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1. Introduction

1.1. Motivation and definitions

Correlation functions of characteristic polynomials (CFCP) appear in various fields of
mathematical and theoretical physics. (i) In quantum chaology, CFCP (i.a) provide
a convenient way to describe the universal features of spectral statistics of a particle
confined in a finite system exhibiting chaotic classical dynamics (Bohigas, Giannoni
and Schmit 1984; Andreev, Agam, Simons and Altshuler 1996; Miiller, Heusler, Braun,
Haake and Altland 2004) and (i.b) facilitate calculations of a variety of important
distribution functions whose generating functions may often be expressed in terms of
CFCP (see, e.g., Andreev and Simons 1995). (ii) In the random matrix theory approach
to quantum chromodynamics, CFCP allow to probe various QCD partition functions
(see, e.g., Verbaarschot 2010). (iii) In the number theory, CFCP have been successfully
used to model behaviour of the Riemann zeta function along the critical line (Keating
and Snaith 2000a, 2000b; Hughes, Keating and O’Connell 2000). (iv) Recently, CFCP
surfaced in the studies of random energy landscapes (Fyodorov 2004). (v) For the
role played by CFCP in the algebraic geometry, the reader is referred to the paper by
Brézin and Hikami (2008) and references therein.

In what follows, we adopt a formal setup which turns an n x n Hermitian matrix
H = H' into a central object of our study. For a fized matrix J, the characteristic
polynomial det,, (¢ —J) contains complete information about the matrix spectrum. To
study the statistics of spectral fluctuations in an ensemble of random matrices, it is
convenient to introduce the correlation function I, (s; &) of characteristic polynomials

P
I, p(s; ) = <H dethe(cq — 3'C)> . (1.1)
a=1 I
Here, the vectors ¢ = (s1,---,sp) and kK = (k1,- -+, Kp) accommodate the energy and
the “replica” parameters, respectively. The angular brackets (f(3))q, stand for the
ensemble average

(F30) e = [ duen(30) £30) (1.2
with respect to a proper probability measure
dpin () = Po(30) (Dn3), (1.3)
(D, H) = ﬁ dX;; ﬁ dReXH j1, dImIH (1.4)
Jj=1 J<k

normalised to unity. Throughout the paper, the probability density function P, () is
assumed to follow the trace-like law
P () = €,  exp [~tr, V(H)] (1.5)

with V(3) to be referred to as the confinement potential.
There exist two canonical ways to relate the spectral statistics of 3 encoded into
the average p-point Green function

@A@—<Hum%—%>§ (1.6)
a=1

H
to the correlation function II,,(s; k) of characteristic polynomials.
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e The supersymmetry-like prescription (Efetov 1983, Verbaarschot, Weidenmdiller
and Zirnbauer 1985, Guhr 1991),

Gyt~ (TT pm ) m526.0) 07

makes use of the correlation function

q 7
e (s,s') = <H det (o — 30) [ dety, (5 — fH)> (18)
a=1 B=1 H

obtainable from II,,|,4 (S, ¢’; K, k") by setting the replica parameters £ and &' to
the integers £1.

e On the contrary, the replica-like prescription (Hardy, Littlewood and Pélya 1934,
Edwards and Anderson 1975),

P
Grjp(s) = ( lim r, 36 ) I p(s5 ), (1.9)
entirely relies on the behaviour of the correlation function IL,,,,(s; &) for real-valued
replica parameters, k € RP, as suggested by the limiting procedure in Eq. (1.9).
In this case, the notation II,,,(s; &) should be understood as the principal value
of the r.h.s. in Eq. (1.1). Existence of the CFCP is guaranteed by a proper choice
of imaginary parts of .

A nonperturbative calculation of the correlation function II,,(s; &) of characteristic
polynomials is a nontrivial problem. So far, the solutions reported by several
groups have always reduced II,,,,(s; &) to a determinant form. Its simplest — Hankel
determinant — version follows from the eigenvalue representation } of Eq. (1.1) by virtue
of the Andréief-de Bruijn formula [Eq. (3.3) below]

IL, ,(s; &) = n! %detn V AN TV H G — A : (1.10)
" R a=1 0<j,k<n—1

Here, V,, denotes a volume of the unitary group WU(n) as defined by Eq. (1.17).
Unfortunately, the Hankel determinant Eq. (1.10) is difficult to handle in the physically
interesting thermodynamic limit: finding its asymptotics in the domain n > 1 remains
to a large extent an open problem (Basor, Chen and Widom 2001, Garoni 2005,
Krasovsky 2007, Its and Krasovsky 2008) especially as the integral in Eq. (1.10) has
unbounded support.

For k integers, k € ZP, so-called duality relations (see, e.g., Brézin and Hikami
2000, Mehta and Normand 2001, Desrosiers 2009 and references therein) make it
possible to identify a more convenient determinant representation of IT,,,(s; k): Apart
from being expressed through a determinant of a reduced size (see below), such an
alternative representation of CFCP displays an explicit n-dependence hereby making
an asymptotic large-n analysis more viable. For instance, the correlation function

q ,
M gtq (s, 6"sm,m') <H det]** (co — H) H det,,"” (s — 3()> (1.11)
B=1

H

1 See Eq. (2.1) and a brief discussion around it.
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with m € Z4 and m/ € Zi/ can be deduced from the result { by Fyodorov and Strahov
(2003)

Cnyq/
Ag(e)Ay (<)

by inducing a proper degeneracy of energy variables. The validity of this alternative
representation (which still possesses a determinant form) is restricted to ¢’ < n (Baik,
Deift and Strahov 2003). Here,

(susy)

(g (S ,
nlg+q’ J/15=1,---,q; k=0,---,q+q'—1 (1.12)

(6,¢") =
’ [ﬂ-n*q”rk(gj)]j:l’...’ql; k=0,--,q+q' —1

detq+q/

q

Ag(s) = dety [F71] = ] (s8 — sa) (1.13)
a<f

is the Vandermonde determinant; the two sets of functions, m;(s) and hi(s), are the
average characteristic polynomial

7<) = (deti(s — F0))oc (1.14)
and, up to a prefactor, the average inverse characteristic polynomial {
hi—1(s) = ¢k <det;1(§ - f]{)>}c . (1.15)
Finally, the constant ¢, 4 is
277 R VR
c (2m) n g (1.16)

w2 (= g N Vg Ny
where V,, is a volume of the unitary group U(n),

v 7.rn(nfl)/Q
n H?:J! . (1.17)
The result Eq. (1.12) is quite surprising since it expresses the higher-order spectral
correlation functions G, ,(s) in terms of one-point averages (Gronqvist, Guhr and
Kohler 2004).

For k reals, k € RP, the duality relations are sadly unavailable; consequently,
determinant representation Eq. (1.12) and determinant representations of the same
ilk (see, e.g., Strahov and Fyodorov 2003, Baik, Deift and Strahov 2003, Borodin and
Strahov 2005, Borodin, Olshanski and Strahov 2006, and Guhr 2006) no longer exist.

The natural question to ask is what structures come instead of determinants? This
question is the core issue of the present paper in which we develop a completely
different way of treating of CFCP. Heavily influenced by a series of remarkable works
by Adler, van Moerbeke and collaborators (Adler, Shiota and van Moerbeke 1995,
Adler and van Moerbeke 2001, and reference therein), we make use of the ideas of
integrability § to develop an integrable theory of CFCP whose main outcome is an
implicit characterisation of CFCP in terms of solutions to certain nonlinear differential
equations.

As will be argued later, such a theory is of utmost importance for advancing
the idea of exact integrability of zero-dimensional replica field theories (Kanzieper

t See also much earlier works by Uvarov (1959, 1969). Alternative representations for HS“:;{’;/ (s,¢)

have been obtained by Strahov and Fyodorov (2003), Baik, Deift and Strahov (2003), Borodin and
Strahov (2005), Borodin, Olshanski and Strahov (2006), and Guhr (2006).

1 Making use of the Heine formula (Heine 1878, Szegt 1939), it can be shown that 7 (<) is a monic
polynomial orthogonal on R with respect to the measure dii(s) = exp[—V(s)] ds. The function hg(s)
is its Cauchy-Hilbert transform (see, e.g., Fyodorov and Strahov 2003):

hi(s) = ! /Rdﬂ(d) m(s"), Img #0.

T omi ' —g

§ For a review on integrability and matrix models, the reader is referred to Morozov (1994).
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2002, Splittorff and Verbaarschot 2003, Kanzieper 2005, Osipov and Kanzieper 2007,
Kanzieper 2010). In fact, it is this particular application of our integrable theory of
CFCP that motivated the present study.

1.2. Main results at a glance

This work, consisting of two parts, puts both the ideology and technology in the first
place. Consequently, its main outcome is not a single explicit formula (or a set of them)
for the correlation function II,,|,(s; &) of characteristic polynomials but

e a regular formalism tailor-made for a nonperturbative description of II,,(s; &)
considered at real valued replica parameters k € R?, and

e a comparative analysis of three alternative versions of the replica method
(fermionic, bosonic, and supersymmetric) which sheds new light on the
phenomenon of fermionic-bosonic factorisation || of quantum correlation functions.

More specifically, in the first part of the paper (comprised of Sections 2, 3 and 4 written
in a tutorial manner) we show that the correlation function II,,,(s; &) of characteristic
polynomials satisfies an infinite set of nonlinear differential hierarchically structured
relations. Although these hierarchical relations do not supply explicit (determinant)
expressions for II,,,(s; k) as predicted by classical theories (which routinely assume
k € ZP), they do provide an implicit nonperturbative characterisation of II,,,(s; &)
which turns out to be much beneficial for an in-depth analysis of the mathematical
foundations of zero-dimensional replica field theories arising in the random-matrix-
theory context (Verbaarschot and Zirnbauer 1985).

Such an analysis is performed in the second part of the paper (Section 5) which
turns the fermionic-bosonic factorisation of spectral correlation functions into its
central motif. In brief, focussing on the finite-N average density of eigenlevels in the
paradigmatic Gaussian Unitary Ensemble (GUE), we have used the integrable theory
of CFCP (developed in the first part of the paper) in conjunction with the Hamiltonian
theory of Painlevé transcendents (Noumi 2004) to associate fictitious Hamiltonian
systems H; {P(t),Q(t),t} and Hy {P(t),Q(t),t} with fermionic and bosonic replica
field theories, respectively. Using this language, we demonstrate that a proper
replica limit yields the average density of eigenlevels in an anticipated factorised form.
Depending on the nature (fermionic or bosonic) of the replica limit, the compact and
noncompact contributions can be assigned to a derivative of the canonical “coordinate”
and canonical “momentum” of the corresponding Hamiltonian system. Hence, the
appearance of a noncompact (bosonic) contribution in the fermionic replica limit is no
longer a “mystery” (Splittorff and Verbaarschot 2003).

1.8. Outline of the paper

To help a physics oriented reader navigate through an involved integrable theory of
CFCP, in Section 2 we outline a general structure of the theory. Along with introducing
the notation to be used throughout the paper, we list three major ingredients of the
theory — the 7 function 7'7(15) (¢, K;t) assigned to the correlation function 1L, (5 K), the
bilinear identity in an integral form, and the Virasoro constraints — and further discuss
an interrelation between them and the original correlation function II,,(s; ). Two
integrable hierarchies playing a central role in our theory — the Kadomtsev-Petviashvili

and the Toda Lattice hierarchies for the 7 function — are presented in the so-called

|| A quantum correlation function is said to possess the factorisation property if it can be expressed in
terms of a single fermionic and a single bosonic partition function (Splittorff and Verbaarschot 2003,
Splittorff and Verbaarschot 2004).
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Hirota form. Both the Hirota derivative § and Schur functions appearing in the above
integrable hierarchies are defined.

Having explained a general structure of the theory, we start its detailed exposition in
Section 3. In Section 3.1, a determinant structure of the 7 function is established and
associated matrix of moments and a symmetry dictated scalar product are introduced.
The bilinear identity in an integral form which governs the behavior of 7 function is
derived in Section 3.2. The bilinear identity in Hirota form is derived ™ in Section
3.3. In Section 3.4, the bilinear identity is “deciphered” to produce a zoo of bilinear
integrable hierarchies satisfied by the 7 function; their complete classification is given by
Egs. (3.41) — (3.47). The two most important integrable hierarchies — the Kadomtsev-
Petviashvili (KP) and the Toda Lattice (TL) hierarchies — are discussed in Section 3.5,
where explicit formulae are given for the two first nontrivial members of KP and TL
hierachies. Section 3.6 contains a detailed derivation of the Virasoro constraints, the
last ingredient of the integrable theory of characteristic polynomials.

Section 4 shows how the properties of the 7 function studied in Section 3 can be
translated to those of the correlation function II,,|,(s; &) of characteristic polynomials.
This is done for Gaussian Unitary Ensemble (GUE) and Laguerre Unitary Ensemble
(LUE) whose treatment is very detailed. Correlation functions for two more matrix
models — Jacobi Unitary Ensemble (JUE) and Cauchy Unitary Ensemble (CyUE) —
are addressed in the Appendices C and D.

Finally, in Section 5, we apply the integrable theory of CFCP to a comparative
analysis of three alternative formulations of the replica method, with a special emphasis
placed on the phenomenon of fermionic-bosonic factorisation of spectral correlation
functions; some technical calculations involving functions of parabolic cylinder are
collected in Appendix F. To make the paper self-sufficient, we have included Appendix
E containing an overview of very basic facts on the six Painlevé transcendents and a
closely related differential equation belonging to the Chazy I class.

The conclusions are presented in Section 6.

2. Structure of the Theory

The correlation function
1 = E
Iy p(s; 8) = N H <d)\j e Va(N) H(ga _ )\j)na> SA2(N) (2.1)
nJD a=1
to be considered in this section can be viewed as a natural extension of its primary
definition Eq. (1.1). Written in the eigenvalue representation (induced by the unitary
rotation H = UTAU such that U € U(n) and A = diag(Ay,-- -, \,)) it accommodates
an n-dependent confinement potential * V,,()\) and also allows for a generic eigenvalue
integration domain |

D= U [023',1,023'], cp < < Cop. (22)
j=1

9 The properties of Hirota differential operators are reviewed in Appendix B.

* An alternative derivation can be found in Appendix A.

* Matrix integrals with n-dependent weights are known to appear in the bosonic formulations of
replica field theories, see Osipov and Kanzieper (2007). This was the motivation behind our choice of
the definition Eq. (2.1).

1 In applications to be considered in Section 5, the integration domain D will be set to D = [—1, +1]
for (compact) fermionic replicas, and to D = [0, +o0] for (noncompact) bosonic replicas. A more
general setting Eq. (2.2) does not complicate the theory we present.
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The normalisation constant N, is
N, :/ [ e 30 Az(x). (2.3)
Dn i

While for & € Z', the correlation function IL,,(s; k) can readily be calculated by
utilising the formalism due to Fyodorov and Strahov (2003), there seems to be no
simple extension of their method to kK € RP. It is this latter domain that will be
covered by our theory.

Contrary to the existing approaches which represent the CFCP explicitly in a
determinant form (akin to Eq. (1.12)), our formalism does not yield any closed
expression for the correlation function II,,(s;.). Instead, it describes II,,,(s; k)
implicitly in terms of a solution to a nonlinear (partial) differential equation which
— along with an infinite set of nonlinear (partial) differential hierarchies satisfied by
IT,,(s; &) — can be generated in a regular way starting with Eq. (2.1). Let us stress
that a lack of explicitness is by no means a weak point of our theory: the representations
emerging from it save the day when a replica limit is implemented in Eq. (1.9).

Before plunging into the technicalities of the integrable theory of CFCP, we wish to
outline its general structure.

Deformation.—To determine the correlation function II,,,(s; &) nonperturbatively, we
adopt the “deform-and-study” approach, a standard string theory method of revealing
hidden structures. Its main idea consists of “embedding” II,,;,(s; &) into a more general
theory of the 7 function

n

1 .
(s, Kst) = —/ 11 (dAj ans(sn;kj)e”(“j)) CAZ(N) (24)
D

n! Jpn ot

which posseses an infinite-dimensional parameter space (s;t) = (s;t1, to, - - -) arising as
the result of the (s;t)-deformation of the weight function

P
To(s, k5 A) = e " T (6o — M) (2.5)
a=1
appearing in the original definition Eq. (2.1). The parameter s is assumed to be an
integer, s € Z, and v(¢t; \) is defined as an infinite series

vt A) =t A, b= (t,te, ) (2.6)
k=1

Notice that a somewhat unusual (s € Z)-deformation of I'y, (s, x; A) is needed to ac-
count for the n-dependent confinement potential V,,(A) in Eq. (2.1).

Bilinear identity and integrable hierarchies—Having embedded the correlation func-
tion II,,(s; <) into a set of 7 functions i (¢, k;t), one studies the evolution of 7
functions in the extended parameter space (n,s,t) in order to identify nontrivial non-
linear differential hierarchical relations between them. It turns out that an infinite set of
hierarchically structured nonlinear differential equations in the variables t = (¢1,t2, - - -)

can be encoded into a single bilinear identity

(l+14s—m) -1
‘. t+[z71])
(a—1)v(t—t'32) _(s) (4! _ [o—17) £+1 (
fé dze Tt —[z77]) po s p——

(s+1) rqr -1
/. s—m — m t +
§ et o £2E D (27)
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where the integration contour C,, encompasses the point z = oco. Here, a € R is
a free parameter; the notation ¢ 4 [27!] stands for the infinite set of parameters
{tr, + z‘k/k}kem; for brevity, the physical parameters ¢ and k were dropped from
the arguments of 7 functions.

To the best of our knowledge, this is the most general form of bilinear identity
that has ever appeared in the literature for Hermitean matrix models: not only it
accounts for the n-dependent probability measure (“confinement potential”) but also
it generates, in a unified way, a whole zoo of integrable hierarchies satisfied by the 7
function Eq. (2.4). The latter was made possible by the daedal introduction of the free
parameter a in Eq. (2.7) prompted by the study by Tu, Shaw and Yen (1996).

The bilinear identity generates various integrable hierarchies in the (n, s, t) space.
The Kadomtsev-Petviashvili (KP) hierarchy,

1
5 DDk (8) 0 79 () = s (D) 7 (1) 0 7 (8), (2:8)
and the Toda Lattice (TL) hierarchy,
1 S s—
5 DD (£) o7 () = s (D) 7 () o 7V (1), (2.9)

are central to our approach. In the above formulae, the vector D stands for D =
(D1, Dy, -+, Dg,---) whilst the k-th component of the vector [D] equals k=1 Dj. The
operator symbol Dy, f(t) o g(t) denotes the Hirota derivative *

Def(t)0g®) = 5 f(t+a)glt - )|

The functions si(t) are the Schur polynomials (Macdonald 1998) defined by the
expansion

(2.10)

exp th:rj :lew(t), (2.11)
j=1 =0

see also Table 1. A complete list of emerging hierarchies will be presented in Section
3.4.

Projection.—The projection formula
n!

Mapp(sim) = 37 (Somit)| (2.12)
makes it tempting to assume that nonlinear integrable hierarchies satisfied by 7 func-
tions in the (n, s,t)-space should induce similar, hierarchically structured, nonlinear
differential equations for the correlation function II,,(s; ). To identify them, one
has to seek an additional block of the theory that would make a link between the
partial {t;}rez, derivatives of 7 functions taken at ¢ = 0 and the partial derivatives
of II,,),,(s; &) over the physical parameters {<o}acz,. The study by Adler, Shiota and
van Moerbeke (1995) suggests that the missing block is the Virasoro constraints for t
functions.

Virasoro constraints.—The Virasoro constraints reflect the invariance of 7 functions
[Eq. (2.4)] under a change of integration variables. In the context of CFCP, it is useful
to demand the invariance under an infinite set of transformations *

o
q+1 /
N = g+ en () [Ty — b))y g > -1, (2.13)
k=1
* The properties of Hirota differential operators are briefly reviewed in Appendix B; see also the book
by Hirota (2004).
* The specific choice Eq. (2.13) will be advocated in Section 3.6.
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Table 1. Explicit formulae for the lowest-order Schur polynomials sy(t) defined
by the relation exp (Z]Oil t; xj> =32 g se(t).

£ se(t)

1

t1

2 + 2ty

13 4 6t1ty + 63

th + 24t1ts + 12635 + 12t2 + 2414

t3 + 20t3ty + 60t3t3 + 60113 + 120t1t4 + 120t2ts + 1205

T W N = O

The Schur polynomials admit the representation (Macdonald 1998)

g tZJ
— A
se®) = > IT %
[A|l=¢4=1 "7
where the summation runs over all partitions A = (¢7*,-- - ,(;9) of the size |A| = £.
The notation A = (Z‘;l,-v-,ﬁgg), known as the frequency representation of the

partition X of the size |A| = ¢, implies that the part £; appears o; times so that
l = Z?:l L;oj, where g is the number of inequivalent parts of the partition.
Another way to compute sy(t) is based on the recursion equation
1 )
se(t) == jtjse_;(t), £>1,

¢~

supplemented by the condition so(t) = 1.

labeled by integers gq. Here, € > 0, the vector ¢’ is ¢/ = {c1, -+, car} \ {£00,Zo} with
Zo denoting a set of zeros of f()A), and ¢ = dim (¢’). The function f(A) is, in turn,
related to the confinement potential V;,_(\) through the parameterisation

T IS = oha )= Y (244
k=0 k=0

in which both g(A) and f(A) depend on n—s as do the coefficients by, and aj, in the above
expansions. The transformation Eq. (2.13) induces the Virasoro-like constraints f

LY (&) + £ (i) 7 (s38) = BY () 749 (s38), (2.15)

where the differential operators

0 4

. . 0]
£ = 3 3 s0-tpy(e) (ko) ~ b (2.16)
=0 k=0 Ogrhver
and
. [eS) o q+k+4 p )
LI = "ar D sor(—p,(c) D D] rask TR (2.17)
=0 k=0 m=0 \a=1 atkt+t—m
act in the t-space whilst the differential operator
. P 0 9
BY () =D (][] (sa—ch) | flsa) e (2.18)
a=1 \k=1 @

t The very notation ﬁ}z/ suggests that this operator originates from the confinement-potential-part
e~Vn in Egs. (2.5) and (2.4). On the contrary, the operator ﬁ;{et is due to the determinant-like product

[T, (sa —A)" in Eq. (2.5). Indeed, setting Ko = 0 nullifies the operator ﬁget. See Section 3.6 for a
detailed derivation.
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acts in the space of physical parameters {<o}acz,. The notation si(—p,(c’)) stands
for the Schur polynomial and p,(c’) is an infinite dimensional vector

pQ(C,) = (trg(c,)v %trg(c/)27 T %trg(c,)kv a ) (2'19)
with
tro(c)* = (c))F. (2.20)

Notice that the operator fl;/(t) is expressed in terms of the Virasoro operators 17

. 0 82
Lalt) =D jti 5 — +j§ I T (2.21)

obeying the Virasoro algebra

['E’P"E’q] = (p - Q)'L"erqa p,q > —1. (2.22)

Projection (continued).—Equations (2.12) and (2.15) suggest that there exists an
infinite set of equations which express various combinations of the derivatives

8 2
9 ) (et d () (g1t
ot; ™ (55) 5=0,t=0 an Ot 0ty, ™ (55E) 5=0,t=0

in terms of @}J/(g) I, p(s; k). This observation makes it tempting to project the
hierarchical relations Eqgs. (2.8) and (2.9) onto the hyperplane (s = 0,£ = 0) in an
attempt to generate their analogues in the space of physical parameters. In particular,
such a projection of the first equation of the KP hierarchy,

84 62 82 62 2

35 —Ad—— | log 7{V(t) + 6 [ =5 log 7 (t) ) =0 2.23
<8t‘11+ 013 8t18t3> o8 ™ (£) + ([%% o8 7" (1) ’ (2.23)

is expected § to bring a closed nonlinear differential equation for the correlation function
I, (s; ) of characteristic polynomials. It is this equation which, being supplemented
by appropriate boundary conditions, provides an exact, nonperturbative description
of the averages of characteristic polynomials. Similarly, projections of other equations
from the hierarchies Eqs. (2.8) and (2.9) will reveal additional nontrivial nonlinear
differential relations that would involve not only II,,(s;&) but its “neighbours”
I, 4.4/p(S; &), as explained in Section 4.

Having exhibited the general structure of the theory, let us turn to the detailed
exposition of its main ingredients.

3. From Characteristic Polynomials to 7 Functions

8.1. The T function, symmetry and associated scalar product

Integrability derives from the symmetry. In the context of 7 functions Eq. (2.4), the
symmetry is encoded into A2 (M), the squared Vandermonde determinant, as it appears
in the integrand below ||:

79t = 1 /@nﬁ(dxj Tas(hg) €E)) - AZ(N). (3.1)

ol

11 For ¢ = —1, the second sum in Eq. (2.21) is interpreted as zero.

§ Whether or not the projected Virasoro constraints and the hierarchical equations always form a
closed system is a separate question that lies beyond the scope of the present paper.

|| For the sake of brevity, the physical parameters ¢ and x were dropped from the arguments of T,SS)
and I'), 5.
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In the random matrix theory language, the 7 function Eq. (3.1) is said to posses the
B = 2 symmetry. Using the identity

An(A) = det N5 i<jkan = det[Preo1(A))1<jk<n (3.2)

with Py () being an arbitrary set of monic polynomials and the integration formula
(Andréief 1883, de Bruijn 1955)

/ H A, det [i2; (An)] detn[10; ()] = ! det,, [ / dr s () W(A)} , (3.3)
the 7 function Eq. (3.1) can be written as the determinant
(s) _ (n—s)
() = det [ 0] (3.4

of the matrix of moments
ub () = (P Pi)p, o0 = /D AT, (N) e BN Pj(N) Pe(X) (3.5)
Both the determinant representation and the scalar product

flgh, = /D dhw(y) F(N) g(N) (3.6)

are dictated by the 8 = 2 symmetry § of the 7 function.

3.2. Bilinear identity in integral form

In this subsection, the bilinear identity Eq. (2.7) will be proven.

The 7 function and orthogonal polynomials—The representation Eq. (3.4) reveals a

special role played by the monic polynomials Pém) (t; \) orthogonal on D with respect
to the measure T, (A) e?®Nd\. Indeed, the orthogonality relation

(Pel P o0 = / AT (N) "BV P (8 0) PI™ (8 0) = h{™ () 3, (3.7)
D

shows that the choice Pj(\) — Pj(nfs) (t; A) diagonalises the matrix of moments in
Eq. (3.4) resulting in the fairly compact representation

) (¢ H h(" s) (3.8)

§ The 7 function Eq. (3.1) is a particular case of a more general 7 function

(s)( / ﬁ(d)\ Tnoo(M)e v(t;A; )) |An (M)
Dn h

In accordance with the Dyson “three-fold” way (Dyson 1962), the symmetry parameter 8 may also
take the values =1 and 8 = 4. For these cases, the 7 function Eq. (3.7) admits the Pfaffian rather
than determinant representation (Adler and van Moerbeke 2001):

i 8) = pf [y (#:8)]

0<j,k<n— 1’
where the matrix of moments u(m)(t; B) = (Pj |Pk> A v is defined through the scalar product
[, N w) f) sen (¥ = NuWg), 8 =1

D2

(floy? =
/D D) [fN)g' ) — g0 F (V] 6=
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Remarkably, the monic orthogonal polynomials Pém)(t; A), that were introduced as

a most economic tool for the calculation of T,(f), can themselves be expressed in terms

of 7 functions:

(k—m) -1

m t— (A
P (5 0) = Ak Ik (kim) A)) (3.9)

Tk (t)
Here, the notation ¢ — [)\_1] stands for an infinite-dimensional vector with the

components
1 1 1
_1 e —_ —_— ... —_— ...

t+[A ]—(tlﬂ:)\,tgﬂ:2)\2, ,tkj:k)\k, ) (3.10)

The statement Eq. (3.9) readily follows from the definitions Eqgs. (3.1) and (2.6), the
formal relation

' MY
ewﬁu1»n_ewwn(yn§> , (3.11)
and the Heine formula (Heine 1878, Szegd 1939)
k
1
P (0 = 7/ dX; (A = X\ To(A;) €22 ) L AZ(A). (3.12)
k k!T]gk—m)(t) . 3131 ( Y Y J ) k

The 7 function and Cauchy transform of orthogonal polynomials—As will be seen
later, the Cauchy transform of orthogonal polynomials is an important ingredient of
our proof of the bilinear identity. Viewed as the scalar product,

(m)
1 o P (8
QU™ (t; 2) = <P,§m)(t;/\) —> :/ AAT,, (N) e k27 ( ), (3.13)
Z=AX/p, e D z—A

it can also be expressed in terms of 7 function:

e (=)

QUM (t;z) =z F-1 kL (3.14)
' )
To prove Eq. (3.14), we substitute Eq. (3.12) into Eq. (3.13) to derive:
- 1 k+1
QY™ (t; = :7/ AN\ Tin(Nj) e? X)) - AZ (A
) = gy e 1 (a0 () €M) ) - A7y (V)
k
1 1
X . 3.15
(2 = Aky1) ]1;[1 A1 — Aj (3.15)

Owing to the identity

o1 - 1 1
M-\ I 5= (3.16)

taken at n = k + 1, the factor
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in the integrand of Eq. (3.15) can be symmetrised
k41 k+1

1 1 1 1
(z = Met1) H/\Hl \; k+1z Z— A “#ax

B ES RS DY
j=1

to yield the representation

(m) k+1
Qk (t;z) (k_|_1 l (k m) Ak+1 1;[ <

In view of Eq. (3.11), thls is seen to coincide with
k+1

d)\ T ()) e?HETTA)) LA
(Hlkm AMH 2) - A7)

Comparison with the definition Eq. (3.1) completes the proof of Eq. (3.14).

(A) ev“w‘)) CAZ (N, (3.17)

Proof of the bilinear identity.—Now we are ready to prove the bilinear identity

(l+14s—m) -1
. t+[z77])
(a—1)v(t—t'32) () (4! _ [o—17) £+1 (

7{2 dze Tt —[z77)) pos

(84+1) 141 -1
/. s—m m t+
f gz eovie—te) f(iimm) g oy Tet G2 D (3.18)
eoo

Zm-l—l—é ?

where the integration contour C., encompasses the point z = oo, and a € R is a free
parameter.
We start with the needlessly fancy identity

/@ AT, (\) e" BN ela= Dot p) g ) pn) (¢/; ))

= /D AAT (A) "N av@=t50) pin) g 3y plm) ¢/ \) (3.19)

whose structure is prompted by the scalar product Eq. (3.7) and which trivially holds
due to a linearity of the t-deformation
v(t;A) + (a — 1ot —t5N) =v(t'; ) +av(t —t';)N), (3.20)
see Eq. (2.6).
The formulae relating the orthogonal polynomials and their Cauchy transforms to
7 functions [Egs. (3.9) and (3.14)] make it possible to express both sides of Eq. (3.19)
in terms of 7 functions with shifted arguments.

(i) Due to the Cauchy integral representation

(n) (47,
(NP = g f st D), (3.21)
27 Je, Z—=A

the Lh.s. of Eq. (3.19) can be transformed as follows:

(£:)) P ()

1
Lhs. = — dz ela=Dv(E=t52) p(n) (g, )/ dAT,(\) e®
D Z—A

211 Coo

Q™M (t:2) [Eq. (3.13)]

1 .. n
— dz ela=Dv(E=thz) p(n) (/. Z)Q§ )(t; z). (3.22)
27TZ Coo



3 From Characteristic Polynomials to T Functions 15

Taking into account Eqs. (3.9) and (3.14), this is further reduced to
1 1

Lhs = —
T l—n m—n
2 ZTé )(t) Tm( )(t/)

(L+1—n) —1

[ ‘. t+[z71))
(a—1)v(t—t';z) ~(m—m) (g _ [,,—1 To+1 (

X ) dze T it —[z7"]) go s .

oo

(3.23)

(ii) To transform the r.h.s. of Eq. (3.19), we make use of the Cauchy theorem in
the form

: P (t:2)
av(t—t ,)\)P(n) t\) = 1 f d av(t—t';z) T 4 ) 3.94
€ Z(a) 27TZ e ze Z—)\ ) ( )
to get:
rhs = — ¢ dze* ¥ pf )(t;z)/ AT, (A) et x P (t:3)
2mi Jeo D z—A
Q) (#52) [Ba. (3.13)]
1 2 n
—— ¢ dze**EE P (1) QUI(H; ). (3.25)
211 Coo
Taking into account Eqs. (3.9) and (3.14), this is further reduced to
1 1
r.h.s. = — o —n
2mi 7 () i ()
(m+1-—n) s -1
av(t—t';z £—n — Tm (t + [z ])
xjﬁe dz @V 52) P [z 1)) 2t S . (3.26)

The bilinear identity Eq. (3.18) follows from Egs. (3.23) and (3.26) after setting
n =m — s. End of proof.

8.8. Bilinear identity in Hirota form

The bilinear identity Eq. (3.18) can alternatively be written in the Hirota form:

P@PIN" 5 ((2a — 1 = B)) siqsr ([D]) 78 (8) o 77 (8)
k=0
—B(x- s 1 s—1
= P@D) ST g (20— 1+ B)@) si_g1 (D)) 75T @) 0 r 0 (1) (3.27)
k=q+1

where 8 = +1 (not to be confused with the Dyson symmetry index!), p > 1
and ¢ > —1. Let us remind that the vector D appearing in the scalar product
(x - D) = Y, 2Dy stands for D = (Dy,Da,---,Dy,---); the k-th component of
the vector [D] equals k=1 Dy, (compare with Eq. (3.10)). The generic Hirota differen-
tial operator P(D) f(t) o g(t) is defined in B. Also, si(x) are the Schur polynomials
defined in Eq. (2.11).

To prove Eq. (3.27), we proceed in two steps.
(i) First, we set the vectors ¢ and ¢’ in Eq. (3.18) to be

(t,t)— (t+z,t—x). (3.28)

The parameterisation Eq. (3.28) allows us to rewrite the (£,t') dependent part of the
integrand in the Lh.s. of Eq. (3.18)

R U ER | i (R E
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as follows:
exp [U(Q(a —1wx; z)} T,(,f) (t—x— [z_l])TlgﬁHsfm) (t+x+ [z_l])
=exp [v(2(a — 1)x; 2)]

xexp [(@-9¢) + (=71 0] 7} T+ ) T (e - €)| (3.20)

€=0
Here, we have used the linearity of the t-deformation, av(¢; z) = v(at; z). Further, we
spot the identity ([z7']- 8¢) = v ([B¢); 27!) to reduce Eq. (3.29) to
exp [v(2(a — 1)x; 2)]

< expl(a - 9)] exp o (19 =) 7T e+ ) 7D -0

The latter can be rewritten in terms of Hirota differential operators [see Eq. (B.2)] with
the result being

exp [v(2(a — 1)a;2)] exp (@ - D)) exp [v ([D); 2] 75 7™ (@) 07D (1), (3.30)
By the same token, the (,t') dependent part of the integrand in the r.h.s. of Eq. (3.18),

R (S Ea E e G )

can be reduced to

exp [v(2ax; z)] exp [~ (x - D)] exp [v ([D]; 27 ")] Tfnsj_rll)(t) o TélJrSim) (t). (3.31)

Thus, we end up with the alternative representation for the bilinear identity Eq. (3.18):

e(m'D)% % exp [v(2(a — 1)a; 2)] exp [v ([D];27")] Téf{lﬂ*m) (t) o 7O (t)
e

oo

= e’(m'D)j{ % exp [v(2aw; z)} exp [v ([D], 271)] Tr(,fjr_ll)(t) ) Téé—i_s_m) (t).
Coo

(3.32)

(ii) Second, to facilitate the integration in Eq. (3.32), we rewrite the integrands
therein in the form of Laurent series in z by employing the identity

e’ — exp thzj = Z sp(t) 2. (3.33)
j=1 k=0
Now, the integrals in Eq. (3.32) are easily performed to yield
€PN s (2a— V@) serm—e (D) 7T ) 07 (@)
k=max(0,0—m)

=e @D N 5 (20@) St (D)) T () 0 7T (1), (3.34)

k=max(0,m—~£)

It remains to verify that Eq. (3.34) is equivalent to the announced result Eq. (3.27).
To this end we distinguish between two different cases. (i) If £ < m, we set £ =p — 1,
m=p+qand s — s+ ¢ in Eq. (3.34) to find out that it reduces to Eq. (3.27) taken
at S =+41; (i) If £ >m, weset L=p+q, m=p—1and s— s—1in Eq. (3.34) to
find out that it reduces to Eq. (3.27) taken at 8 = —1. This ends the proof.

For an alternative derivation of Eq. (3.27) the reader is referred to Appendix A.

9 Here,

0 10 10
[85}_(8_51’58_52""’2@"")‘
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3.4. Zoo of integrable hierarchies

The bilinear identity, in either form, encodes an infinite set of hierarchically structured
nonlinear differential equations in the variables t. Two of these hierarchies — the KP
and the TL hierarchies — were mentioned in Section 2. Below, we provide a complete
list of integrable hierarchies associated with the 7 function Eq. (3.1).

To identify them, we expand the bilinear identity in Hirota form [Eq. (3.27)] around
x = 0 and a = 0, keeping only linear in & terms. Since so(t) = 1 and

sk(t)’ — b+ O, k=12, ... (3.35)
t—0

we obtain:

(1= 84,-1) 8q1([D) 78 () 0 7359 (8)

+ 3@ |20 =1 = B)serqrt (D)) + BDk (5441 (D)) +64.1) | 7 (8) 0 7557 (2)
k=1

o0

~2a-1+8) > asi—go1 (D) iV (@) oV (#) + 0(x?) = 0. (3.36)
k=max(1,q+1)

As soon as Eq. (3.27) holds for arbitrary a and @, Eq. (3.36) generates four identities.

(i) The first identity
Strgr1 (D)) 78 (#) 078D (8) = (3.37)
holds for g > 1and k=0,1, ..., q.
(ii) The second identity
[(1+ B8) stqr1 (D)) = BDxsqia (D) ] 7 () 0 54" (8) = 0 (3.38)
holds forg>1land k=1,2,...,q.
(iii) The third identity
[(1+ B8) sktqr1 (D)) = BDx (541 ([D]) + 85, -1)] 757 (8) 0 735" (2)
= (1= B) sk—q1 ([D) 77 @) 0 7870 (#) (3.39)
holds for ¢ > —1 and k& > max(1,q + 1).
(iv) The last, fourth identity
s s s 1 s—1
sktqrt (D) 757 (8) 0 7157 (8) = si—g 1 (D)) 7y 00" () 0 733V (8) (3.40)

holds for ¢ > 0 and k > q + 1.

Equations (3.37) — (3.40) can further be classified to yield the following bilinear hi-
erarchies:

e Toda Lattice (TL) hierarchy:

1 S S S s—
SD1De) (@) 07 (1) = 11 (D) 73 () 07730 (0) (3.41)

p—

with k£ > 1.
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o g-modified Toda Lattice hierarchy:

L Disgr (D)) 798 07840 (1) = 55y (ID]) 710 @) 0070 (1) (3.42)

2 P ptq r+q+1
with ¢ > 0 and &k > ¢+ 1. (For ¢ = 0, it reduces to the above Toda Lattice
hierarchy.)

o Kadomtsev-Petviashvili (KP) hierarchy:

1
LDADL — s (ID])] 42(8) 077 (6) = 0 (3.43)
with § k£ > 3.

o g-modified Kadomtsev-Petviashvili hierarchy:

1

5D (D) 78(8) 0 77 () = st (D) 787 (1) 0 7237 (1) (3.44)

with ¢ >0 and k > ¢+ 1. (For ¢ =0, it reduces to the above KP hierarchy.)

o Left ¢-modified Kadomtsev-Petviashvili hierarchy:
Disgyr ([D]) 73 (8) o 7ih? (8) = 0 (3.45)
withg>1land 1 <k <gq.

o Right ¢-modified Kadomtsev-Petviashvili hierarchy:
Skegr ([D]) 79(t) o 10 (1) = 0 (3.46)
withg>1and 0 <k <gq.

o (—1)-modified Kadomtsev-Petviashvili hierarchy:
(s (ID]) — D] 78 (t) o 73V (#) = 0 (3.47)
with & > 2.

Notice, that the modified hierarchies will play no réle in further consideration.

3.5. KP and Toda Lattice hierarchies

As was pointed out in Section 2, the KP and Toda Lattice hierarchies are of primary
importance for our formalism. In this subsection, we explicitly present a few first mem-
bers of these hierarchies.

KP hierarchy.—Due to the properties of Hirota symbol reviewed in Appendix B, the
first nontrivial equation of the KP hierarchy corresponds to & = 3 in Eq. (3.43). Con-
sulting Table 1 and having in mind that [D]; = k~1Dj, we derive the first two mem-
bers, KP; and KPs, of the KP hierarchy in Hirota form

KPy: (D} —4D1D;3+3D3)7{(t) o 7{*)(t) =0, (3.48)
KPy: (DiDs +2D3D3 — 3D1Dy) 789 (t) o 7(9) (t) = 0. (3.49)
In deriving Eqs. (3.48) and (3.49), we have used the Property 2a from Appendix B.

t Both k =1 and k = 2 bring trivial statements, see Appendix B.
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Making use of the Property 2b from Appendix B, the two equations can be written
explicitly:

34 82 82 s) 82 ) 2
o 0? 0?
KPy : -3 2 log 74 (¢
2 (aﬁam ohots 81528153) og 7" (¢)

0 ) o ®)
+6 (8_15% log 7, (t)) (8t18t2 log 7, (t)) =0. (3.51)

Only KP; will further be used.

Toda Lattice hierarchy.—The first nontrivial equations of the Toda Lattice hierarchy
can be derived along the same lines from Eq. (3.41).

1

TLi: 3Dj () o (t) = 75 () 0 70TV (1), (3.52)
1 s o—

TLy: 3DiD; () o (t) = Dy AV () o rTV(E). (3.53)

Explicitly, one has:
(s) 9°my") (t) oy’ (t) ’ (s41) 4\ (5—1)
TLy: 7,7(t) o — oL, =Ty (t)Tp_1 (t), (3.54)
Ty 0P ® o ) on’
SR Ot10t; ot Oty
ari i (t) ori* M (t)
_ (s—1) p+1 (s+1) p—1
== )~ (3.55)

Higher order members of the KP and Toda Lattice hierarchies can readily be
generated from Egs. (3.43) and (3.41), respectively.

3.6. Virasoro constraints

Virasoro constraints satisfied by the 7 function Eq. (3.56) below is yet another
important ingredient of the “deform-and-study” approach to the correlation functions
of characteristic polynomials II,,|,(s; k). In accordance with the discussion in Section 2,
Virasoro constraints are needed to translate nonlinear integrable hierarchies Eqgs. (3.41)
— (3.47), satisfied by the 7 function

S 1 - - s(Aj - K v(t;\;
Wty = [ ] (d&-e Vo) (= A W) AN (3:56)
j=1 a=1
into nonlinear, hierarchically structured differential equations for the correlation
function

ey L - o) T Ke 2
Mojp(S54) = 5~ Dng <d&‘e g L[l@a =) | AN (3.57)
obtained from Eq. (3.56) by setting t = 0 and s = 0. The normalisation constant N,,
is defined in Eq. (2.3).
The Virasoro constraints reflect invariance of the 7 function Eq. (3.56) under the
change of integration variables

Nj = iy +epd T R(uy), g > —1, (3.58)
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labeled by the integer ¢; here € > 0 is an infinitesimally small parameter, and R(u)
is a suitable benign function (e.g., a polynomial). The function f()) is related to the
confinement potential V,,_s(\) through the parameterisation (Adler, Shiota and van
Moerbeke 1995)

T U = oha )= Y (3:59)
k=0 k=0

in which both g(\) and f()\) depend on n — s as do the coefficients by, and ay, in the
above expansions. We also assume that
lim f(A) A e VN =0, E>o0. (3.60)

A—Foo

To derive the Virasoro constraints announced in Egs. (2.15)—(2.18), we transform
the integration variables in Eq. (3.56) as specified in Eq. (3.58) and further expand
Eq. (3.56) in e. Invariance of the integral under this transformation implies that the
linear in € terms must vanish:

) —piTR
/ () (ﬁzuz u) i (#J)JrZu‘”lR’( )
i>] T Hy =1

+)_ Rlue [qul)ufrv(tu)uq“ MW“DIS)(t;u,c)

= Flpe) ™
n r
[ (om0 St e
Dn =1 a1
dim(c’) » o “
’ /q s s . _
(X mea g | w1 o (3.61)

Here, ¢ = {c1, -+, cor} \ {£o0},

IOt p,6) = |An(p)]? H [ —Vi—s () H e v(t;uj)] , (3.62)

and
dp) = [ dus. (3.63)
k=1

In the above formulae, we reinstated § > 0; it will be set to 8 = 2 when needed.

The choice of R(u) is dictated by problem in question and, hence, is not unique.
If one is interested in studying matrix integrals as functions of the parameters
{c1,- -+, car} defining the integration domain D, the suitable choice of R(u) is

R(p) = f(n)- (3.64)
In this case, the differential operator (Adler, Shiota and van Moerbeke 1995)
8
Z R(c ;‘”1 (3.65)

becomes an essentlal part of the Virasoro constraints. In the context of characteristic
polynomials, the integration domain D is normally fixed whilst the physical parameters
{sa} are allowed to vary. This prompts the choice

H —¢d), o=dim(c) (3.66)

k=1
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that nullifies the differential operator Eq. (3.65). Equivalently,
0
W Y 1Fse-k(=py(c). (3.67)
k=0

Here, the notation s3(—p,(c’)) stands for the Schur polynomial and p,(c’) is an infinite
dimensional vector

1 1
pg(c,) = (tI‘Q(C,), Etr.@(c,)Qv Tty EtI‘Q(C,)k, o ) (368)
with

tr,(c’) (3.69)

ol
|
7
RS
~—

o

Remark. Equation (3.66) assumes that none of ¢}.’s are zeros of f(u). If this is not the
case, the set ¢/ must be redefined:

c — '\ {Zo}, (3.70)

where Z is comprised of zeros of f(u).

Substituting Eqgs. (3.67), (3.59) and (2.6) into Eq. (3.61), we derive:

qtk+i
JRCCD ST Dol () SERTPREE
§=0
+ (1 - g) (i + &+ g+ 1) trp (T 43 7 jt ey, (TR
§=0
q+k+i .
+Z,$a Z S by, (IR EI—™) Z<q+k+z+1 )1 I9)(t; p,6)
:/ (dp) ZSQ k(—p,(c Zb trp, (ud TR 1) (4 6. (3.71)

The ¢-dependent part in Eq. (3.71),

| aw zsg ((p, (e zaz
q+k+i p
(Z Ka Z S, (TR Z grhtitl ) I (t; 1, <), (3.72)

originates from the term
n P
- / (dp) (Z wit Z
D =1 —

in Eq. (3.61). Indeed, substituting Egs. (3.67) and (3.59) into Eq. (3.73), the latter
reduces to

) I (t; 1, <) (3.73)

n q+k+z+1

[0 p@n oo (S ) e G

—1 = He — Sa
The double sum in parentheses can conveniently be divided into two pieces,
n o qtk+itl gt+k+it+1

Z oYK Y (3.75)
a=1 /=1

He — Sa
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and
gathtitl

>k Z p—— (3.76)
—1 a

a=1
Due to the identities
n ‘uqukJriJrl q+k+it1 q+k+i

4 Sav m q+k+i—m
Soltrn 3.77
S = S ) (3.17)
and
Y (5) 0 16s)
KQZ In (t;uvg) = _g‘[n (t;N,C), (378)

=1 He — Sa

we conclude that Eq. (3.73) reduces to the sought Eq. (3.72). We found it more
convenient to rewrite the 9/9¢,-term in Eq. (3.72) in a more compact way,

/ d[l, Z So— k pg Z a; (Z §q+k+z+1 ) Ir(LS) (t; W, C)
50 [ @iPtns  (6)

with the differential operator @V(g) being

Z (H — ) ) f(ca)céi“a(za. (3.80)

Equation (3.79) follows from the expansions Egs. (3.59), (3.66) and (3.67).

To complete the derivation of Virasoro constraints, we further notice that terms
tr, () in Eq. (3.71) can be generated by differentiating I over ¢;. Since tr,, (u°) = n,
the derivative 9/0ty should formally be understood as 9/9tg = n. This observation

yields Virasoro constraints for the 7 function

1
7 (s, ki t) = —,/ (dpe) I (#; . <) (3.81)
n. Jpn
in the form (¢ > —1)
LY (&) + £ (st 7 (si) = BY (o) 749 (s38). (3.82)
Here, the differential operators
R oo e 8) 8
LY(t) = _k(=p,(c L — by 3.83
+ £=0 k:osg +(=pe(e) <a£ avkee() eatq-l—k-i-é-l—l) (3.83)
and
. oo o q+k+4 p 8
LAt = "ae Y so-r(—p,(c) > Z Kasa' | 5 —— (3.84)
=0 k=0 m=0 bathte—m

act in the t-space whilst the differential operator 3}1/(';) acts in the space of physical

parameters {Sq}taez, . Notice that the operator ﬁ};(t) is expressed in terms of the
Virasoro operators

o B Zq 02 B L
obeying the Virasoro algebra

LD, L0 = (p - Ly, pa>—1. (3.86)

p+q’
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The Virasoro constraints derived in this section stay valid for arbitrary 8 > 0; for
B = 2, they are reduced to Egs. (2.15) — (2.22) announced in Sec. 2.

This concludes the derivation of three main ingredients of integrable theory of aver-
age characteristic polynomials — the bilinear identity, integrable hierarchies emanating
from it, and the Virasoro constraints.

4. From 7 Functions to Characteristic Polynomials

The general calculational scheme formulated in Section 2 and detailed in Section 3
applies to a variety of random matrix ensembles. In this Section we deal with CFCP
for the Gaussian Unitary Ensemble (GUE) and Laguerre Unitary Ensemble (LUE). A
detailed treatment of the GUE case is needed to lay the basis for further comparative
analysis of the three variations of the replica approach that will be presented in Section
5. The study of the LUE relevant to the QCD physics (Verbaarschot 2010) is included
for didactic purposes. A sketchy exposition of the theory for Jacobi Unitary Ensemble
(JUE) and Cauchy Unitary Ensemble (CyUE) appearing in the context of universal
aspects of quantum transport through chaotic cavities (Beenakker 1997) can be found
in Appendices C and D.

4.1. Gaussian Unitary Ensemble (GUE)

The correlation function of characteristic polynomials in GUE is defined by the n-fold
integral

n

105, (s; k) = %/R H (dAj e N H(ga - Aj)~a> CA2(N) (4.1)
n JR® g a=1

where

NG = / I1 (dAj e_’\?) CAZ(N) = /22D TT TG + 1) (4.2)
" =1 j=1

is the normalisation constant. The associated 7 function equals

1 n 2 . P
79(c, mit) = — / I1 (d&- e M) T (6o — m%) CAZ(N), (4.3)

n!
j=1 a=1

see Section 2. (In the above definitions, the superscript G stands for GUE but it will
further be omitted when notational confusion is unlikely to arise.)

4.1.1. Virasoro constraints

In the notation of Section 3, the definition Eq. (4.1) implies that

fAN) =1+ ap=0dko, (4.4)
g()\) =2\ = b= 25k,17 (45)
D=R + dim(c)=0. (4.6)

This brings the Virasoro constraints Egs. (2.15) — (2.21) for the 7 function Eq. (4.3):

L,(t) —2 - > <Z"$a<;n> (%67 ]Tn(c,ﬁ;t) = By Tals, K3 t), (4.7)

Vgrr =

a=1
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where
art 4.8
Z Ao (48)
the short-hand notation ﬁm(g, k) is defined as
P
- Z Iiaggl’ (49)
a=1
so that
P
Yo(s, k) =trpk = Z Ko = K. (4.10)

Also, £,(t) is the Virasoro operator given by Eq. (2.21). Notice that the 7 function
in Eq. (4.7) does not bear the superscript (s) since the GUE confinement potential
V(A) = A2 does not depend on n.

In what follows, we need the three lowest Virasoro constraints labeled by ¢ = —1,
q =0 and ¢ = +1. Written for the logarithm of 7 function, they read:

thj 0 2i 10g 7 (S, K5 1) 4+ nty = B_1 log 7 (s, K; 1), (4.11)
— 0t Oty

— ., 0 0 .

thj— —2— | log 7. (s, k;t) + n(n+ k) = By log 7n(s, K; t), (4.12)
— 6tj Oto

., 0 0 9

;ij G~ 2y T @nt ) g | logTa(s ki)

Jj+1
+n1(s, k) = By log 7 (s, ks t). (4.13)
4.1.2. Toda Lattice hierarchy

Projection of the Toda Lattice hierarchy Eq. (2.9) for the t-dependent 7 function
q. (4.3) onto the hyperplane t = 0 generates the Toda Lattice hierarchy for the
correlatmn function Hn‘ »(siK) [Eq. (4.1)] of the GUE characteristic polynomials,

n!
Hn|p( ) NG Tn (C K; t) :0' (414)
Below, the first [Eq. (3.54)] and second [Eq. (3.55)] equation of the TL hierarchy will
be considered:

62 o Tn+1 (t) Tn_l(t)

TL; : pre log 7, (¢) = 200) , (4.15)
. 0 _ Tntl (t) Tn—1(t) O Tn+1(t)

The equivalence of Eqgs. (4.15) and (4.16) to Egs. (3.54) and (3.55) is easily established.

(i) To derive the first equation of the TL hierarchy for IT
and (4.15), we have to determine

n\p(C;n) from Egs. (4.14)

2

atg log 7, (t) =0
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with the help of Virasoro constraints. This is achieved in two steps. First, we
differentiate Eq. (4.11) over t; and set t = 0 afterwards, to derive:

2 - 0
log 7, (¢ =n—B_1 —logT,(t . 4.17
25 loema ()|, _ = n =B grlogm(®)| (4.17)
Second, we set t = 0 in Eq. (4.11) to identify the relation
6 -
(’“)f log 7, (t) o —B_1 log 7,(0). (4.18)

Combining Eqs. (4.17) and (4.18), we conclude that
2

8t2 log 7, (t) o= 2n + B2 log . (0). (4.19)

Finally, substituting this result back to Eq. (4.15), and taking into account Eqs. (4.14)
and (4.2), we end up with the first TL equation

Hn-l—l\p(g; H) Hn—l|p(§; K/) _ 1)

(o] (4.20)

—~G
TL, : B2, log Il ,(s; k) = 2n ( (
nlp

written in the space of physical parameters .

(ii) The second equation of the TL hierarchy for II,,|,(s; k) can be derived along the
same lines. Equation (4.16) suggests that, in addition to the derivative 9/9t; log 7, at
t = 0 given by Eq. (4.18), one needs to know the mixed derivative

62
8t18t2 log ( ) :0.

It can be calculated by combining Eq. (4.11) differentiated over t3 with Egs. (4.12) and
(4.18). The result reads:

—~G I
TL, : (1 —Bo)B_1 log I, ,(s; k)
_ ot (SR g (Si8) gy (M) (1.21)
I (s K) - My app(siw) /- .

Higher order equations of the TL hierarchy for the correlation functions IL,, can be
derived in a similar fashion.

~G ~G
Remark.—For p = 1, the equations TL; and TL, become particularly simple:

~a B Iy (55 8) M1 (S5 %)

TLy © 5o logTl(sim) = 2n < e - 1> (4.22)
G . 0 0 . . Hn+1(§; ’{) anl(g; H) 0 HnJrl (g; ’i)
TL, : <1 gac) B logIl,(¢;) =n T2 (<) B log TR

(4.23)

4.1.8. KP hierarchy and Painlevé IV equation

The technology used in the previous subsection can equally be employed to project
the KP hirerachy Eq. (2.8) onto the hyperplane ¢ = 0. Below, only the first KP
equation

ot 0 9> > ?
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will be treated. Notice that no superscript (s) appears in Eq. (4.24) as the GUE
confinement potential does not depend on the matrix size n. Proceeding along the lines
of the previous subsection, we make use of the three Virasoro constraints Egs. (4.11) —
(4.12) to derive:

(94 <4
16 57 1og Tn(t)’tzo — B4, log 7, (0), (4.25)
2 ~ ~
8 =5 long(t)‘ = 2n(n+ k) — (2 — Bo)Bg log 7,(0), (4.26)
2
4m long(t)‘ o =n (3n + 2k)
- (@0 — BBy — % (2n + k) 132_1) log 7,,(0). (4.27)

Substitution of Egs. (4.25) — (4.27) and (4.17) into Eq. (4.24) generates a closed
nonlinear differential equation for logIl,,(s; &) in the form

—a
KP, : [15 +8(n— k)B2, — 4(2By — 3BZ + 4B, B_ )] 1og T, (; )

. 2
+6 (B%l log I1,, (53 n)) = 8nk. (4.28)

Notice that appearance of the single parameter x instead of the entire set kK =
(K1,...,Kp) in Eq. (4.28) indicates that correlation functions II,,(s; &) with differ-
ent k but with identical traces tr, k satisfy the very same equation. It is the boundary
conditions I that pick up the right solution for the given set kK = (K1, ..., kp)-

Remark.—For p = 1, the above equation reads:

—c ot 0 02 0
KP, : ﬁ+4[2(n—n) ¢’ m+4g8 }logﬂ (s; k)
9> 2
+6 (8 5 log I, (s; )) = 8nk. (4.29)

This can be recognised as the Chazy I equation (see Appendix E)

O +6(p)? +4 [2(n — k) — gﬂ ¢ +4sp — 8nk = 0, (4.30)
where

0]
o(s) = =—logIl, (s; k) . (4.31)

05
Equation (4.30) can further be reduced to the fourth Painlevé equation in the Jimbo-
Miwa-Okamoto ¢ form (Forrester and Witte 2001, Tracy and Widom 1994):

Py : (¥")? = 4(p — s¢')* + 44 (¢" +2n) (9" — 2K) = 0, (4.32)
see Appendix E for more details. The boundary condition to be imposed at infinity is
nKk
P~ (1406, (4.33)
§—00 S

Equations (4.20), (4.21), (4.28) and their one-point reductions Egs. (4.22), (4.23), (4.31)
and (4.32) are the main results of this subsection. They will play a central réle in the
forthcoming analysis of the replica approach to GUE.

1 Indeed, the boundary conditions at infinity,

~ H g'rma

[sa |00
do distinguish between the correlation functions characterised by different ’s, see Eq. (4.1).

Hn\p(gﬂ)
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4.2. Laguerre Unitary Ensemble (LUE)

The correlation function of characteristic polynomials in LUE is defined by the formula

1 - —Aj v £ K
Iy, (s; k) = NL/ 1T (dAje M T o = M) ) ALV, (4.34)
+] 1 a=1
where
/ H (dhje M) - AZ(X HF]—I—l (j+v) (4.35)
IJ 1

is the normalisation constant, and it is assumed that v > —1. The associated 7 function
equals

(s it) = / . 11 (dAj e nay T (e - wﬂ) LAZ(A). (4.36)

+ 7=1 a=1
In the above definitions, the superscript L stands for LUE but it will be omitted from
now on.

4.2.1. Virasoro constraints

In the notation of Section 3, the definition Eq. (4.34) implies that ||

fA) =1 = ak = k1, (4.37)
gA) =A—v = b= —vbyo+ 0k, (4.38)
D—R, —  dim(c') = 0. (4.39)

This brings the following Virasoro constraints Egs. (2.15) — (2.21) for the 7 function
Eq. (4.36):

N ) ) 1 ) .
Lo(t _ I (S, (s, ki t) = B, ma(s, Kk t). 4.4
q()+”atq atq+1+n; (s ”)atq_m (S, ki t) = By n(s, K3 t) (4.40)

where B, is defined by Eq. (4.8) and £,(t) is the Virasoro operator given by Eq. (2.21).
In what follows, we need the three lowest Virasoro constraints for ¢ = 0, ¢ = 1
and g = 2. Written for log 7, (s, k; t), they read:

thji _ 9 10g 70 (s, ki t) + 1 (n+ v+ k) = Bo log (s, ks 1), (4.41)
— 0t O
> 0 0 3}
it — —— 4 (2 — | log (s, Kt
;“atm g T @nt vt ) G | logTa(s, Kit)
+n (s, k) =B, log 7, (s, K; t), (4.42)

i't-i—i—k(?n—l—y—l—n) 0
T Ot Oty
2

ol R+ 5

) log 7, (s, K; t)

2
(82 log 7, (s, K; t)) +n V2(s, k) = By log (s, ki ). (4.43)

|| Notice that dim(¢’) = 0 follows from Eq. (3.70) in which Zo = {0}.
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4.2.2. Toda Lattice hierarchy

To generate the Toda Lattice hierarchy for the correlation function Hn|p(§;n)
[Eq. (4.34)] of characteristic polynomials we apply the projection formula
n'
(S 4) = 5 ™ (S mit)]_ o (4.44)

in which the 7 function is defined by Eq. (4.36), to the first and second equation of the
t-dependent TL hierarchy:

.o ~ Tag1(t) T (t)

TL; : pre log 7, (¢) = =TT (4.45)
. 0 _ Tnt1 (t) Tn—1(t) O Tn1(t)

Tia: gy o) = 22200 o (2113 (146

see Egs. (4.15) and (4.16).

(i) To derive the first equation of the TL hierarchy for Hn‘ (¢;k) from Egs. (4.44)
and (4.45), we have to determine
o2

o2 log 7 (¢ )’t:O

with the help of the Virasoro constraints. Differentiating Eq. (4.41) over t; and setting
t = 0 afterwards, we obtain:

2 -~ 0
log 7 (t) = (1= Bo) -~ logm(t)| _ . 4.47
52 e (8)],_ = (1= Bo) g logmae)]_ (.47
Second, we set t = 0 in Eq. (4.41) to identify the relation
0 .
o log 7, (t) o =" (n+ v+ k) — By log,(0). (4.48)

Combining Eqs. (4.47) and (4.48), we conclude that
2

pre log 7, (t) o =" (n+ v+ k) — Bo(l — Bg) log m,(0). (4.49)

Finally, substituting this result back to Eq. (4.45), and taking into account Eqs. (4.44)
and (4.35), we end up with the first TL equation

—~ L ~
TL, : B (BO -1 loan‘p( K)

=n(n+v Mi11p(s5 ) h—1p (S5 &) _ —nK
=n(n+ )< Hn‘p(C ) 1) (4.50)

written in the space of physical parameters .
Notice that the above equation becomes more symmetric if written for the correlation
function

ILajp(s) = My (s HC*”“‘% (4.51)

The corresponding TL equation reads:

=L
TL, : Bo(Bo—1) loan‘p( K)=n(n+v) (

ﬁn-{-l\p(g' H) ﬁn 1|P(€;K/) _ 1) . (452)
Hnlp(c, K)
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(ii) The second equation of the TL hierarchy for II,,|,(s; k) can be derived along the
same lines. Equation (4.46) suggests that, in addition to the derivative 9/0t; log 7, at
t = 0 given by Eq. (4.48), one needs to know the mixed derivative

62
——— log 7, (t .
8t18t2 08T ( )’t:O

It can be calculated by combining Eq. (4.41) differentiated over t3 with Egs. (4.42) and
(4.48). Straightforward calculations bring

02 .9
9400, long(t)’tZO =(2- BO)@TQ long(t)L:O7 (4.53)
where
0
_long(t)‘ =n[2n+v+k)(n+v+k)+ 91(s,K)]
Oty t=0
N [(2” +v+r) Bo+ @1} log 7,,(0). (4.54)

The final result reads:
1 ~ R R
Thy: (Bo—2) [@n+v+ k) Bo+B1] loglly, (s w)

Hn-l—l\p(g; H) Hn—l|p(§; K/)
Hilp(g; K)
- HnJrl\p(C; K’)
X 12(2n+v+ k) — Bplog <7
|: ( ) Hn—l\p(g;n)
—2n(2n+v+kK)(n+v+k)—nd(sK). (4.55)
This equation takes a more compact form if written for the correlation function ﬁn‘p
defined by Eq. (4.51):

=n(n+v)

—~L . R R -
TL, : (By—2) [(2n Fv+r)Bo+ Bl} log I, (s 1)

ILy1pp (S5 6) 1) (S5 )
Him(g; ”)

2(2n+v) — Bolog (M)]

anl\p(g; H)
—2n(n+v)(2n+v+ k). (4.56)

=n(n+v)

X

4.2.8. KP hierarchy and Painlevé V equation

The same technology is at work for projecting the KP hirerachy Eq. (2.8) onto t = 0.
Below, only the first KP equation

ot o2 02 52 2
KP; : —_— — —4—— |1 n(t — I n (t = 4.
1 (at‘ll+38t§ 8t18t3> OgT()+6<6t% ogT()) 0 (4.57)

will be treated. Notice that no superscript (s) appears in Eq. (4.57) as the LUE
confinement potential does not depend on the matrix size n. To make the forthcoming
calculation more efficient, it is beneficial to introduce the notation

, T =logT,(0), (4.58)

t=0

k
0
Trity..0, = H% log 7, (t)
=1
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which brings the KP equation Eq. (4.57) projected onto ¢ = 0 to the form
Ti111 + 3Tse — 4Ty3 + 6T = 0. (4.59)

(i) First, we observe that T1; and Th111 can be determined from the following chain of
relations, obtained by repeated differentiation of the first Virasoro constraint Eq. (4.41)
with respect to ty:

Tu =1 =BT, (4.60)
T = (2—Bo) T,
Tiin = (3 = Bo) T
Hence,
Ty=nn+v+r)—(1—Bg)BeT (4.61)
and
T =3'n(n+v+k)—(3—Bo)(2—Bo)(1 —Bo)BoT. (4.62)

(i) Second, to determine T3, we differentiate the first Virasoro constraint Eq. (4.41)
with respect to t3, and make use of the second and third constraints as they stand
[Egs. (4.42) and (4.43)] to obtain:

Tiz = (3 — Bo) Ty,
Ts = @n4v+r)To+ 91(s,K)T1 + T2 +Tiy — Bo T +nida(s, k),  (4.63)
TQ :(27’L+V+I£)T1—@1T—|—TL191(§,K)).

Although easy to derive, an explicit expression for T13 is too cumbersome to be explic-
itly stated here.

(iii) To calculate Tho, the last unknown ingredient of Eq. (4.59), we differentiate the
first and second Virasoro constraints [Eqgs. (4.41) and (4.42)] with respect to ¢ to
realize that

{ Top = 2T5 + (20 + v + &) Tiz = B1 T, (4.64)

Ty = (2— Bo) T,
Combining Eqs. (4.63) and (4.64), one readily derives a closed expression for Ths.

Finally, we substitute so determined T1111, T11, Th3 and T into Eq. (4.59) to generate
a nonlinear differential equation for logII,,|,,(s; &) in the form

f{\lgi : l@g —2B3 — [(v+ k)2 +491(s, k) — 1] B2 + 201 (s, k) By + 3B

+@2n+4 v+ £)B1(2Bg — 1) — 2B, (2By + 1) log 11, ,(s; &)

+6 (@3 log Hn|p(§; n))2 —4 (@0 log Hn‘p(g; n)) (@g log Hn‘p(g; n))
=nllv+k) di(s, k) + Y2(s,K)]. (4.65)
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Remark.—For p = 1, the above equation reads:
2

ot o? o) 9? d
49 Ly y3Y 1921 _ )L _ 2( 29 v
Coatiast s*( c)&2 (v+r) (¢ 52 T 5%

3 02 5 0
+@2n+v —k) (2" 55 +¢" 5= | | logIl,p(s; )

0¢2 1S
0 0? 0 0?
2 ) .
+2¢ Ka—g +<8—§2> loanp(%fi)] Ka—g +3<8—<2> loanp(@H)}
=nrs(v + Kk +¢). (4.66)
It can further be simplified if written for the function
0
o) = Soe log I, (¢; k) — nk. (4.67)

Straightforward calculations yield:
"+’ — [*—2@n+v—k)s+drn+ (v + K)?] ¢

+ 226 —n) —v — 2] o +65(¢)? — 4o’ = 2nk(n+v). (4.68)
This can be recognized as the Chazy I form (see Appendix E) of the fifth Painlevé
transcendent. Equivalently, ¢ satisfies the Painlevé V equation in the Jimbo-Miwa-
Okamoto form (Forrester and Witte 2002, Tracy and Widom 1994):
Py (§<p”)2 - [</7 —c' + 20+ 2n+v— n)gp’f

+4¢' (P +n) (¢ +n+v)(¢ — k) =0. (4.69)

Both equations have to be supplemented by the boundary condition

1+0(™h) (4.70)

©(s) ~ M (

S—00
following from Eq. (4.67) and the asymptotic analysis of Eq. (4.34). Equations (4.50),
(4.52), (4.55), (4.56), (4.65) and (4.69) represent the main results of this subsection.

4.8. Discussion

This Section concludes the detailed exposition of integrable theory of correlation
functions of RMT characteristic polynomials. Among the main results derived are:

e The multivariate first [Egs. (4.20) and (4.52)] and second [Eqs. (4.21) and (4.56)]
equations of the Toda Lattice hierarchy 4 which establish nonlinear differential
recurrence relations between “nearest neighbor” correlation functions II,,,(s; &)
and IT,,41),(s; &), and

e The nonlinear multivariate differential equations [Eqs. (4.28) and (4.65)] satisfied
by II,,,(s; &) alone. These can be considered as multivariate generalisations of the

corresponding Painlevé equations arising in the one-point setup p = 1 [Eqgs. (4.32)
and (4.69)]

Other nonlinear multivariate relations between the correlation functions II,,,,(s; &) and
I,4.4|p(s; &) can readily be obtained from the modified Toda Lattice and Kadomtsev-
Petviashvili hierarchies listed in Section 3.4.

Finally, let us stress that a similar calculational framework applies to other 8 = 2
matrix integrals depending on one (Osipov and Kanzieper 2007) or more (Osipov and
Kanzieper 2009; Osipov, Sommers and Zyczkowski 2010) parameters. The reader is
referred to the above papers for further details.

€ See also their single variable reductions Eqs. (4.22) and (4.23) derived for the GUE.
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5. Integrability of Zero-Dimensional Replica Field Theories

5.1. Introduction

In this Section, the integrable theory of CFCP will be utilised to present a tutorial
exposition of the exact approach to zero dimensional replica field theories formulated
in a series of publications (Kanzieper 2002, Splittorff and Verbaarschot 2003, Osipov
and Kanzieper 2007). Focussing, for definiteness, on the calculation of the finite-IV
average eigenlevel density in the GUE (whose exact form (Mehta 2004)
1

has been known for decades), we shall put a special emphasis on a comparative analysis
of three alternative formulations — fermionic, bosonic and supersymmetric — of the
replica method. This will allow us to meticulously analyse the fermionic-bosonic
factorisation phenomenon of RMT spectral correlation functions in the fermionic and
bosonic variations of the replica method, where its existence is not self-evident, to say
the least.

e~ [Hiy(€)Hn—1(e) — Hy(€)Hiy_y(e)]

5.2. Density of eigenlevels in finite-N GUE

To determine the mean density of eigenlevels in the GUE, we define the average one-
point Green function

G(z;N) = <tr(2—?€)_1>}C€GUEN (5.1)

that can be restored from the replica partition function (n € RT)
+ . _ +n

265 (2 N) = (det™ (2 = 30)) g0 cqum,, (5.2)

through the replica limit
10
. — im — — 7 (E) (-
G(z; N) :I:ilg}) n@zzn (z;N). (5.3)

Equation (5.2) can routinely be mapped onto either fermionic or bosonic replica field
theories, the result being (see, e.g., Kanzieper 2010)

2 (2 N) = L =N / (D) e~9" det (iz — Q) (5.4)
Cn
and
2 (z; N) = 1 /(@ng) e~ det N (2 — Q). (5.5)
Cn

Both integrals run over n x n Hermitean matrix Q; the normalisation constant ¢,, equals

en = / (D, Q) e~ trnQ”, (5.6)

By derivation, the replica parameter n in Egs. (5.4) and (5.5) is restricted to integers,
n € Z*. Notably, Egs. (5.4) and (5.5) are particular cases of the correlation function
I, (s; &) studied in previous sections.

5.2.1. Fermionic replicas

Indeed, comparison of Eq. (5.4) with the definition Eq. (4.1) yields

2(H (2 N) = ()" M, (iz; N), (5.7)
where the shorthand notation II,(z; N) is used to denote HSIl(Z;N), in accordance
with the earlier notation in Eqgs. (4.22) and (4.23). This observation results in the
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Painlevé IV representation of the fermionic replica partition function [see Eqs. (4.31)
and (4.32)]:

9 108200 (25 N) = ip(tsm, N)| (5.:5)
0z t=iz
where ¢(t;n, N) is the fourth Painlevé transcendent satisfying the equation
(¢")? = 4(p = t¢')? +4¢' (¢ +2n)(¢' —2N) =0 (5.9)
subject to the boundary conditions T
N
o(t;n, N) ~ ”T It — oo, tecC. (5.10)

Here and above, n € Z, .

Equations (5.8) and (5.9) open the way for calculating the average Green function
G(z; N) via the fermionic replica limit

G(z; N) = lim lﬁz,g{")(z;N) = lim 1 o(t;n, N) . (5.11)
0 n—=0mn t=i

n—=0n 0z =iz
For the prescription Eq. (5.11) to be operational, the Painlevé representation of

Z%Jr)(z;N ) should hold * for n € Ry. Notice that for generic real n, the fermionic
replica partition function ng) (z; N) is no longer an analytic function of z and exhibits
a discontinuity across the real axis. For this reason, the Painlevé equation Eq. (5.9)

should be solved separately for et < 0 (Jmz > 0) and Ret >0 (Jmz < 0).

Replica limit and the Hamiltonian formalism.—To implement the replica limit, we
employ the Hamiltonian formulation of the Painlevé IV (Noumi 2004, Forrester and
Witte 2001) which associates ¢(¢;n, N) with the polynomial Hamiltonian (Okamoto
1980a)

o(t;n,N) = H {P,Q,t} = 2P+ Q +2t)PQ +2nP -~ NQ  (5.12)

of a dynamical system {Q, P, H¢}, where @ = Q(t;n,N) and P = P(t;n,N) are
canonical coordinate and momentum. For such a system, Hamilton’s equations of
motion read:

. OH,
o= +8—Pf:Q(Q+4P+2t)+2n, (5.13)
I _%:—P(2Q+2P+2t)+N. (5.14)
Since
G(z;N) =i lim le {P,Q,t} ’ (5.15)
n—0n t=iz

we need to develop a small-n expansion for the Hamiltonian Hy {P,Q,t}. Restricting
ourselves to the linear in n terms,

Hi{P,Q,t} = nHD (t; N) + 0(n?) (5.16)
and

P(t;n,N) = po(t; N) + npy(t; N) + O(n?), (5.17)

Q(t;n, N) = qo(t; N) + nq1(t; N) + O(n?), (5.18)

* Equation (5.10) follows from Egs. (5.8), (5.7) and the footnote below Eq. (4.28).
* Previous studies (Kanzieper 2002, Osipov and Kanzieper 2007) suggest that this is indeed the case.
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we conclude that go(t; N) = 0. This derives directly from the expansion Eq. (5.16) in
which absence of the term of order O(n") is guaranteed by the normalisation condition

Zg+)(z;N) = 1. As the result f,

G(z; N) = iH D (iz; N), (5.19)
where

Hy(t; N) = 2pog1(po + 1) +2po — Nau, (5.20)

Hi(t; N) = 2poqs. (5.21)

Here, pg = po(t; N) and ¢1 = ¢1(¢; N) are solutions to the system of coupled first order
equations:

g1 = 4poq1 +2q:it + 2.

Since the initial conditions are known for Hy (t; V) rather than for po(t; N) and g (¢; N)
separately, below we determine these two functions up to integration constants.
The function pg(t; N) satisfies the Riccati differential equation whose solution is

. 9,2

lti ) = 3 [ 258 o). (5.23)
where

uy(t) = c1Don-1(tV2) + co(—i)N Dy (itV2) (5.24)
is, in turn, a solution to the equation of parabolic cylinder

iy (t) — (2N + 1+ t*)uy(t) = 0. (5.25)

Two remarks are in order. First, factoring out (—i)" in the second term in Eq. (5.24)
will simplify the formulae to follow. Second, the solution Eq. (5.23) for po(t; N) actually
depends on a single constant (either ¢1/co or ¢a/c1) as it must be.

To determine ¢ (¢; N), we substitute Eq. (5.23) into the second formula of Eq. (5.22)
to derive:

dt
@ (t; N) = 2u> (t) / . (5.26)
+0
Making use of the integration formula (see Appendix F)
dt 1 a1 D_n_1(tV2) + aa(—i)N Dy (it\V/2)
5 = — , (5.27)
EO V2 s (t)
where two constants a; and ag are subject to the constraint
C1ig — C20X1 = 1, (528)

we further reduce Eq. (5.26) to

a1t N) = V2uy (8) [en D_y_1(tV2) +a2(—5)NDN(it\/§)} . (5.29)
Equations (5.21), (5.23), (5.20) and the identity
G (8) — tus(t) = —V2 [clp_N(t\/i) - 02(—£)N_1NDN_1(£t\/§)] (5.30)

(obtained from Eq. (5.24) with the help of Egs. (F.7) and (F.8)) yield H,(t; N) in the
form

Hi(t:N) = =2 [a1 Dy -1(tV2) + az(=i) ¥ Dy (itv/2)|
x [clp,N(t\/ﬁ) - 02(—5)N*1NDN,1(L't\/§)} . (5.31)

1 We will drop the superscript (f) wherever this does not cause a notational confusion.
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Notice that appearance of four integration constants (¢1, ¢2, a1 and as) in Eq. (5.31) is
somewhat illusive: a little thought shows that there is a pair of independent constants,
either (¢1/ca,ascs) or their derivatives.

To determine the unknown constants in Eq. (5.31), we make use of the asymptotic
formulae for the functions of parabolic cylinder (collected in Appendix F) in an at-
tempt to meet the boundary conditions I

N . N
Hl(t;N)N77 Hl(t;N)N—— |t|—>00, teC. (532)

2’

Following the discussion next to Eq. (5.11), the two cases Set < 0 and Ret > 0 will
be treated separately.

e The case Ret < 0. Asymptotic analysis of Eq. (5.31) at ¢ = —oo yields

Q2 \N-1V2T
a1 _( 1) N! ’
so that
Hy(t:N) = 2D_n_1(—1V/2) alch_N(—tﬁ)—LN_lNDN_l(Lt\/ﬁ)}. (5.33)

Here, we have used Eq. (F.5). To determine the remaining constant ajci, we
make use of the boundary condition Eq. (5.32) for ¢ — +ioco — 0. Straightforward
calculations bring a;c; = 0. We then conclude that

Hi(t;N) = =2(—=i)N "IN D_n_1(=tV2) Dy 1 (—itV2), Ret < 0. (5.34)

e The case Ret > 0. Asymptotic analysis of Eq. (5.31) at t — 400 yields as = 0 so
that

Hi(t;N) = 2D_n_1(tV/2) Z—;D_N(t\/i) — ()N NDy_1(itV2)| . (5.35)

To determine the remaining constant ¢; /ca2, we make use of the boundary condition
Eq. (5.32) for t — +ico + 0. Straightforward calculations bring ¢ /ca = 0. We
then conclude that

Hi(t;N) = —2(=i)N "N D_n_1(tV2)Dn_1(itV2), Ret > 0. (5.36)

The calculation of H; (t; N) can be summarised in a single formula
Hi(t;N) = =2(=i))N""ND_n_1(0utV2)Dy_1(ioistV/2), (5.37)

where o;; = sgnJIm (it) = sgnfRet denotes the sign of Ret. In terms of canonical
variables po(t; N) and ¢; (¢; N), this result translates to

iNoy Dy—1(ito/2)
V2  Dyl(itoiV2) '
ql(t,N) = — \/§O'L‘t(—L.)ND,N,1(taitﬁ)DN(L.tO'Ltﬁ). (539)

Now H;(t; N) can readily be restored by integrating Eq. (5.37). We proceed in three
steps. (i) First, we make use of differential recurrence relations Egs. (F.7) and (F.8)
and the Wronskian Eq. (F.4) to prove the identity

iIND_n_1(0:tV2)Dy_1(i014tV2) = i — D_N(0utV2)Dn (i0istV2). (5.40)

1 Equation (5.32) is straightforward to derive from Egs. (5.16), (5.12) and (5.10).

po(t; N) = (5.38)
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The latter allows us to write down H; (t; N) as

Hi(t;N) = =24 2(=))ND_n(0:4tV2) Dy (io14tV/2). (5.41)
(ii) Second, it is beneficial to employ the differential equation Eq. (F.3) to derive

d2

=D _N(outV2) = (2N — 1+ t*)D_n(0:tV2), (5.42)

d?

ﬁDN(Laitt\/i) = (2N + 1+ t*)Dy(ioutV2). (5.43)

These two relations imply

N(O'L‘tt\/ﬁ)DN(L'O’L‘ttﬁ): (O'Ltt\/_) DN(LO'Ltt\/_)

—DN(LULtt\/— ) 73D _n(outV2) (5.44)
so that
Hy(t;N) = —
+(=i)V |D (aLtt\/_) s DN(LoLtt\/_) DN(LULtt\/_) dt2 (oitt\/i)} .
(5.45)
(iii) Third, we integrate the above equation to obtain
H (1 N) = =2t + (=)W, [D_w(0tV3), Dn(iotv2)] . (5.46)

Here, the integration constant was set to zero in order to meet the boundary conditions
Eq. (5.32) at infinities. The notation W; stands for the Wronskian

dg 8f

Wilf.g) = 15 - =g (547)

Average Green function and eigenlevel density—Now, the average one-point Green
function readily follows from Eq. (5.19):

G(2;N) = 22 + (=)W, [D_n(~i20.v2), DN(ZUZ\/Q)} . (5.48)

Here, 0, = sgnJm z denotes the sign of imaginary part of z = —it.

The average density of eigenlevels can be restored from Eq. (5.48) and the relation

on(€) = —Z ImG(e + io,0; N). (5.49)
T
Indeed, noticing from Egs. (F.2) and (5.48) that
Fm (—L')ND_N(—L'EU \/5)} _ _ie&ﬂ/ dTTN—le—-,—2/4+ieoz'r (5'50)
2N/2+11"(N) R ’
we conclude, with the help of Eq. (F.1), that
AN . _ \/_0 —52 2
Im [(—L) D_N(—Leaz\/i)} - 2N/2r(N) PHy_1(e).  (5.51)

Here, Hy—1(€) is the Hermite polynomial appearing by virtue of the relation

Dy (2V2) = e */? I];JVVS’;) (5.52)
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Consequently,

Jm {(_L)NWZ [DfN(—Lzazﬁ), DN(ZO'Z\/i)}}

\/EO'Z n —e?/2 —€2/2
= —m WE |:€ / HN_l(E),e / HN(E) . (553)
Taken together with Egs. (5.49) and (5.48), this equation yields the finite-N average
density of eigenlevels in the GUE:
1 ~ 2 2

:7W6|:75/2H B , 75/2H :|
on(€) ONT(N) /7 e N-1(e),e ~(e)

B 1

~ 2NT(N)y/7
While this result, obtained via the fermionic replica limit, is seen to coincide with the
celebrated finite-N formula (Mehta 2004)

1 _e2
on(€) = TN [(Hy(e)Hn-1(e) = Hn(e)Hy_1(€)]  (5.55)
originally derived within the orthogonal polynomial technique, the factorisation

phenomenon (as defined in Section 1.2) has not been immediately detected throughout
the calculation of either G(z; N) or gn(€). We shall return to this point in Section 5.3.

e W, [Hy_1(€), Hy(e)] . (5.54)

5.2.2. Bosonic replicas

Comparing Eq. (5.5) with the definition Eq. (4.1), we conclude that
2(7) (2 N) =L, (2 —N), (5.56)

where Jm z # 0. The shorthand notation II,(z; —N) is used to denote HSH(Z; —N),

in accordance with the earlier notation in Eqs. (4.22) and (4.23). Consequently,
the Painlevé IV representation of the bosonic replica partition function reads [see
Egs. (4.31) and (4.32)]:
0
57108207 (5 N) = p(tin, —N)| (5.57)
t=z

where ¢(t;n,N) = p(t;n,—N) is the fourth Painlevé transcendent satisfying the
equation

(") =4 —t9")* + 44" (' + 2n) (' +2N) =0 (5.58)
subject to the boundary conditions
Dt N) ~ —@, | > 00,  teC\R. (5.59)

Here and above, n € Z, .

The average Green function G(z; N) we are aimed at is given by the bosonic replica
limit
1
G(z;N) = — lim —822,( )

_ 1
nsomn oz (Z7N)__717’L>H})ﬁ1/)(t7n,N) t:z. (560)

To implement it, we assume that the Painlevé representation of Z,%_)(z; N) holds for
n e R+.

Replica limit and the Hamiltonian formalism.—Similarly to our treatment of the
fermionic case, we employ the Hamiltonian formulation of the Painlevé IV (Noumi 2004,
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Forrester and Witte 2001) which associates ¢ (¢; n, N) with the polynomial Hamiltonian
(Okamoto 1980a)

¢(t;n, N) = H{P,Q,t} = 2P+ Q +20)PQ + 2nP + NQ  (5.61)

of a dynamical system {Q, P, Hy}, where Q = Q(¢t;n,N) and P = P(t;n,N) are
canonical coordinate and momentum. For such a system, Hamilton’s equations of
motion read:

OH)y

Q=+ —p = QQ+4P +2t) +2n, (5.62)
. 0H,
P= - %0 = —P(2Q +2P +2t) — N. (5.63)

Owing to Eq. (5.60), we need to develop a small-n expansion for the Hamiltonian
Hb{Q7 P7 t}

Ho{P,Q,t} = nH™ (t; N) + 0(n?). (5.64)
Being consistent with yet another expansion

P(t;n, N) = po(t; N) +np1(t; N) + O(n?), (5.65)

Q(t;n, N) = nqi(t; N) + O(n?), (5.66)
it results in the relation }

G(#;N) = —Hl(b)(z;]\]), (5.67)
where

Hi(t; N) = 2poqi(po +t) + 2po + Nau, (5.68)

Hi(t; N) = 2poq. (5.69)

Here, pg = po(t; N) and ¢1 = ¢1(¢; N) are solutions to the system of coupled first order
equations:

G = Apoq1 +2qit + 2.
Since the initial conditions are known for Hy(t; N), rather than for po(¢; N) and ¢ (¢; N)

separately, below we determine these two functions up to integration constants.
The function pg(t; N) satisfies the Riccati differential equation whose solution is

po(t; N) = % [2_8 —t} ) (571)
where

u_(t) = c1iN Dy_1(tV2) + coi™ D_n(itV/2) (5.72)
is, in turn, a solution to the equation of parabolic cylinder

i—(t) + (2N —1—t*)u_(t) = 0. (5.73)

Factoring out iV in the second term in Eq. (5.72) will simplify the formulae to follow.
To determine ¢, (¢; N), we substitute Eq. (5.71) into the second formula of Eq. (5.70)
to derive:

dt
tEN) =202 (t) [ 5. 74
(6 N) =22 () [ = (5.74)
Making use of the integration formula (see Appendix F)
/ dt _ i OélDN_l(t\/i) + OéQD_N(it\/i) (5 75)
FGRNG () ’ |

1 We will drop the superscript (b) wherever this does not cause a notational confusion.
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where two constants a1 and ag are subject to the constraint

cian —coay = 1, (5.76)
we further reduce Eq. (5.74) to

a1t N) = V3u_(t) [an Dy 1 (tV3) + 0 D_x (itV3)] (5.77)
Equations (5.69), (5.71), (5.77) and the identity
o (t) — tu_(t) = —/2 [clzNDN(t\/i) + cQzNHND_N_l(zt\/i)} (5.78)

(obtained from Eq. (5.72) with the help of Egs. (F.7) and (F.8)) yield H,(t; N) in the
form

Hl (t; N) =-2 |:041DN71(t\/§) + OZQD,N(L't\/E)}
X [clzNDN(t\/i) + CQL'N“ND,N,l(zt\/i)} . (5.79)

To determine the unknown constants in Eq. (5.79), we make use of the asymptotic
formulae for the functions of parabolic cylinder (collected in Appendix F) to satisfy
the boundary conditions [see Eq. (5.59)]

N . N
The two cases Jmt < 0 and Jm¢ > 0 should be treated separately.

e The case Jmt < 0. Asymptotic analysis of Eq. (5.79) at t = —ioo yields ¢; = 0,
so that

Hi(t:N) = 20N N D_ w1 (itV/2) [DN,l(t\/i) — ases Dy (itV32)] . (5.81)

To determine the remaining constant asco, we make use of the boundary condition
Eq. (5.80) for t — 00— 0. Straightforward calculations bring asce = 0. We then
conclude that

Hi(t;N) = 2NN D_n_1(itvV2) Dy_1(tV2), Jmt < 0. (5.82)

e The case Jmt > 0. Asymptotic analysis of Eq. (5.79) at ¢t — +ioco yields

Z_: — _(_L-)N—li(N\/f_”l)! (5.83)
so that
H(t;N) = —N!\/gD_N_l(—Lt\/i)
X {DN(L't\/Q)—I—alcl(—L)N1L\/;_7Tl)!DN(—Lt\/§) . (5.84)

To determine the remaining constant aci, we make use of the boundary condition
Eq. (5.80) for t — 400 + (0. Straightforward calculations bring

)Nfl \/%
(N -1

a1Cp = (—L

(5.85)

We then conclude that
Hi(t;N) = 2NN D_n_1(—itv/2)Dn_1(—tV/2), Jmt > 0. (5.86)
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The calculation of H;(t; N) can be summarised in a single formula
Hi(t;N) = —2iN"'N D_n_1(—itoyV2) Dy _1(—toyV/2), (5.87)
where oy = sgnJmt denotes the sign of Jm¢. In terms of canonical variables po(t; N)
and ¢1(¢; N), this result translates to
iNoy D_n_1(—itoiV/2)
V2 D_y(—itoV/2)
a(t; N) = V20,V D_n(—itoV2) Dy _1(—toeV/2). (5.89)
In view of Eq. (5.67), the latter result is equivalent to the statement
0

(b
535G (= N) = —H" (1 N)

po(t; N) = (5.88)

= 2N IND_y_1(—izoN2)Dy_1(—20.V2).  (5.90)

t=z

This expression, obtained within the bosonic replicas, must be compared with its
counterpart derived via the fermionic replicas [Egs. (5.19) and (5.37)]:

%G(Z;N) = —Hfﬁ(t;N)L:iZ = 2(=i)NIND_N_1(=iz0.V/2)Dy_1(20.V2). (5.91)

As the two expressions coincide, we are led to conclude that the bosonic version of
the replica limit reproduces correct finite-V results for the average Green function and
the average density of eigenlevels as given by Egs. (5.48) and (5.55), respectively.
Again, as is the case of a fermionic calculation carried out in Section 5.2.1, the
factorisation property did not show up explicitly in the above bosonic calculation.
We defer discussing this point until Section 5.3.

5.2.8. Supersymmetric replicas

The very same integrable theory of characteristic polynomials is at work for a “su-
persymmetric” variation of replicas invented by Splittorff and Verbaarschot (2003).
These authors suggested that the fermionic and bosonic replica partition functions
(satisfying the fermionic and bosonic Toda Lattice equations T, respectively) can be
seen as two different branches of a single, graded Toda Lattice equation. Below we
show that the above statement, considered in the context of GUE, is also valid beyond
the first equation of the Toda Lattice hierarchy.

First (graded) TL equation.—Equations (5.7) and (4.22) imply that the fermionic

replica partition function Z,S:F)(z; N) satisfies the first TL equation in the form:

0? 2 o\ 2t i N
— 1logZH) (2, N) = —2n "71(Z(+)3 1 (7 N)
Zy'“(z;N)

0 - 1) . (5.92)

Together with the initial conditions Zgﬂ(z; N) =1 and

1 2
2 (2 N) = (=)NTS, (i2: N :—/d)\e_’\ z+ iy
(a5 = (TG V) = = [ ane e

=27 N/2e5 /2D (21/2), (5.93)

this equation uniquely determines fermionic replica partition functions of any order
(n > 2). Here, Dy is the function of parabolic cylinder of positive order (see
Appendix F).

t Notice that Splittorff and Verbaarschot (2003) use the term “Toda Lattice equation” for the first
equation of the TL hierarchy.
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The first TL equation for the bosonic replica partition function Z,%_)(z; N) follows
from Egs. (5.56) and (4.22),

32
—— log 207 (2, N) = +2n

(=) (=)
Z’n—l(Z;N) Z’n-{-l(’z;N)
—1]. .94
022 (5:94)

257%(zN)
Together with the initial conditions Z((J_)(z; N) =1 and

_ 1 _a2 _
M) =1 5=V = o= [ e ¥ =

= (—io,)NoN/2e=2" /2 D\ (—iz0.V/2), (5.95)

where o, = sgnJmz denotes the sign of Jmz, this equation uniquely determines
bosonic replica partition functions of any order (n > 2). Here, D_ is the function of
parabolic cylinder of negative order (see Appendix F).

Further, defining the graded replica partition function as

ZI(;‘)(Z;N), nez-
Zn(z;N) =< 1, n=0 (5.96)
Z(+)(z;N), ne€zr,

In|
we spot from Eqgs. (5.92) and (5.94) that it satisfies the single (graded) TL equation
2 Z’n—l(z;N) Z’n-l—l(Z;N) 1)

0

Here, the index n is an arbitrary integer, be it positive or negative. The first graded
TL equation must be supplemented by two initial conditions given by Egs. (5.93) and
(5.95).

(5.97)

Second (graded) TL equation—Equations (5.7), (5.56) and (4.23) imply that both

fermionic and bosonic replica partition functions z&ﬁ(z; N) additionally satisfy the
second TL equation

+ + +
L ON D ey B EN 2 EN) 0 (25 ()
—o2) 2 ton 2 = n 2O 2 g (Zapsh)
0z ) 0z 2(®) (2 N) 0z Zi,)l(z;N)

(5.98)
Consequently, the graded replica partition function Z,(z; N) defined by Eq. (5.96) is
determined by the second graded TL equation

.9\ 9 N = gy 2t (2 N) Zna (2 N) 9 Znt1(2;N)
(1 Z@z) 0z log Zn(z N) = n 22(z;N) 8z10g Zn—1(z; N)

(5.99)
supplemented by two initial conditions Egs. (5.93) and (5.95).

Replica limit of graded TL equations.—To determine the one-point Green function
G(z; N) within the framework of supersymmetric replicas, one has to consider the
replica limit

G(z; N) = lim 182 Zn(z; N). (5.100)

n—0n 0z

The first and second graded TL equations bring
G'(z;N)=2-2Z_1(2;N) Z1(2; N), (5.101)
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and
G(z;N) = 2G'(2; N) + Z_1(2; N)Z (2, N) — 21 (2; N)Z1(2; N), (5.102)
respectively. Combining the two equations, we derive

G(zN)=22—222 121 + W, [Z_1, 2], (5.103)

where W, is the Wronskian defined in Eq. (5.47); the prime ’ stands for the derivative
0/0z. Interestingly, the second graded TL equation has allowed us to integrate
Eq. (5.102) at once!

The resulting Eq. (5.103) is remarkable: it shows that the average Green function
can solely be expressed in terms of bosonic Z_1(z; N) and fermionic Z1(z; N) replica
partition functions with only one flavor. This structural phenomenon known as the
‘factorisation property’ was first observed by Splittorff and Verbaarschot (2003) in the
context of the GUE density-density correlation function. Striking at first sight, the
factorisation property appears to be very natural after recognising that fermionic and
bosonic replica partition functions are the members of a single graded TL hierarchy.

To make Eq. (5.103) explicit, we utilise Egs. (5.93) and (5.95) to observe the identity

W, (21, 21] = 22221 21 + (=)W, {D_N(—zzaz\/i), DN(ZUZ\/ﬁ)} . (5.104)
Consequently,
G2 N) = 22+ (=i)¥W. [D_x(~i20.V), Dx(20:v2)] . (5.105)

This expression for the average Green function, derived within the framework of
supersymmetric replicas, coincides with the one obtained separately by means of
fermionic and bosonic replicas (see, e.g., Eq. (5.48)). Hence, the result Eq. (5.55)
for the finite-N average density of eigenlevels readily follows.

5.8. Factorisation property in fermionic and bosonic replicas

The factorisation property naturally appearing in the supersymmetric variation of the
replica method suggests that a generic correlation function should contain both compact
(fermionic) and non-compact (bosonic) contributions. Below, the fermionic-bosonic fac-
torisation property will separately be discussed in the context of fermionic and bosonic
replicas where its presence is by far less obvious even though the enlightened reader
might have anticipated the factorisation property from Egs. (5.19) and (5.21) for
fermionic replicas and from Egs. (5.67) and (5.69) for bosonic replicas.

Fermionic replicas—The Hamiltonian formulation of the fourth Painlevé transcen-
dent employed in Section 5.2.1 is the key. It follows from Egs. (5.19) and (5.21) that
the average Green function G(z; N) is expressed in terms of canonical variables py and
q1 as

9 6z = —amliz) n(i2), (5.106)
where

po(iz) = —% {z + % log DN(zﬁ)} (5.107)
and
qi(iz) = —%(—LJZ)N622/2DN(Z\/§)% [e_zzﬂD,N(—L'zaz\/ﬁ)} . (5.108)

To derive the last two equations, we have used Egs. (5.38) and (5.39) in conjunction
with Egs. (F.7) and (F.8).
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With the help of Eq. (5.93), the canonical “momentum” py can be related to the
fermionic partition function for one flavor,
—%%bg 27 (2, N). (5.109)
This is a compact contribution to the average Green function. A mnon-compact
contribution is encoded in the canonical “coordinate” g; which can be related to the
bosonic partition function via Eq. (5.95):

po(iz) =

. i d _(—
aliz) = —5 27 (5 N) 527 (5 N), (5.110)
so that
O iy L0 o a2 o).

This is yet another factorised representation for G’(z; N) [compare to Eq. (5.101)].

Bosonic replicas.—To identify both compact and non-compact contributions to the
average Green function, we turn to Eqs. (5.67) and (5.69) to represent the derivative
of the average Green function G(z; N) in terms of canonical variables py and ¢; as

0

5, G N) = =2po(=) (=), (5.112)
where

po(z) = —% z— % log DN(—ézazﬁ)} (5.113)
and
q1(z) = —%(—L'az)Nefzz/QD_N(—Lzoz\/i)% [ezz/zDN(zx/ﬁ)} . (5.114)

To derive the last two equations, we have used Egs. (5.88) and (5.89) in conjunction
with Egs. (F.7) and (F.8).

With the help of Eq. (5.95), the canonical “momentum” py can be related to the
bosonic partition function for one flavor,

10 -
po(z) = 5&10g25 )(Z;N). (5.115)

This is a non-compact contribution to the average Green function. A compact
contribution comes from the canonical “coordinate” ¢; which can be related to the
fermionic partition function via Eq. (5.93):

1 0
a(x) = -5 47 (5N 2V (@), (5.116)
so that
O iy L0 o a2 o).

agreeing with the earlier result Eq. (5.111).

Brief summary.—The detailed analysis of fermionic and bosonic replica limits per-
formed in the context of the GUE averaged one-point Green function G(z; N) has
convincingly demonstrated that the Hamiltonian formulation of the fourth Painlevé
transcendent provides a natural and, perhaps, most adequate language to identify the
factorisation phenomenon. In particular, we have managed to show that the deriva-
tive G'(z; N) of the one-point Green function factorises into a product of canonical
“momentum”

po(t; N) = 1ir%P(t;n,N) (5.118)
n—
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and canonical “coordinate”
1
¢1(t; N) = lim —Q(¢;n, N). (5.119)
n—0n

As suggested by Egs. (5.109) and (5.115), the momentum contribution pg to the average
Green function is a regular one; it corresponds to a compact contribution in fermionic
replicas and to a non-compact contribution in bosonic replicas:

9 ZYF) (z;N) (fermionic)
P~ 521980 5o
< Zi (% N) (bosonic)

On the contrary, the coordinate contribution ¢; is of a complementary nature: defined
by a replica-like limit [Eq. (5.119)] it brings in a noncompact contribution in fermionic
replicas [Eq. (5.110)] and a compact contribution in bosonic replicas [Eq. (5.116)]:

(-) -
Z i IN f
q1 ~ exp </p0 dz> X 92 1 (5 N) (fermionic) (5.121)
9z ZYF)(Z; N) (bosonic)

We close this section by noting that the very same calculational framework should
be equally effective in performing the replica limit for other random-matrix ensembles
and/or spectral observables.

(5.120)

6. Conclusions

In this paper, we have used the ideas of integrability to formulate a theory of the
correlation function

My (sim) = [ dna(30) T deti (o - 30
a=1

of characteristic polynomials for invariant non-Gaussian ensembles of Hermitean
random matrices characterised by the probability measure dpu, () which may well
depend on the matrix dimensionality n. Contrary to other approaches based on various
duality relations, our theory does not assume “integerness” of replica parameters
k = (K1, --,Kkp) which are allowed to span k € RP. One of the consequences of
lifting the restriction k € ZP is that we were unable to represent the CFCP explicitly
in a closed determinant form; instead, we have shown that the correlation function
I, p(s; &) satisfies an infinite set of nonlinear differential hierarchically structured
relations. While such a description is, to a large extent, implicit, it does provide
a useful nonperturbative characterisation of II,,(s; &) which turns out to be much
beneficial for an in-depth analysis of the mathematical foundations of zero-dimensional
replica field theories.

With certainty, the replicas is not the only application of a nonperturbative approach
to CFCP developed in this paper. With minor modifications, its potential readily
extends to various problems of charge transfer through quantum chaotic structures
(Osipov and Kanzieper 2008, Osipov and Kanzieper 2009), stochastic theory of density
matrices (Osipov, Sommers and Zyczkowski 2010), random matrix theory approach to
QCD physics (Verbaarschot 2010), to name a few. An extension of the above formalism
to the CFCP of unitary matrices may bring a useful calculational tool for generating
conjectures on behaviour of the Riemann zeta function at the critical line (Keating and
Snaith 2000a, 2000b).

Finally, we wish to mention that an integrable theory of CFCP for # =1 and 5 =4
Dyson symmetry classes is very much called for. Building on the insightful work by
Adler and van Moerbeke (2001), a solution of this challenging problem seems to be
within the reach.
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Appendices

A. Bilinear Identity in Hirota Form: An Alternative Derivation

In Section 3.3, the bilinear identity in Hirota form [Eq. (3.27) or, equivalently,
Eq. (3.34)] was derived from the one in the integral form [Eq. (3.18)]. As will be
shown below, the latter is not actually necessary.

An alternative proof of the bilinear identity in Hirota form [Eq. (3.34)] starts with
the very same Eq. (3.19),

/ AT, (\) e? BN ela= Dot p) g ) pn) (¢/; ))
D
= /@ AAT ,(N) " @M a5 pin) (g ) pln) (¢/; ), (A.1)

However, instead of employing Cauchy representations [see Eqs. (3.21) and (3.24) in
the original proof], we assume existence of Taylor expansions

ela=DuE=t5)) p(n) 3/, \) Z A\ (A.2)
and
pav(t—t ) p (n) (t:\) ZB a (A.3)
to rewrite Eq. (A.1) in the form
S, (V]), =S
Here, we have used the scalar product notation defined in Eq. (3.6). The bilinear iden-

tity is obtained from Eq. (A.4) after expressing all its ingredients in terms of the 7
function Eq. (3.1).

PL(#: ) (A.4)

I, ev®)

(i) The coefficients A, and B,. To determine A,, we employ two identities,

ela=Dv(t—t":2) _ i sk ((@a—1)(t—t))\F (A.5)
k=0
and
PI(E5 ) = ﬁ <Z A sim (—[at,])> (), (A.6)
Tm (t ) k=0

where [8y] denotes

0 190 10
[at']_<a_t/la§a_téaaza_t;€a)

Equation (A.5) is a consequence of Eq. (2.6) and the definition of Schur polynomials
(see Table 1). Equation (A.6) follows from the Heine formula

m

n 1 vt I\

PRGN = —rm— / I (@6 0= Ta) e ®20) A2y (AT)
m! T () i

and the identity

[T =2) =3 Nsmor (=0 (V) (A.8)

j=1 k=0
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where p,,,(A) is an infinite dimensional vector

1 1
P, (A) = (trm)\, §trm)\2, R Etrm)\k, . ) . (A.9)

Indeed, substituting Eq. (A.8) into Eq. (A.7), we derive:

/ 1 - ot A
PN =~ [T (0 0= A Tah) @) a2 3
m! (t") ™ j=1
A = 1/ m
= — d\; Tr(X) e’ ) s (=p, (X)) AZ (A
I 2 X I_[( S Tn(y) @20 sy (=, (V) AZ ()
_ A™ - 1 F;) (m—n) t A10
&mfn)(t/)Z/\k R (=[0p]) 7" () (A.10)

In the last step, we have used the obvious formula
sk (—100]) [T €™ = sk (=p,,(N) ] e® . (A.11)
j=1 j=1
Having established Eq. (A.6), we substitute it and Eq. (A.5) into Eq. (A.2) to obtain

o

A“‘W S s(la=1)t—1) smoork (—[B) T, (A12)

k=max(0,0—m)
Similar in spirit calculation yields
1 7 .
Bo=—m— >, selat—t)) seor (~[0]) 7V (8). (A.13)
(£—n) t
Ty ( ) k=max(0,0—¢)

(i1) Scalar products. Now we are ready to express the scalar products in Eq. (A.4)
in terms of the 7 function Eq. (3.1). Having in mind the Heine formula Eq. (A.7), we
rewrite the scalar product in the Lh.s. of Eq. (A.4) as

{41
ol p(n) g, — 1 v(t;Aj) 2
AP (6 A =— dX; Ty (N i) AT (A
< 14 ( ) )>l—‘n6“(t) K'Téffn)(t) ~/Dz+l;l:]];( J ( J)e ) E( )
‘
x A7y [ e = M) (A.14)
j=1
Due to the identity
¢
AN [TOwrs = A5) = A (), (A.15)
j=1
the scalar product is further reduced to
;/ ﬁ (d/\-l“ ) e”“*ﬂ) A2 (N Al . (A.16)
/) Tlgefn) (t) pe+1 i J J + H-?:l()\ngl _ )\J)
Symmetrising the integrand,
Ao 241 -
C8 - > —x a (A.17)

Hﬁ:l()\wfl -N)  ttli i1 jza(Aa = Aj)
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and employing the remarkable relation (taken at n =€+ 1) §

- = 1 0 o <0;
Anite =<7 " (A18)
; j;lljjl'#a )\0‘ - )\j { So (pn(A)) ) o= 07
we deduce:
(n) 1 o
7| PO (8 0) - / A To())) @) L A2 (N)
< 14 >Fn ev(t) ([ + 1)| Téffn) (t) pet Jl;[l ( J J ) £+1
0, o <t
X (A.19)
So—t (Pes1( W), o>/
For o > ¢ (which is the only nontrivial case), this scalar product reduces to
o| p(m) (4. __ (¢+1-n)
(3 [P )\)>Fn w0 = T St (B ), o2 (A.20)
Te (t)
By the same token,
1 _
o| p(n) 4. _ , (m+1—mn) /s >
<)\ P (¢ ,)\)>Fn o = T (8]) T @), o >m. (A21)

(i1i) The bilinear identity. Now we are in position to derive the bilinear identity.
To this end we substitute Eqgs. (A.12), (A.13), (A.20) and (A.21) into Eq. (A.4). Up
to the prefactor

1
Y n )

)

its L.h.s. reads:

i Ag (A7

o={

S Y si(a=DE 1) smeosk (—[00)) so—e (18e]) 74T ()T ().

o={ k=max(0,0—m)

Pe(") (t; )\)>F o)

Owing to the identity ||
sp(—[0x])) 7™ () =0 for k>m, (A.22)

the latter reduces to

S0 si((a=D)E—1)) sm_ork (<[00]) so—e ([8e]) T T )T,

o={ k=max(0,0—m)
Interchange of the two series brings
(e k+m—~

ST silla-DE-t) Y Seim-r-o (—18¢]) 5o ([8e]) T T @) (@),
o=0

k=max(0,£—m)

§ Equation (A.18) is essentially Eq. (3.16) written in terms of the Schur polynomials.
|| Equation (A.22) follows from Eq. (A.11) and the expansion

H(l —x)j) =exp |:Z % (Z A?>:| = Z 2 s (=pm(N)) -
. j=1 k=0

Jj=1 a=1

Indeed, since the Lh.s. is the polynomial in z of the degree m, the Schur polynomials sy, (—p,,(A)) in
the r.h.s. must nullify for & > m.
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Making use of yet another identity I

k
set—t) =Y sio(—t)s,(t), (A.23)
o=0
we derive:
34, <X’ P A)>F "
o=/ ne

Yo se(a=1)E =) sermr (18] = [8e)) 7 T @I E). (A24)
k=max(0,0—m)
Setting the vectors t and ' to
t,t)— (t+z,t—x),
(see Eq. (3.28)), and applying the Property 3 of B [Eq. (B.7)], we rewrite Eq. (A.24)
in terms of Hirota operators:

oo

=P N 52— 1)(@) sprm-e (D) 4T @ 0 n @), (A25)
k=max(0,0—m)

Finally, replacing n with n = m — s, we reproduce the Lh.s. of Eq. (3.34). The r.h.s. of
Eq. (3.34) can be reproduced along the same lines starting with the r.h.s. of Eq. (A.4).
This ends the alternative proof of the bilinear identity in Hirota form.

B. Hirota Operators

Definition. Let f(¢t) = f(t1,t2,---) and g(t) = g(t1,t2,---) be differentiable
multivariate functions. The Hirota derivative is a bilinear differential operator,
Dy f(t) o g(t), defined by

Dy, f(t)og(t) =

) 9 9 /
st oat=o) = (557 ) F09)
050) _, ,\20lt)

g( ) Oty Oty

t'=t

- /(@)

(B.1)

Property 1. Let P(D) be a multivariate function defined on an infinite set of
differential operators D = (D1, Dy, ---) such that

PD) [() 0 g(t) =T () [(t+8)g(t—&)| _ (B-2)
with 8¢ = (0/0¢1,0/0¢€2, - - -). Then it holds:
P(D) f(t) 0 g(t) = P(=D) g(t) o (1) (B.3)

Property 2a. Setting g(¢t) = f(t) in Eq. (B.3), one observes:
[ID* ft)o f(£) =0 for > o = odd. (B.4)
k

k

Property 2b. It follows from Eq. (B.1) that

2
DyDef(t)o f(t) = 2f*(t) ot.0t,

log f(¢) (B.5)

1 It readily follows from the equality

o . L
T2 0ty —th)ad S50 tied = D5 el

€ =€

Taylor-expanded around z = 0 and the definition Eq. (2.11) of the Schur polynomials.
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and

4
DiDeDmDaf(t)o f(£) = 22(t) —2

Ot 0t 0t,,0t,

) [ (5 08 (5725 o7 0)
+ (i 1080 (5 1os )

+ (%{;n log f(t)) <5tf(92tm log f(t)) ] . (B.6)

Property 3. Let (z - D) denote the scalar product (z - D) = >~ x3Dj. The
exponential identity holds:

@ D) f(t)og(t) = f(t+a)glt — ). (B7)

log f(t)

For a more exhaustive list of the properties of Hirota differential operators, the reader
is referred to Hirota’s book (Hirota 2004).

C. Jacobi Unitary Ensemble (JUE)

The correlation function of characteristic polynomials in JUE is defined by the formula

1 n
Hn|p ($;k) = W/( . H (d/\j (1 —=X)*(1+N) H ) SAZ(A) (C)
n —1,1)™ j=1 a=1
where
—|— DG+ ) +v)
N —9n +n(,u+v) .] C.2
H FG+n+up+v) (€.2)

is the normalisation constant. It is assumed that both 4 > —1 and v > —1. The
associated 7 function equals

(s, ki t) = |/ H(d)\ ML+ Aj)Y evEA) ﬁ o= A" )-Ag(x).
e J(—1,1)n 1

(C.3)

The superscript J standing for JUE will be omitted from now on.

Although the very same technology is at work for a nonperturbative calculation
of the JUE correlation function Eq. (C.1), its treatment becomes significantly more
cumbersome. For this reason, only the final results of the calculations will be presented
below.

C.1. Virasoro constraints

In the notation of Section 3, the definition Eq. (C.1) implies that ||

fO)=1-)2 = ag = 0k,0 — Ok,2, (C4)
N =@p—-v)+p+v)N = bp=p—v)ko+ (L+1v)ok1, (C.5)
D = (—-1,+1) —  dim(c’) = 0. (C.6)

|| Notice that dim(¢’) = 0 follows from Eq. (3.70) in which Z¢ = {—1,+1}.
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This brings the Virasoro constraints Eqs. (2.15) — (2.21) for the associated 7 function

Eq. (C.3) in the form

q q+2
Lq(t) = Lgta(t) + Z Uin(SK) 50— — Z Im (S, k) F T
m=0
—(p—v) —( —l—u)ir(gn't)*@T(gn't)
IUJ (9tq+1 ‘U (9tq+2 n ) ’ q'n ) 9 )

where the operator qu is defined through operators Eq. (4.8) as

and L, (t) is the Virasoro operator given by Eq. (2.21).

The three lowest Virasoro constraints for ¢ = —1, ¢ = 0, and ¢ = +1 read:

oo

ti—— — Y jtim—— —2n+p+v+r)—— |log7(s, Kkt
<;j 1Ot ;] 7Oty (Bntu )‘%1) 57l :

+nty —nlp—v+ 91(s, k)] = D_1 log 7 (s, k3 t),
9
it 2 —u—v+ 9 <z

0
—2n+p+v+k) —) log 7, (s, K; t)
Oty

(C.7)

(C.9)

2
— <i log 7, (s, n;t)) +nn+k— s, k)] = @0 log 7, (s, Kk;t), (C.10)

ot
and
i Z] +[2n+ Kk — 92(s, k)] =— 0 28—2
= J a ot T Ot0ts

—m—u+ﬂm<nﬂ£2

+n [V1(s, k) — Us(s, k)]

0 o .
-2 (B_tl log 7, (s, K; t)> <a—t210g7'n(g,n,t)> = D1 log (s, Kk; t).

0
Cn+p+v+k) —) log 7, (s, K; t)
Ots

C.2. Toda Lattice equation

(C.11)

Projecting the first Toda Lattice equation Eq. (4.15) onto the hyperplane ¢ = 0 with the
help of the first [Eq. (C.9)] and second [Eq. (C.10)] Virasoro constraints, one derives:

—~J
TLl :

[0+ v+ 02D, + Do) = (v + ) [ — v+ 91(s,5)] D1 | Tog T (s )

+ (®—1 log IL,, (S5 R))Q

tn(n+ p+v+n) [0+ pt v+ R) = - v+ oK)
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CCntpt+v+r)?[Cn+ptv+r)?—1]

o @ntp+r)? [@2ntptr)? 1]

1_[n—i-l|p (§; H) Hn—l\p(g; H)
I, ,(s; k)

n|p

xdn(n+p)(n+v)(n+p+v) . (C.12)

—~1J
Notice the structural similarity between TL; and the first Toda Lattice equation for
the CyUE [Eq. (D.12)].

C.3. KP equation and Painlevé VI

Projecting Eq. (4.57) onto ¢ = 0 with the help of all three Virasoro constraints
Egs. (C.9) — (C.11), one derives:

] . A . . A
KP; : @4_1 + 4@0@2_1 + 01[1)_1]@1371 + OZ[O)O]Q(QJ + 04[07_113()@,1

+04[71,71]5AD2_1 +B81D_1 + BoDo + fi D1 + B2 Do log IT,, . (s; &)

+ (@%1 log IT,, (55 n)) [6@31 + 4@0} log 11, ,(s; k)
+ (ﬁ,l log IT, (5 n)) [4®0®,1 + 2D, — 2®,1] logIl,,(s;6) =v.  (C.13)

Here, ay; ), B; and vy are the short-hand notation for the following functions:

a1 1 =442 = v+ Oi(R): — A+ v+ k) [k — Da(s, k) —nl,
Qo,—1] = —2(u+v+r)|u—v+ (s k),

apo  =3Cntptrtr)’,

a1 22[1—2(2n+u+u+f<¢)2 ,

B =ptv+r)p—rv+ 956 K)]+[k—v+ di(s, k)] [ — 2(s, k)],
Bo = =2[@n+p+v+r)?+ (ptv+r) k- da(s, k)]

A = —[p—v+ (s, k)] (p+v+rK),

Ba =20@n+pu+v+r)?,

v = 2n(n+ pt v+ 1) | o — Dals, I + (u+ v+ 1) [5 = Da(s, )]

+ = v+ Di(s k)] [Va(s. ) — da(s, )] |.

—J
Remark. For p = 1, the equation KP; simplifies. Indeed, introducing the function

) 4
#(6) = (¢ = g logTh (s %) + ST obiby by b, (C14)
2<i<j<4 =2
where b;’s are given by
1
b=+ 5(:“ - V)v
b=~ i+ v)
2 — 2 ,U v Ll
1
by = + §(M+V+271),
1
by = —§(u+u+2n+2f$), (C.15)
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one observes that Eq. (C.13) transforms to
(2 = 1)%¢" +26(¢* = 1) " + 6(<* = 1) (¢)* = 8 i’ + 2¢°
— 41 @ —4vys — 209 =0 (C.16)
with the parameters

ij, vo =3 bib3, ws= > UIbIbE,  va = Dbibabsba. (C.17)

i<j i<j<k

Equation (C.16) can equivalently be written as
(2 = D" = 4(9)* +4¢'(s¢' - )?
—dv1 (@) —8ua ¢ — @] — dvap’ —4dvs =0. (C.18)

The boundary condition at infinity reads:

~—i(u+u+2n)2§ (1+0(™h). (C.19)

o(s)

S—r 00

It is easy to convince yourself that Eq. (C.18) can be reduced to the sixth Painlevé
transcendent. Introducing the new function

1

h(t) = 5¢(6)

one straightforwardly arrives at the o form of the sixth Painlevé transcendent (Forrester
and Witte 2004):

(C.20)

)
¢=2t—1

4

Rt = 1) B + 1 (2h — (2t = 1)R') + bibabsba]” = [ (' +02), (C.21)
j=1

see Appendix E for more details.

D. Cauchy Unitary Ensemble (CyUE)

For the Cauchy Unitary Ensemble (CyUE), the correlation function of characteristic
polynomials is defined by the formula

Ty (sim) = Néy /ﬂ(ﬁmc&—&)%)-mx) (D.1)

a=1
where
2m)" S TG+ 1D)T2v+1—n—j)
gn(@v—n) L (v +1-j)

NCY = (D.2)

is the normalisation constant. It is assumed that the parameter v is real and
v >n+ (k—1)/2, where k = tr, k. The associated 7 function equals

cV(tiA))
(e, kit) = lv/n_H<dA1+A2 Hca—- >.Ai(x). (D.3)

The superscript Cy standing for CyUE will further be omitted. Similarly to the JUE
case, involved character of the calculations makes us present only the main results.
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D.1. Virasoro constraints

In the notation of Section 3, the definition Eq. (D.1) implies that

FO)=14+X = ap=0ko+0r2, (D.4)
gA) =20 X = by =200k, (D.5)
D=R — dim(c¢’) = 0. (D.6)

This brings the Virasoro constraints Eqgs. (2.15) — (2.21) for the associated 7 function
Eq. (D.3) in the form

q o q+2
Lq(t) + Lgt2(t) + I (S, K) + I (S, K)
ot mz::O Otgm = Otgram
o .
—2v Tn(s,K;t) = Dy T (S, K3 t), (D.7)
atq-i-2

where ®q is defined through operators Eq. (4.8) as

||
w)

d
Z 1+¢%) ‘”1& (D.8)

(not to be confused with the operator @q defined by Eq. (C.8) of the previous subsec-
tion) and £,(t) is the Virasoro operator given by Eq. (2.21).

The three lowest Virasoro constraints for ¢ = —1, ¢ = 0, and ¢ = +1 read:
= 0 > 0 0
it —— + iti—— — (20 —2n — k) — | log (s, K; T
+nty +ni(s, k) = Dy log7a(s, ki t), (D.9)
(9 82
it — it —— + —

) ) ?
—(2v —2n — k) 8_t2> log 7, (s, K5 t) + (8_151 log 7, (s, K; t))

+n2 + n [k + Ua(s, k)] = Do log 7, (s, k; 1), (D.10)
th —I—th + 2n+ kK + Y2, K)] 0
Jat Ja Ot
+ 91 ( n)a +(k+2 —2)3—1-2 i log 7 (s, Kk; t)
R T TR T TR Rt
+n [191(§, H) + 03 (Cv R)]
+2 0 log 7, (s, K; t) 0 log (s, k3 t) | = D1 log (s, k;t). (D.11)
8t1 8152

D.2. Toda Lattice equation

Projecting the first Toda Lattice equation Eq. (4.15) onto the hyperplane ¢ = 0 with the
help of the first [Eq. (D.9)] and second [Eq. (D.10)] Virasoro constraints, one derives:

—C
TL,
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[(2V —2n — k)2(D?, — Do) — (2v — k) V1 (s, K) 25_1} log I, ,(s; &)

n (@ 1 1og T, p(s; ))2 +n2v—n— k) [(2v - 20— 8)? + (s, K)?)
= (2v—2n — K)?[(2v — 2n — k)% — 1]
n(2v —n) Hn 1,(s;R) (S5 K) '

X
dn—-v)2 -1 Hilp(g; K)

(D.12)

—~C
Notice the structural similarity between TL; ¥ and the first Toda Lattice equation for
the JUE [Eq. (C.12)].

D.3. KP equation and Painlevé VI

Projecting Eq. (4.57) onto ¢ = 0 with the help of all three Virasoro constraints
Egs. (D.9) — (D.11), one derives:

NCy

KPl 'D 4@0@ +Oé 1]'D 'D 1 +OAQO]D + a[0,-1] ®0®,1

+Oé[,1771]§D2_1 + ﬁ—1®—1 + ﬁ0®0 + ﬁ1®1 + ﬁ2®2 10g Hn|p(§; K’)

+ (@%1 log IT,, (55 n)) [6@31 - 4@0} log 11, ,(s; k)
— (ﬁ,l log IT, |, (5 n)) [4®0®,1 —2D, — 2®,1] logIl,,(s;6) =v. (D.13)

Here, ay; ), B; and 7 are the short-hand notation for the following functions:

op1-1 = —4n® =2 91(s,k)? — 420 — k) [k + Va(s, k) — 1],
@l0,—1] = 2(2V - K:) 191(§, H)v

Q[o,0] =3Q2v-—-2n-— /{)2 ,

ap_y =2 [1 —2@2v—2n—r)?],

ﬂ*l = (2V - ’{) 193(§a K/) + 191(§, K/) [’{ + 192(§7 H)] )

Bo =-2[2v—2n- k) — (2v — k) [k + Va(s, k)],

A = — (s, k) (2v — k),

B2 :—2(2V—2n—li)2,

5 =2n(2v —n — K) [ — [+ 192(C,R)]2 + (2v — k) [k + VY2(s, K)]

+ D15, 8) [V1(5, %) + V(s k)] |

—C
Remark. For p = 1, the equation KPly can be simplified. Indeed, introducing the
function

4
o(s) =1+ )glogﬂ s Y bibj—bi Yy b, (D.14)
2<z<]<4 j=2
where b;’s are given by
b1 =0,
bo=v—n,
by = —v,

by =Kk —v+n, (D.15)
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one observes that Eq. (D.13) takes the form of the Chazy I equation
(142" +2¢(1+6%) ¢" +6(1+ %) (¢')* = 8 + 27
+4v1 @ + 205 =0 (D.16)
with the parameters
4
vi= b3, =) b, wvs= > bbb, (D.17)
j=1 i<j i<j<k

Equation (D.16) can equivalently be written as

[(1+6)¢"]" + 4(¢')° + 49/ (¢ — )% + 4v1 (') + sy’ + dvs = 0. (D.18)
The boundary condition at infinity reads:
so(c)’ ~—n-v)%(1+0(). (D.19)
S— 00

Introducing the new function

1
h(t) = = D.20
0 =526 s (D.20)
one straightforwardly verifies that it satisfies the equation
4
[t(t — )R + 1 [2h — 2t = DT = T (0 +02). (D.21)
j=2

This coincides with the o form of the sixth Painlevé transcendent [Eq. (C.21)] with
b =0.

E. Chazy I Equation as a Master Painlevé Equation

This Appendix, based on Chapter 6 of Forrester (2010) and Section 4.3 of Adler and
van Moerbeke (2001), collects very basic facts on six Painlevé transcendents and a
closely related differential equation belonging to Chazy I class (Cosgrove and Scoufis
1993).

E.1. Painlevé property and siz Painlevé transcendents

Painlevé transcendents are second order differential equations of the form

y'=F(t.y.y), (E.1)
for which all movable singularities of y(t) are limited to poles, given F' is a rational
function in all its arguments. Note that this requirement, known as the Painlevé
property, does not rule out the existence of immovable (i.e. fixed) essential singularities.
We remind that a singularity is called movable if its location depends on one or more
integration constants.

Painlevé (1900, 1902) and Gambier (1910) have shown that the requirement that all
movable singularities are restricted to poles leads to 50 types of equations, six of which
cannot further be reduced to either (i) linear second order differential equations or (ii)
the differential equation for the Weierstrass P-function,

(v =4y° — g2y — gs, (E-2)
(92, g3 are constants) or (iii) the Riccati equation
Y =a(t)y* +b(t)y + c(t), (E-3)

where a(t), b(t) and c(t) are analytic functions of ¢. (The two later equations represent
an irreducible class of first order differential equations of the form P(¢,y,y’) = 0 with



E Chazy I Equation as a Master Painlevé Equation 57

P being a polynomial in y’, y with coefficients meromorphic in ¢, such that y(t) is free
from movable essential singularities.)

Labeled P to Pyi, these six equations are explicitly given by

P~y =6y +t, (EA)
Pp o~ y'=2P+ty+a, (E.5)
" 1 "2 1 / 3 1 2 J
P~y :Z (v') -7V + oy +¥ (By +7)+§= (E.6)
P //_i 2 § 3 2 2 _ E
v Y=g (W) + Sy’ +aty” +20 a)y+y, (E.7)
1 1 2 1 (y—1)2 B
P nm_ [ = - ne _ > \y—-) e
VoY 2y+1_y>(y) ST oyt
vy | dyly+1)
L9 I T E.8
t Tt T (E-8)

1/1 1 1 2 1 1 1
P m_ = (= - - A . s /
e 2<y+y—1+y—t>(y) <t+t—1+y—t)y
-1 —t t t—1 ot(t —1
-Vl =0) (Bt -1 de-1Y
t2(t — 1) y ooy —1)2 0 (y—t)?
Here, «, B, v and § denote complex constants. The equations Pj, P, and Py have

essential singularities at the point co, the equations Py1 and Py have critical points 0
and oo, whilst the Py1 equation has critical points at 0, 1, and co.

+ (E.9)

E.2. Hamiltonian formulation of of Painlevé transcendents and their
Jimbo-Miwa-Okamoto o forms

Each Py of P; — Py is equivalent to a Hamiltonian system {Q, P, Hy}

. oH,

Q_+8—P’
(E.10)

p_ oM

=30

where Q and P denote derivatives with respect to t, and the Hamiltonian H; =
H;{P, Q,t} is a polynomial or rational function. The equation in canonical coordinate
@, obtained from Eq. (E.10) after eliminating canonical momentum P, is appropriate
Pj equation. Existence of the Hamiltonian formulation of Painlevé equations can be
traced back to absence of movable branch points in Py (Malmquist 1922).

Explicit forms of the Hamiltonians Hjy, as well as the differential equations satisfied
by them, can be found in original papers of Okamoto (1980a, 1980b), see also Noumi
(2004) and Chapter 6 of Forrester (2010). In the random-matrix-theory literature, the
differential equations for Hy more often appear in the so-called Jimbo-Miwa-Okamoto
o-form:

oP ~ (U{/)2 +4 (0{)3 —2(o1 — tog) =0, (E.11)
oPy ~ (0{3)2 + 4oy [(0{1)2 —tof + O'H} —b% =0, (E.12)

2
0P~ (toq)” + orp(4ot — 1)(om — tog)
2

+(oi) I b - 4—13 (Z bj)2 =0, (E.13)

j=1 j=1
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2
O'PIV ~ (O’{IV)2 — 4(O'IV — to'{v)2 + 40’{\/ H (O'{V + b]) = 07 (E14)
j=1
4 2 4
oPy ~ (ta{',)2 - |:UV —tot, + 2(0%)? + o Z bj} +4 H(U{, +0;)=0, (E.15)
=1

oPyr~ ol [t(t = 1) o{]” + {U{/I (20v1 — (2t — 1)oyy)

_::1% i

j=1 r

4
H ol +b3) = 0. (E.16)

These follow from equations for the polynomial Hamlltonlans after appropriate linear
transformations of Hy (Forrester 2010).

E.3. Chazy classes and a master Painlevé equation

Differential equation belonging to Chazy classes (Chazy 1911) is the third order
differential equation of the form

y" =F(tyy,y") (E.17)
with F being a rational function in y, y’, and 3" and locally analytic in ¢, whose general
solution is free of movable branch points. In his classification, Chazy discovered 13
irreducible classes (reviewed in Section 6 of Cosgrove (2000)), of which the class Chazy
I is given by
P’ 6 4P’ p” 4 2Q’ 2R
TpYt Y +P€ 1?2 v+ p =0 (E-18)
with arbitrary polynomials P(t), Q(t) and R(t) of third, second and first degree,
respectively.

Cosgrove and Scoufis (1993) have proven that Chazy I equation (E.18) admits the
first integral, which is of second order in y and quadratic in 3",

4
y”2+ﬁ (Py/2+Qy/+R)y/_(P/y/2+Q/y/+R/)y

1
——P"y? 4| =0, (E.19)

1
4= (P//y/ 4 QN) y2 5

2

c is the integration constant. They also show that this equation is the ‘master Painlevé
equation’ because it unifies all of the six Painlevé transcendents into a single equation.

Making use of Egs. (E.18) and (E.19) in conjunction with Egs. (E.11) — (E.16), one
readily verifies that 0Py can be brought to the Chazy I form (CP;):

CP ~ o +6(c])?+t=0, (E.20)
CPn ~  off +6(cf;)* —4tofy + 2011 = 0, (E.21)

2
CPIH ~ 0'{/1/1 + tUIII 6t (U£II)2 + 40’1110‘{11 + |: H :| UIII UIII = 0 (E22)
2
CPv ~ ol +6(cjy)? + 4[2 b — tﬂ oty + dtory + 2 H b; =0, (E.23)

j=1 j=1
CPy ~ 20y +tol +6t(0})? —doyal (E.24)
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4
+ ol + [t - Zb]}av =0, (E.25)

1

(t—jz:bj)Q—él S b

1<i<j<4

=
CPyr ~  [t(t — D)2 +t(t —1)(2t — 1) 0¥y + 6t(t — 1) (o%7)?
4

—4(2t = 1) ovioyy + o4y D bF + 208,
j=1

1
+3 |t Sovir+ > b =0. (E.26)

1<i<j<4 1<i<j<k<4

F. Functions of Parabolic Cylinder and Two Related Integrals

In this Appendix, we collect some useful formulae related to the functions of parabolic
cylinder and also treat two related integrals Egs. (5.27) and (5.75) encountered in Sec-
tion 5.

(i) Integral representations, differential equation, and a Wronskian.—The functions
of parabolic cylinder D,(w) and D_,_;(iw) admit integral representations

1 , .
D,(w) = 9 P12 /2gu? /4 / da gPe™® /2 imw Rep > —1, (F.1)
Q R
1 2 2 .
D_, 1(iw) = —e" /4/ dg xPe=* /2w, Rep > —1, F.2
p—1(iw) 1) . (F.2)
and are general, linear independent solutions to the equation
d*U 1 w?
— - ——|U=0. F.3
quz * (p T2 ) (F-3)
The corresponding Wronskian is given by
W D_p_1(w), D,(iw)] = P (F.4)

(i1) Functional and recurrence identitites.—The following functional identity holds:

Dy(iw) = "L (=D s () + Dy (). (F.5)

In addition to the three term recurrence relation,

Dy y1(w) — wDp(w) 4+ pDp—1(w) =0, (F.6)
there exist two differential recurrence relations:
w
Dy, (w) + EDp(w) —pDp_1(w) =0, (F.7)
w

(111) Asymptotic expansions.—Throughout the paper we make use of the large-w asymp-
totic expansions:

e For |arg w| < 3m/4:

Dy(w) ~ wPe™"/4 {1 +0 (%)} . (F.9)
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e For /4 < argw < 57 /4:

2 1 V2T 2 1
—w* /4 (X —p—1 _w</4
Dy(w) ~wPe v/ {1+O<—w2>} T p)e PP lew/ [1+O<—w2)].

(F.10)
o For —bm/4 < argw < —m/4:

2 1 V2T ) 2 1
~ apPp—w /4 _ —imp,,,—p—1 w*/4
D,(w) ~ wPe {1—0—0 <—w2>} F(—p)e w e {1—0—0 <—w2)] .

(F.11)

(iv) Integrals Eq. (5.27) and Eq. (5.75).—To calculate the integrals Eq. (5.27) and
Eq. (5.75) encountered in Section 5, we first formulate the Lemma.

Lemma. Let u;i(t) and ua(t) be linearly independent functions whose Wronskian
is a constant:

Wi lut, ug) = ugub — ujug = wy # 0. (F.12)
Then,
(clul(t) + CQUQ(t))Q clul(t) + CQUQ(t) ’ '
where a; and ag are the constants satisfying the relation
1
C1Qxg — Co(xp =— —. (F14)
wo

Proof. Differentiate both sides of Eq. (F.13) and make use of Eq. (F.14).

Remark 1. The integral Eq. (5.27) follows from the Lemma upon the choice
ul(t) = D_N_l(t), UQ(t) = DN(it). (F15)

N we conclude that

Since wg =@

dt _a1D_n_1(t) + aw Dy (it)
/ (1D~ 1(t) + 2 Dx(i)? @D _n (D) + 2D(it) (F.16)

where

C1Qxg — Co(xp = (—Z)N (Fl?)

Remark 2. The integral Eq. (5.75) follows from the Lemma upon the choice

u1(t) = Dn-1(t), wa(t) = D_n(it). (F.18)
Since wy = (—4)", we conclude that
dt OleNfl(t) + OAQD,N(Z't)
2 = s (F.19)
(ClDNfl(t) + CQD,N(Z't)) ClDN—l(t) + CgD_N(’Lt)

where

C10ig — C2X1 = iN. (FQO)
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