). The details
are omitted. O

(3.22) Q) sup B ( ’ %xn

n>1

(3.23) (ii) sup F (

n>1

Armed with the previous results, (3.2) is proved in the following theorem.

Theorem 2. Assume that (1.1), (1.2), (3.4), sup,E(|e:|?) < oo, and
sup, E(|w |7) < oo are satisfied, where ¢ > 4. Then, (3.2) holds. If we further
assume that E(e,wy) = T s a constant independent of t, then (3.3) follows.

Proof. By Lemmas 3 and 5, (3.1), and an argument similar to the one used in [9],
Theorem 1, the claimed results can be obtained. o

The FPE of the least squares predictor is obtained in Corollary 1 below.

Corollary 1. Assume that (2.7) and all assumptions of Theorem 2 hold. Then,
(1.9) follows.

Proof. By (2.15), (3.2), and Minkowski’s inequality,

. IR 2 (A 2 2
(3.24) nhjgo logn Z E{zi_y(Bi-1 — B)°} = 207,

1=m*

where m* is some positive integer independent of n. Now, (1.9) is guaranteed by
(3.3) and (3.24). O

Corollary 1 and Theorem 1 together indicate an interesting result that the term
of order logn in the APE and the term of order n~! in the FPE share the same
constant, 2¢02. For applications of this type of results to model selection problems,
see |11]. Corollary 1 also shows that the FPE of the least squares predictor is not
affected by the contemporary correlation between ¢; and w;. This is a somewhat
unexpected feature because the least squares estimate itself does not possess this
property. More specifically, by direct calculations, we have

190w Jy wa(t)dwa(t) + 0o [y wa(t)dwy(t)

(3.25) (P =) = 5 S w2 (t)dt

3
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and
1 (paw fol We (t)dwe (t) + og fo wWe (t)dwy (¢ ))2
X (Ji w2 (oyar)”

where A is defined in Remark 2. By (3.26), an argument similar to that used in the
proof of Theorem 2, and some algebraic manipulations,

(3.26)  n2(Bn — B)? =

)

nh_)Ir;O rﬂE(Bn — 5)2 = F % (pr fo wa(t)dg}zl(w;t;fztgo wa (t)dwy (t ))
o Wa

(3.27) o .
o Walt dwa (t) o5 1
42 < fo w2 (t ) * LzaiE <f01 wﬁ(t)dt) ’

where (2 = \202. Ing (]9], (4.3)) showed that

2
(3.28) <M> = 13.3.
fo wg

By (3.6.4) and (3.6.5) of Araté and using a numerical integration method,

(3.29) E (%) =5.6.
Jo w2(t)dt

Consequently, (3.27)-(3.29) imply

2 2
i 2043 2. P %
(3.30) nhm n“E(B, — ) = 3 13.3+ 207 5.6,

which obviously Varies with the strength of dependence between ¢; and w;. In
particular, if 02 = 02, then p = corr(e,w;) and (3.30) can be rewritten as

(3.31) lim n?E(B, — )% = %2[;913.3 + (1 — p*)5.6].
As observed in (3.31), the larger the magnitude of the correlation between £; and
wy is, the larger the mean squared error of the least squares estimate is, a result
new to the literature.

As a final remark, we note that the square of the normalized estimate, n? (Bn —
()2, and the square of normalized regressor, ¥2 /n, are not asymptotically uncorre-
lated. To see this, observe that lim, ., E(z%/n) = A%, which together with (3.30)
and Corollary 1, gives

. ﬁ 204 _ ;2\ - 2 2 2

lim E - En*(p, — P)° ; =13.3p%0", + 5.605
=5.60% 4 7. 7/)202 > 207
—hmE{ n?(Bp — 6)}

n—oo

Therefore, 22 /n and n2(3, — 3)? are (asymptotically) negatively correlated, which
suggests that larger variation of x,, can yield a better estimation result. It is worth
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mentioning that this special feature does not exist for the (asymptotically) sta-
tionary regressor. For example, when x; = ¢x;—1 + ¢, with [¢| < 1, following an
argument used in Ing |10}, it can be shown that

lim E(@2)E{[Va(G, - 8} = tim E{a2n(3, - 9)?} = o>
Therefore, the square of the normalized estimate, n(ﬁn — )2, and the square of the
(normalized) regressor, 22, are asymptotically uncorrelated in this case.
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