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AEXPANSION OF KP HIERARCHY:
RECURSIVE CONSTRUCTION OF SOLUTIONS

KANEHISA TAKASAKI AND TAKASHI TAKEBE

ABSTRACT. The A-dependent KP hierarchy is a formulation of the KP hierar-
chy that depends on the Planck constant A and reduces to the dispersionless
KP hierarchy as h — 0. A recursive construction of its solutions on the
basis of a Riemann-Hilbert problem for the pair (L, M) of Lax and Orlov-
Schulman operators is presented. The Riemann-Hilbert problem is converted
to a set of recursion relations for the coefficients X,, of an A-expansion of
the operator X = Xg + AX1 + h2X2 + --- for which the dressing operator
W is expressed in the exponential form W = exp(X/h). Given the lowest
order term X, one can solve the recursion relations to obtain the higher
order terms. The wave function ¥ associated with W turns out to have
the WKB form U = exp(S/h), and the coefficients S, of the h-expansion
S = So + hS1 + H2So + - -, too, are determined by a set of recursion rela-
tions. This WKB form is used to show that the associated tau function has
an h-expansion of the form logT = A 2Fy + A 'F + Fo + - - -.

0. INTRODUCTION

The KP hierarchy can be completely solved by several methods. The most clas-
sical methods are based on Grassmann manifolds [SS], [SW], fermions and vertex
operators [DJKM]| and factorisation of microdifferential operators [Mu]. Unfor-
tunately, those methods are not very suited for a “quasi-classical” (h-dependent,
where 71 is the Planck constant) formulation of the KP hierarchy.

The h-dependent formulation of the KP hierarchy was introduced to study the
dispersionless KP hierarchy [KG], [Kr], [TT1] as a classical limit (i.e., the lowest
order of the hi-expansion) of the KP hierarchy. This point of view turned out to be
very useful for understanding various features of the dispersionless KP hierarchy
such as Lax equations, Hirota equations, infinite dimensional symmetries, etc., in
the light of the KP hierarchy. In this paper, we return to the A-dependent KP
hierarchy itself, and consider all orders of the h-expansion.

We first address the issue of solving a Riemann-Hilbert problem for the pair
(L, M) of Lax and Orlov-Schulman operators [OS]. This is a kind of “quantisation”
of a Riemann-Hilbert problem that solves the dispersionless KP hierarchy [TTI].
Though the Riemann-Hilbert problem for the full KP hierarchy was formulated
in our previous work [TT2], we did not consider the existence of its solution in a
general setting. In this paper, we settle this issue by an h-expansion of the dressing
operator W, which is assumed to have the exponential form W = exp(X/h) with an
operator X of negative order. Roughly speaking, the coefficients X,,, n =0,1,2,.. .,
of the A-expansion of X are shown to be determined recursively from the lowest
order term X (in other words, from a solution of the dispersionless KP hierarchy).
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We next convert this result to the language of the wave function ¥. This, too,
is to answer a problem overlooked in our previous paper [TT2]. Namely, given
the dressing operator in the exponential form W = exp(X/h), we show that the
associated wave function has the WKB form ¥ = exp(S/h) with a phase function
S expanded into nonnegative powers of A. This is genuinely a problem of calculus
of microdifferential operators rather than that of the KP hierarchy. A simplest
example such as X = x(hd)~! demonstrates that this problem is by no means
trivial. Borrowing an idea from Aoki’s “exponential calculus” of microdifferential
operators [A], we show that dressing operators of the form W = exp(X/h) and wave
functions of the form ¥ = exp(S/h) are determined from each other by a set of
recursion relations for the coefficients of their h-expansion. More precisely, we need
many auxiliary quantities other than X and S, for which we can derive a large set
of recursion relations. Thus our construction is essentially recursive. Consequently,
the wave function of the solution of the aforementioned Riemann-Hilbert problem,
too, are recursively determined by the h-expansion.

Having the fi-expansion of the wave function, we can readily derive an h-expansion
of the tau function as stated in our previous work [T'T2]. This A-expansion is a
generalisation of the “genus expansion” of partition functions in string theories and
random matrices [D], [Kx], [Mo], [dFGZI.

This paper is organised as follows. Section 1 is a review of the i-dependent formu-
lation of the KP hierarchy. Relevant Riemann-Hilbert problems are also reviewed
here. Section 2 presents the recursive solution of the Riemann-Hilbert problem. A
technical clue is the Campbell-Hausdorff formula, details of which are collected in
Appendix A. The construction of solution is illustrated for the case of the Kont-
sevich model [AvM]| in Appendix B. Section 3 deals with the h-expansion of the
wave function. Aoki’s exponential calculus is also briefly reviewed here. Section 4
mentions the fi-expansion of the tau function. Section 5 is devoted to concluding
remarks.
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1. h-DEPENDENT KP HIERARCHY: REVIEW

In this section we recall several facts on the KP hierarchy depending on a formal
parameter 7 in [T'T2], §1.7.
The h-dependent KP hierarchy is defined by the Lax representation

oL

(11) haT = [Bn,L], Bn: (Ln)zo, n = 1,2,...,

where the Lax operator L is a microdifferential operator of the form
o0 o 6

(1.2) L=h0+Y unpi(hzt)(h0)™", 0= et

n=1
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and “( )>o” stands for the projection onto a differential operator dropping negative
powers of 9. The coefficients u,,(f, z,t) of L are assumed to be formally regular
with respect to A. This means that they have an asymptotic expansion of the form
up(hyz,t) =37, Emul™ (z,t) as b — 0.

We need two kinds of “order” of microdifferential operators: one is the ordinary
order,

(1.3) ord (Z an,m(z, t)h"@m) def max{m | an m(x,t) # 0},
and the other is the fi-order defined by
(1.4) ord" (Z an,m(z, t)h"(?m) def max{m — n | anm(x,t) # 0}.

In particular, ord" A = —1, ord"d = 1, ord" hd = 0. For example, the condition
which we imposed on the coefficients w, (h, x,t) can be restated as ord"(L) = 0.

The principal symbol (resp. the symbol of order l) of a microdifferential operator
A =3 anm(z, t)h"0™ with respect to the Ai-order is

(1.5) AMAE N m(atEm

m—n=ord(A)
(1.6) (resp. o (A) =" 37 Gy m(z,1)E™).
m—n=lI

When it is clear from the context, we sometimes use o” instead of o'

Remark 1.1. This “order” coincides with the order of an microdifferential operator
if we formally replace i with Bt_ol, where tg is an extra variable. In fact, naively
extending (L) to n = 0, we can introduce the time variable ¢y on which nothing
depends. See also [KR].

As in the usual KP theory, the Lax operator L is expressed by a dressing operator
W

(1.7) L =AdW(ho) = W(hO)W 1

The dressing operator W should have a specific form:

(1.8) W = exp(h™ X (h, z, t, hd))(hd)*W/"

(1.9) X (hx,t,hd) = > xk(h, z,1)(hd)F,
k=1

(1.10) ord™( X (h, x,t, hd)) = ord" a(h) = 0,

and «(h) is a constant with respect to z and ¢. (In [TT2] we did not introduce «,
which will be necessary in Section 21)
The Orlov-Schulman operator M is defined by

(1.11) M =Ad(Wexp (A '¢(t,h0)))z =W <§: nt,(h0)" ! + x) Wt

n=1

where (¢, h0) =Y 7 to(hO)™. It is easy to see that M has a form

(1.12) M= nt,L" '+ x+ oML+ va(h,@, )L
n=1 n=1

and satisfies
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e ord"(M) = 0;
e the canonical commutation relation: [L, M] = A,
e the same Lax equations as L:

oM
(1.13) ho— = [B,,M], n=12,....

Oty
Remark 1.2. If an operator M of the form ([TI2)) satisfies the Lax equations (II3)
and the canonical commutation relation [L, M] = /i with the Lax operator L of the
KP hierarchy, then «(h) in the expansion (.12 does not depend on any ¢, nor on

x. In fact, expanding the canonical commutation relation, we have
9]
h+ ha—a(ha)_l + (lower order terms) = h,
x
which implies $& = 0. Similarly, from (LI3) follows 9% = 0 with the help of (L.I)
and [L", M| = nhL™ L.

The following proposition (Proposition 1.7.11 of [TT2]) is a “dispersionful” coun-
terpart of the theorem for the dispersionless KP hierarchy found earlier (Proposition
7 of [TT1l]; cf. Proposition [[.4] below).

Proposition 1.3. (i) Suppose that operators f(h,x,hd), g(h,x,hd), L and M
satisfy the following conditions:

e ord" f =ord"g =0, [f,g] = h;

o L is of the form (L2) and M is of the form (L12), [L, M| = k;

o f(h,M,L) and g(h, M, L) are differential operators:
(114) (f(haMaL)><0 = (g(thvL))<O = 0.

Then L is a solution of the KP hierarchy (LI) and M is the corresponding Orlov-
Schulman operator.

(i1) Conversely, for any solution (L, M) of the h-dependent KP hierarchy there
exists a pair (f,g) satisfying the conditions in (i).

The leading term of this system with respect to the fi-order gives the dispersion-
less KP hierarchy. Namely,

(1.15) L:=0"(L) =€+ uont1&™™  (womnt1 = 0"(uns1))
n=1
satisfies the dispersionless Lax type equations
oL
(116) 87 = {Bn,ﬁ}, Bn: (En)zo, n = 1,2,...,
where ( )>o is the truncation of Laurent series to its polynomial part and {,} is
the Poisson bracket defined by
Oa db  Oa Ob
1.17 b =—— - ——=.
The dressing operation (7)) for L becomes the following dressing operation for
L:
L= exp(ad{y} XO) exp(ad{y} Qo 10g§)§ = exp(ad{y} Xo)f,
Xo = 0"(X), ap :=c"(a)

where adyy(f)(g) == {f, g}

(1.18)
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The principal symbol of the Orlov-Schulman operator is

(119) M= nto L' Ha+aol + ) wal " v =0 (vn),

n=1 n=1

which is equal to
(1.20) M = exp(adyy Xo) exp(ady; aglog€) exp(adyy ((,€)),

where ((t,£) = Y07, tn&". The series M satisfies the canonical commutation
relation with £, {£, M} =1 and the Lax type equations:

oM
(1.21) — ={B,, M}, n=12,....
oty
The Riemann-Hilbert type construction of the solution is essentially the same as
Proposition [[31 (We do not need to assume the canonical commutation relation

(L, M} =1)

Proposition 1.4. (i) Suppose that functions fo(z,£), go(z,€), L and M satisfy
the following conditions:

b {foago} = 1;
o L is of the form ([[LI8) and M is of the form (19
e fo(M, L) and go(M, L) do not contain negative powers of &

(1.22) (foM, £))<0 = (g0(M, £))<0 = 0.

then L is a solution of the KP hierarchy ([LI)) and M is the corresponding Orlov-
Schulman function.

(i1) Conversely, for any solution (L, M) of the dispersionless KP hierarchy, there
exists a pair (fo,g0) satisfying the conditions in (i).

If f, g, L and M are as in Proposition [L3] then fo = o"(f), go = o"(9), £ =
o(L) and M = o"(M) satisfy the conditions in Proposition [l In other words,
(f,9) and (L, M) are quantisation of the canonical transformations (fo,go) and
(L, M) respectively. (See, for example, [S] for quantised canonical transformations.)

2. RECURSIVE CONSTRUCTION OF THE DRESSING OPERATOR

In this section we prove that the solution of the KP hierarchy corresponding
to the quantised canonical transformation (f,g) is recursively constructed from its
leading term, i.e., the solution of the dispersionless KP hierarchy corresponding to
the Riemann-Hilbert data (o"(f),o"(g)).

Given the pair (f, g), we have to construct the dressing operator W, or X and
a in ([L8), such that operators

f(h,L,M) = Ad (W exp (R~ '((t, D)) f(h,z, hO)

(2.1) g(h, L, M) = Ad (W exp (57'¢(t, 1)) g(h, z, hd)
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are both differential operators (cf. Proposition [[3]). Let us expand X and « with
respect to the hA-order as follows:

(2.2)  X(h,x,t,hd) Zh" (2,t,10), Xn(z,t, hd) ank:vtha

(2.3) a(h) = Z R o,
n=0

where X and o, do not depend on i and hence x; in (L9) is expanded as
Xk = Zzo:o han,k-

Assume that the solution of the dispersionless KP hierarchy corresponding to
(c"(f),c"(g)) is given. In other words, assume that a symbol Xo = Y22, xo.x(z, )¢ *
and a constant ag are given such that

()L, M) = exp(ady y Xo) exp(ady,} aglog§) exp(ady  ¢(t, 5))0h(f)(:v, £)

0" (g)(L, M) = exp(ady ) Xo) exp(adyy aplog€) exp(ady,y ((t,€))o" (9)(x, €)

do not contain negative powers of &:

(2.4) (" (L M)y = (o™ (9)(£. M), = 0.

(See Proposition [[4])
We are to construct X,, and a,, recursively, starting from Xy and «ag. For this
purpose expand f(h, L, M) and g(h, L, M) in [21]) as follows:

(2.5) P = Ad (exp(h"' X) exp(h ™ 'alog hd)) f;
=Py +hP + -+ 0P+
(2.6) Q := Ad (exp(h ' X) exp(h™ ' alog hd)) g
= Qo+ Q-+ + 1 Qu+ -,
where
(2.7) fr:=Ad (ehilC(t’ha)) 7 gt = Ad (ehilg(t’ha)) g,

and P;’s and Q;’s are operators of the form P; = P;(x,t, h9) and Q; = Q;(z,t, kD)
and ord" P; = ord"@Q; = 0. Suppose that we have chosen Xo,...,X;_; and

o, -..,0;—1 so that Py,..., P,_1 and Qp,...,Q;—1 do not contain negative pow-
ers of 9. If an operator X; and a constant «; are constructed from these given
Xo,...,X;—1 and ag, ..., q;—1 so that resulting P; and @; do not contain negative

powers of 0, this procedure gives recursive construction of X and « in question.
We can construct such X; and «; as follows. (Details and meaning shall be
explained in the proof of Theorem 2.11):

e (Step 0) Assume Xo,...,X;—1 and ap,...,a;—1 are given and set

i—1 i—1
(2.8) X0 =3 "0mX,, oY=kt
n=0 n=0
e (Step 1) Set
(2.9) PE-D .= Ad (exp h_lX(i_1)> exp (h_la(i_l) 10g(h8)) It

(2.10) QUY .= Ad (exp h_lX(i_1)> exp (h_la(i_l) 1og(h8)> gt
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Expand PG~ and QU~Y with respect to the A-order as

(2.11) PO = pi=Y 4 ppl=Y 4 pEpUTY 4
(2.12) QU = Q™Y 4 hQU™Y 4 4 HFQUTY 4
(ord" PV = ord" Q" = 0.)
L4 (Step 2) Put PO ‘Z: O'E(Pél_l)), QO = gh(Qél_l)), ’Pi(z_l) = ( (Z 1))
QZ(.Z_l) = ah(QEl_l)) and define a constant «; and a series X;(z,t,£) =
Doy Xk (2, )€ by
5 990 (i-1) 9Py -1
2.1 .1 Fo 9Po _
(2.13) a;log§ + / ((%P o < <_1d§

The integral constant of the indefinite integral is fixed so that the right
hand side agrees with the left hand side.
e (Step 3) Define a series X;(z,t,£) = Y20, Xix(z, 1) by

- 1 - > -
X = & = (0" (X0), &} + Y Kaplad (0" (X0) &,
(2.14) =
X! = a;logé + Xi(z,&) — exp(adyy o"(X0)) (i log €).
Here Ky, is determined by the generating function

z z =
=1-=2 Kopz™P
o 2+;

or Ko, = Bo,/(2p)!, where By),’s are the Bernoulli numbers.
e (Step 4) The operator X;(z,t, h9) is defined as the operator with the prin-
cipal symbol X:

(2.15)

(2.16) Xi= i Xik (@, 1) (hD) "

k=1

The main theorem is the following:

Theorem 2.1. Assume that Xo and ag satisfy 24) and construct X;’s and «;’s
by the above procedure recursively. Then X and o defined by 22) satisfy (LI4).
Namely W = exp(X/h)(hd)*/" is a dressing operator of the h-dependent KP hier-
archy.

The rest of this section is the proof of Theorem 2.1 by induction.
Let us denote the “known” part of X and a by X~V and a1 as in ([ZX)
and, as intermediate objects, consider P4~ and QU~1) defined by (Z9) and 210),

which are expanded as (ZI1]) and (ZI2)).
If X and « are expanded as (Z2]) and (Z3]), the dressing operator W = exp(X/h) exp(a log(hd)/h)

is factored as follows by the Campbell-Hausdorff theorem:
(2.17) W =exp (hi_l(ai log(1id) + X;) + hiX>i) X

X exp (h_lX(i_1)> exp(h_loz(i_l) log(ﬁa)),
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where ord”(«; log(hd) + X;(z, hd)) = 0, ord"(X+;) < 0 and the principal symbol
of a;log(hd) + X,(x, hd) is defined by
(2.18) 0" (a;log(hd) + X;)(,&)

0o a Uh n—1
:Z(d{y} n(!XO)) o"(Xi) + exp(ady,) 0" (Xo)) (e log ).

Note that the only log term in (ZI8) is «;log& and the rest is sum of negative
powers of £. The principal symbol of X; is recovered from X; by the formula

(2.19)

o"(X;) = 0" (X)) ~ %{Uh(Xo), oM X))+ D Kaplady (0" (X0)) o™ (X)),
p=1

o"(X]) = o"(Xi)(2,€) — exp(adyy o™ (Xo)) (e log €)

_ i (ad{7} U'?L('XO))nil Oﬁ(Xi).
n=1 '

Here coefficients K5, are defined by (2.I5). This inversion relation is the origin of
2I4). (Note that the principal symbol determines the operator X;, since it is a
homogeneous term in the expansion ([2.2)).) We prove formulae (2.17) and (ZI9) in
Appendix [Al

The factorisation ([ZI7)) implies

P=Ad (exp(hifl(ai log(1id) + X;) + hiX>i))p(i*1)
=pi-b 4 hi_l[(ai log(hd) + Xz) + hX<, P(i_l)] + (terms of h-order < —i).
Thus, substituting the expansion (ZI1]) in the step 1, we have
P =P 4 P 4 pipiD 4
(2.20) + 1Yoy log(hd) + X;, BV
+ (terms of h-order < —i).

Comparing this with the fi-expansion of P (2.3]), we can express P;’s in terms of

Pj(i*l), X, and q; as follows:

(2.21) P=P  (j=0,...,i-1),
(2.22) 00(P;) = oo(PY" + 1Yoy log(nd) + Xi, B V).

Similar equations for @) are obtained in the same way. The first equations (221
show that the terms of h-order greater than —i in (28] are already fixed by
Xo,...,X;—1 and «g,...,a;—1, which justifies the inductive procedure. That is
to say, we are assuming that Xo,..., X;_1 and ag,...,a;—1 have been already de-
termined so that P; = Pj(z*l) and Q; = Q;Zfl) for  =0,...,7 — 1 are differential
operators.

The operator X; and constant «; should be chosen so that the right hand side
of [2:22)) and the corresponding expression for ) are differential operators. Taking
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equations P(g b— = Py and Q = = Qo into account, we define
Pi(l) — Pz'(kl) + b Yo log(hd) + Xi, Po),
QY = Q"™ 4 h oy log(hd) + Xi, Qo).

Then the condition for X; and «; is written in the following form of equations for
symbols:

(2.24) (@)1 =0, (@(@Q)<-1=0.
(The parts of h-order less than —1 should be determined in the next step of the

(2.23)

induction.) To simplify notations, we denote the symbols og(lﬁi(i)), og(Pi(i*l)) and
so on by the corresponding calligraphic letters as ’PZ-(Z), ’PZ-(Zfl) etc. By this notation
we can rewrite the equations ([2:24)) in the following form:

0.25) (7?}?)2_1 =0, P =P 4 {aslog€ + X, Po} =0,
(@1 =0, QY= 0"V + {aslog€ + &, Qo} = 0.
The above definitions of ’ﬁfz) and QEZ) are written in the matrix form:
% —88—7? (%(ai log € + X)) P _ pli=1)
(2.26) =
0Q 9 o) (o logt + B) Q) — gl

Ox 9¢ /) \ox

Recall that operators P~ and QU—1 are defined by acting adjoint operation to
the canonically commuting pair (f,g) in (29), (ZI0) and (271). Hence they also
satisfy the canonical commutation relation: [P(i_l),Q(i_l)] = h. The principal
symbol of this relation gives

(P, QY = {Py, Qo} = 1,

which means that the determinant of the matrix in the left hand side of (226 is
equal to 1. Hence its inverse matrix is easily computed and we have

- 0 0P,
— (o log& + &;) _99% 9P p@ _ pli=1)

o6 0¢
(2.27) =
- (1 (i-1)
We are assuming that Py and Qg do not contain negative powers of £ and we are
searching for «; log & + X; such that Pi(i) and Qgi) are series of ¢ without negative
powers. Since «; is constant with respect to x, the left hand side of [2:27)) contain
only negative powers of £. Thus taking the negative power parts of the both hand
sides in ([227)), we have

) 5 6Q0 -1) aPO (i—1)

6—5(0@ log & + A;) ( o¢ P K3 e < <1
(2.28) =

g | 5 09y 1) (9’P0 (i—1)

817 (041 10g§+Xl) ( 8{E P Q <-1

This is the equation which determines a; and X;.
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The system ([Z28) is solvable thanks to Lemma below. Hence, integrating
the first element of the right hand side with respect to &, we obtain «; logé + X
This is Step 2, (ZI3). In the end, the principal symbol of X; is determined by
@I9) or [ZT4)) in Step 3 and thus X; is defined as in Step 4. This completes the
construction of X; and «; and the proof of the theorem.

Lemma 2.2. The system (2Z28)) is compatible.
Proof. We check:

9Q0 (i-1) _ 9Po (- 1))
pl
e (e o )

990 (1) 8730 (i— 1))
= 73 Q
T o€ < <1

(2.29)

Since differentiation commutes with truncation of power series, condition ([2.29)) is
equivalent to Saying that the negative power part of the following is zero:

990 i-1)  9Po (i-1) 6Q0 -1y 37’0 (i—1)
73 — 73
= (% =47 P
(2.30) 7390 apPi Y oy aQl Y 99 873/ i N %agf”
06 Oz o6 O dr  0€ or  0&
=—{P{7".Q} — {Po. 0"},
Defined from canonically commuting pair (f, g) by adjoint action (29) and 2.I0),
the pair of operators (P~ QU~1) is canonically commuting: [P¢~1, QU~1D] =
h. The negative order part of this relation is zero. On the other hand substitut-
ing the expansions P01 = 37> | RrPSY and QU = Zn " AQY Y in this
canonical commutation relation and noting that P](l Y and Q D (j=0,...,i-1)
do not contain negative order part by the induction hypothes1s we have

0= ([P, Q" )<
=[PV QS V) + [PUY QU Y] + (terms of h-order < —i — 1).

Taking the principal symbol of this equation, we have

0={P,Qo} + {Po, Q3
which proves that (Z30) vanishes. O

3. ASYMPTOTICS OF THE WAVE FUNCTION
In this section we prove that the dressing operator of the form
(3.1)  W(h,z,t,hd) = exp(X (h,z,hd)/h),  ord"X <0, ordX < -1,
gives a wave function of the form

(3.2) (h,x,t; 2) = Wel@*H G/ — exp(S(h, x,t, 2) /), ord" S <0,
(3.3) S(h,x,t; z) Zh" (x,t;2) + C(¢, 2), C(t, 2) ::Ztnz"
n=1

and vice versa.
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Since the time variables ¢,, do not play any role in this section, we set them to
zero. As the factor (59)*/" in (L8] becomes a constant factor z* when it is applied
to e®*/" we also omit it here.

Let A(h,xz,h0) = 3, an(h,x)(h0)™ be a microdifferential operator. The total
symbol of A is a power series of & defined by

(3.4) oot (A)(h, x,€) : Zan (h, )€

Actually, this is the factor which appears when the operator A is applied to e**/":
(3.5) Ae™ " = gy (A) (B, x, 2)e™/ ",

Using this terminology, what we show in this section is that a operator of the form
eX/" has a total symbol of the form e5/" and that an operator with total symbol
e3/" has a form eX/". Exactly speaking, the main results in this section are the
following two propositions.

Proposition 3.1. Let X = X(h,z,h0) be a microdifferential operator such that
ord X = —1 and ord"” X = 0. Then the total symbol of eX/" has such a form as

(3.6) Orot (exp(h X (B, x, hd))) = e )/h

where S(h, x,€) is a power series of £~ without non-negative powers of & and has
an h-expansion

(3.7) S(h,z, ) = Zh"

)

Moreover, the coefficient S,, is determmed by Xo,...,Xn in the h-expansion
@22) of X =30 yh" X,
Explicitly, S, is determined as follows:
e (Step 0) Assume that Xy, ..., X,, are given. Let X;(z, £) be the total symbol
oot (Xi(z, 1D)).
e (Step 1) Define Y() ) (z,y,&,m) and SO (x,€) by the following recursion re-

lations:
l
(3.8) v, =0
(3.9) SO — o,
(310) YO(,ZRn(Iayvgan) = 5110X’m($7§)

forl=20,m=0,...,n
3.11) v, (2y.6m)

1

Sl R A CHR DR SRS AR I S )
0<i'<i—1
0<m’'<m
for k 2 0, and
| m l
(312) S7(rlL+1)(x7§) - ﬁ Z k(ﬂ)n(.’li,.’l/',f?é-)-
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(We shall prove that Yk(i)n =0 if kK > [+ m.) Schematically this procedure
goes as follows:

0 0 = d1,0Xo Yo(,ll) =91,0X1 Yo(,lg) = 91,0X2
+ N + N +
Y(l),l =0 — Yk(,l(% — Yk(,li — Yk(,lQ)
! /! ! /! 1
Sél+1) S§l+1) SélJrl)

e (Step2) S, (z,6) =32, S l)(x €). (The sum makes sense as a power series

of £.)

Proposition 3.2. Let S = Y7 h"S, be a power series of £~ without non-
negative powers of £&. Then there exists a microdifferential operator X (h,x,hd)
such that ord X < —1, ord" X £ 0 and

(3.13) ot (exp(hLX (, z, hd))) = eSmT&)/h,

Moreover, the coefficient X, (z, &) in the h-expansion X =Y 2  h" X, of the total
symbol X = X (h,x,&) is determined by Sy, ..., Sy in the h-expansion of S.

Explicit procedure is as follows:
e (Step 0) Assume that Sy, ..., S, are given. Expand them into homogeneous
terms with respect to powers of &: Sy (z,€) = 372 Sy (2, &), where S, ;
is a term of degree —j.
e (Step 1) Define v (x,y,&,m) as follows:

k,n,j
(314) Y]C(lzl ](:Euyag?n) = 0
(3.15) Y (2,9, 6,1) = 81,00%,0Sm.1 (2, )

form=0,...,n,k=20,1=0and

(3.16) VA

0,m,j

=0

for m =0,...,n, 1 >0, j 2 1. For other (I,k,m, ), (I,k) # (0,0), Y,\)
are determined by the recursion relation:

l 1)

1
D D

0<l'<i—1
0<j'<j—1,0<m/<m
0k <j—j =141

S;g,@awsnn63¢£;2,jj,1@aaf7®>.

The remaining YO(,?BL ; 1s determined by:

1 1
(318) Vo, @ v =Sus@ O~ Y i (a6,
(1,k)#(0,0)
1,k>0,l+k<j
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(We shall show that Y(l) = 0for I+ k > j.) Schematically this procedure
goes as follows:

1)

Y = 61.00k08m1
l
Yk(/l,/v)n/,l(m/ <m) - k(v)n o (k1 #0) - Y()(n)l 2 T Pm2
| %
Vi m <m) = Y S(h1£0) = Y0y — Sms

o (Step 2) X, (x,8) = > 72, YO%)J(x x,&,€). (The infinite sum is the homo-
geneous expansion in terms of powers of ¢.)

Combining these propositions with the results in Section 2] we can, in principle,
make a recursion formula for S,, (n =0, 1,2,...) of the wave function of the solution
of the KP hierarchy corresponding to the quantised canonical transformation (f, g)
as follows: let Sp,...,S;—1 be given.

(1) By Proposition B2l we have Xy, ..., X;—1.
(2) We have a recursion formula for X; by Theorem 211
(3) Proposition Bl gives a formula for S;.

If we take the factor (h())o‘/ " into account, this process becomes a little bit compli-
cated, but essentially the same.

The rest of this section is devoted to the proof of Proposition [3.I] and Proposi-
tion

These statements might seem obvious, but since the multiplication in the defi-
nition of

> X (h, x, hd)"
(3.19) X =3 X0, @, ho)" hf ' )
n.
n=0

is non-commutative, while the multiplication of total symbols in the series

(3.20) S/t — i S(h,z, )"

Ann!
n=0

is commutative, it needs to be proved. In fact, computation of the simplest example
of X = x(hd)~* would show how complicated the formula can be:

- <1

Otot (ez(ha) l/h) - Z WUtOt (Xn)
n=0

_ 1 2 -2 -3

? (x?’g*?’ - 3hx2§*4 + 3h%2E70)
W(:1:45*4 — 6haBe0 4+ 15h2226 70 — 15R%x¢ ™) +
-3 —5 -7
_exp%(:zrﬁl—xg +x§ _ bag +>

2 2 8
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It is not obvious, at least to authors, why there is no more negative powers of A
in the last expression, which can be obtained by calculating the logarithm of the
previous expression.

To avoid confusion, the commutative multiplication of total symbols a(f,z, )
and b(h, x, &) as power series is denoted by a(h, x, §) b(h, z, ) and the non-commutative
multiplication corresponding to the operator product is denoted by a(h,z,§) o
b(h,x,€). Recall that the latter multiplication is expressed (or defined) as follows:

a(h, z,€) o b(h,x,€) = e"%a(h,z, )b(h, y,n)|y=a.n—¢

(3.21) o pn ) )
- Z Faﬁ a(h, 2, g)ay b(hy ys 1) ly=z,n=¢-

n=0
(See, for example, [S], [A] or [KR].) The order of an operator corresponding to
symbol a(h,x,€) is denoted by orde a(h, z,§), which is the same as the order of
a(h,x,£) as a power series of £&. The fi-order is the same as that of the operator:
ord"z = ord"¢ =0, ord"h = —1.

The main idea of proof of propositions is due to Aoki [A], where exponential cal-
culus of pseudodifferential operators is considered. He considered analytic symbols
of exponential type, while our symbols are formal ones. Therefore we have only to
confirm that those symbols make sense as formal series.

First, we prove the following lemma.

Lemma 3.3. Let a(h, z,§) and b(h, x,€) be two symbols such that orde a(h, z, &) =
M, ord"a(h,x,&) = 0, ordg¢ b(h,z,&) = N, ord"b(h,z,&) = 0, orde p(h, x,&) =
ordg g(h, ,&) = 0, ord" p(h, x, &) = ord" q(h, x, &) = 0.

Then there exists a symbol ¢ (ordec = N + M, ord"c = 0), r (ordgr = 0,
ord"r = 0) such that

(3.22) (a(h,x,f)ep(h’x’f)/h) o (b(ﬁ,x,ﬁ)eq(h’x’g)/h) = c(h, x, €)ermmO/h,

In the proof of Proposition 3.1l and Proposition [3.2], we use the construction of ¢
and r in the proof of Lemma

Proof. Following [A], we introduce a parameter ¢ and consider

(3.23)  m(t) = nlt: bz, &) = M Pa(h, 2, €)b(h, y, n)e (PO ralvm) I,

If weset t = 1, y =  and 5 = &, this reduces to the operator product of B2T]).
The series m(t) satisfies a differential equation with respect to t:

(3.24) Oy = RO Oy, m(0) = a(h, x,&)b(h, y, 77)6(p(h’x’qu(h’y’”))/h.
We construct its solution in the following form:

(t) = p(t)e /",

(3.25) U(t) = ¢(thz,y,&n) = ;wnt :

w(t) = w(t;hw,y,6,m) = wit".
k=0
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Later we set ¢ = 1 and prove that (1) and w(1) is meaningful as a formal power
series of £ and 7. The differential equation (3.24)) is rewritten as
oy _1  Ow
— +h -
(3.26) ot Vo
=hedyth + O1bOyw + Dypdew + 1 (9w + h™ " dewd,w) .

Hence it is sufficient to construct ¢ (t) = 9 (t; h, x,y, &, n) and w(t) = w(t; by z,y,&,n)
which satisfy

(3.27) %—ZJ = hdgOyw + Oewdyw,
0
(3.28) 8_15 = h0:0yY + OcpOyw + Oy Ocw.

(This is a sufficient condition but not a necessary condition for 7 = ¥e™ to be a
solution of (324). The solution of ([B:24)) is unique, but ¢ and w satisfying (3.20)
are not unique at all.)

To begin with, we solve (B27) and determine w(t). Expanding it as w(t) =
Yoo wyt®, we have a recursion relation and the initial condition

k
1
(3.29) We+1 = k+1 <haﬁaywk + goagwyﬁywk_u> ,

Wwo = p(xvg) + q(ya 77)7

which determine wy = wg(h, z,y,£,n) inductively. Note that ords wg < 0 and O
lowers the order by one, which implies

(3.30) orde wy, < —k.

(Here ordg denotes the order with respect to & and n.) This shows that w(1) =
> e wi makes sense as a formal series of £ and 7. Moreover it is obvious that wy,
and w(1) are formally regular with respect to f.

As a next step, we expand 1(t) as ¢(t) = > po ¢¥xt® and rewrite (28] into a
recursion relation and the initial condition:

k
1
Y41 = <h858y¢k + E (Oethy Oywi—y + ay‘/’l/‘%“”@l/)) )
(3.31) k+1 =

1/)0 = CL(.I, g)b(ya 77)
In this case we have estimate of the order of the terms:
(3.32) orde o, SN+ M —k,

which shows that the inifinite sum ¢ (1) = Y72 1 makes sense. The regularity of
¥y and (1) is also obvious.

Thus, we have constructed 7(t) = 7 (t; h, z,y, €, 1) = ¥ (t; b, z,y, £, n)e? EBRwv:.8m)
which is meaningful also at ¢ = 1. Hence the product a(h,z,&) o b(h,z,£) =
(13 h, 2, 2,6, €) is expressed in the form c(h,x,&)e” @8/ where c(h,z,&) =
V(1 ke, x,E,6), r(h,z, ) = w(l; Az, 2, &, €) /A |

Proof of Proposition[31. We make use of differential equations satisfied by the op-
erator

(3.33) E(s) = E(s; h,z, kD) := exp (%X(ﬁ,x, ﬁ@))) ,
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depending on a parameter s. The total symbol of E(s) is defined as

o0

(3.34) E(s;h,x,£) = X(k)(h 2,6, XO=1 X&) =xox®,

Taking the logarithm (as a function, not as an operator) of this, we can define
S(s) = S(s;h,2,€) by
(335) E(S, ﬁ7 T, g) = ehils(&hvzvg)_

What we are to prove is that S(s), constructed as a series, makes sense at s = 1
and formally regular with respect to A.
Differentiating (835, we have

(3.36) X(h,z,6) 0 E(s;h,x,8) = g—‘jes@%h@f)/ﬁ.

By LemmaB3 (a — X, b+— 1, p— 0, ¢ — S) and the technique in its proof, we

can rewrite the left hand side as follows:

(3.37) X(h,x,€) 0 B(s; hyx,&) = Y (s; hyw, 2, &, €)eSShw8/R

where Y (s;h, z,y,&,m) = Y peo Vi and Yi(s; b, z,y,&,n) are defined by
Yir1(s;h,z,y,€,m)

1

}/O(S;ﬁvxvyafvn) = X(haxaf)
Yk (s) corresponds to ¢y in the proof of Lemma B3] while wy, there corresponds to
9k,05(s). On the other hand, substituting (8:37) into the left hand side of (3.34),

we have

aS
g(s; h,(E,é—) = Y(S; h,$,$7€,§)-

We rewrite the system (3:38) and (339) in terms of expansion of S(s; ki, z, £) and
Yi(s; B, z,y,€,m) in powers of s and Fi:

S(s;h,x, ) = ZSU (B, x,€)s ZZS” RS,

=0 n=0

(3.39)

(3.40)

o0

Yi(s;h,z,y,&,m) = ZY( hxyéns—ZZYknxyénhnl

=0 n=0
The coefficient of h"s! in ([3.38) is

(3.41) Y, (z,y.6n)

1 ’ "
=551 90, Y\ (&) + > 0V (.6, S (o) |
V41" =l

n'Jrn”*n

(v, =0) and

(342) %(2(557975777) = 61,0X’n($7§)7
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while B39) gives
(3.43) SUHD (g, ¢) = Z (z,2,€,€).

k:

We first show that these recursion relations consistently determine Yk(lr)L and S’,(Il).
Then we prove that the infinite sum in ([B43]) is finite.

Fix n 2 0 and assume that Yk(lg, .. Yk( ) and Sél), ey S(l) have been deter-

n—1

mined for all (I,k). (When n =0, Yk@1 = 0 as mentioned above and S’Sl can be
ignored as it does not appear in the induction.)

(1) Since E(s = 0) = 1 by the definition [B33)), we have $(®) = 0. Hence

(3.44) S50 =,
(2) Note that
(3.45) orde V{0 < —1

because of ([342) and the assumption ord X < —1.
(3) When ! = 0, the second sum in the right hand side of the recursion relation
1) is absent because of [B44). Hence if n = k + 1, we have

o _ 1 © _...__ 1 K1y 0
Yivin = 55 1%0%Yen = = m(aﬁay) Yok =0,
since Yo(sz)_k_l does not depend on y thanks to 342). If n < k + 1, the
above expression becomes zero by Yk(g)n 41,1 = 0. Hence together with
B22)), we obtain
(3.46) Y, = 610X,

(4) By (B43) we can determine s
(3.47) S = Z VA = X,.

(5) Fixlp 2 1 and assume that for alll=0,...,lp—landforallk=0,1,2,...,
we have determined Yk(i)l and that for all [ = 0,...,ly we have determined
SV (The steps (3) and (4) are for Iy = 1.)

Since Sn,, 0 by B44), the index I’ in the right hand side of the

recursion relation B:4I)) (with | = ly) runs essentially from 0 to lp — 1.

Hence this relation determines Yk( Jfl) ,, from known quantities for all k& = 0.

Because of the initial condition Yy(s;z,v,&,m) = X(,€) (cf. B38)) Yo

does not depend on s, which means that its Taylor coefficients Yo(ﬁl;;) vanish
for all iy = 1:

(3.48) Y = o.
Thus we have determined all Yk(l;;) (k=0,1,2,...).

(6) We shall prove below that Yk(lOH) =01if £ > lp +n+ 1. Hence the sum in

B43) is finite and 590t can be determined. The induction proceeds by
incrementing [y by one.
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Let us prove that Yk( )’s determined above satisfy

(3.49) =0 ifk>l+n,

(3.50) ordg Y\ < —k —1—1.

(We define that orde 0 = —00.) In particular, the sum in (3.43) is well-defined and
(3.51) orde SHY < 1 —1.

If n = —1, both 3Z9) and B350) are obvious. Fix ng = 0 and assume that we
have proved (849) and B50) for n < ng and all (I, k).
When [ = 0, 349) and (350) are true for all k£ because of ([B.40) and (B-45),

respectively. Fix lp 2 0 and assume that we have prove (349) and &350) for I <
and all k. As a result (BE])) is true for [ < .

The recursion relation (4] implies (349) and B50) for I = lp + 1 and all
k> 0. In fact, if k+1> (lp+1)+n, then k> (lo+ 1)+ (n—1) and k > 1" +n’
which guarantees that Yk()l;iﬂ) = 0 and Yk(f;), = 0 in the recursion relation (341
for I = lp + 1 by the induction hypothesis. The estimate ([B.50) is easy to check for
lo+ 1. (Recall once again that J¢ lowers the order by one.)

For k = 0, (849 is void and (B50) is true because of (842) and ord X,, < —1.

The step I = lp + 1 being proved, the induction proceeds with respect to [ and
consequently with respect to n.

In summary we have constructed Y (s;h,z,y,&,n) and S(s;h,x, &) satisfying

337 and (339). Thanks to B51), Sn(z,&) = > 120 S )(3: &) is meaningful as

a power series of £&. Thus Proposition B.1]is proved. ([

Proof of Proposition[3.2. We reverse the order of the previous proof. Namely, given
S(h,x, &), we shall construct X (h, x, &) such that the corresponding S(1; i, x,§) in
the above proof coincides with it.

Suppose we have such X (%, z,£). Then the above procedure determine Yk(fv)l and

S’S). We expand them as follows:

S(h,x,&) = an z,§)h Sn(w,€) = isn,j@c,@,
iz
X (h,a,€) = ijn (2,6)h X, (x,€) = an,j@c,f),
S(sih,z,€) = wislwghnl SO (z ZS“
=0 n=0
Yie(s; b 2,y,€,m) Y (@€, n)
= 221/;2@,%77)%% i o (T, 65).

Here terms with index j are homogeneous terms of degree —j with respect to £ and

7.
At the end of this proof we shall determine X,, by (3:42),

(3.52) Xo(,6) = Yoo (2,,€,1).
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(In particular, YO()?B (x,y,&,m) should not depend on y and n.) For this purpose,
Yy should be determined by

1
(353) Yo(,?z)(x?yafW) = Sn(xag) - E l—|——1 k(,lr)L(xaxag7§)
(1,k)#(0,0)
1E>0

because of B43) and S, (x,&) = > 2, SV (x,€).
Since ordg Yk(z should be less than —I — k (cf. (350)), we expect

(3.54) Y. =0

for (I,k) # (0,0). Hence picking up homogeneous terms of degree —1 with respect
to &, the following equation should hold:

(3.55) Yo(,n,l = Sn,1

All Yk(n , are determined by the above two conditions, (8:54) and ([355). Note also
that

(3.56) Y —0fori#£0

0 n,j
because Yy should not depend on s because of (42).
Having determined initial conditions in this way, we shall determine Yk(f,)% ; in-
ductively. To this end we rewrite the recursion relation (341 by ([43) and pick
up homogeneous terms of degree j:

T k+1

"—1
+ > l,ﬁzYk HERTRRNEN AN RS g))
V" =1,1"21
§ 45" =j—1,n4n"=n
ng//
(As before, terms like Yk(,lz1,j71 appearing the above equation for n = 0 can be
ignored.)

Fix ng 2 0 and assume that Yk()l&j, cey Yk(,l}zo—l,j

(1) First we determine Yk(?mJ for all (I, k) by (353) and (354).
(2) Fix jo = 2 and assume that Yk(?m ; are determined for j = 1,..., jo — 1 and
all (I, k). (The above step is for jo = 2.)
Since all the quantities in the right hand side of the recursion relation
B5T) with j = jo are known by the induction hypothesis, we can determine
v o for1=0,1,2,... and k=1,2,....

k,n0,j0
(3) Together with (356), Y,

0,m0,70
Yk(,l}zo,jo except for the case (I, k) = (0,0).

. . 0
(4) It follows from (B.57), (B.55) and (F.56) by induction that for all Y,/
determined in (1), (2) and (3),

are determined for all (I, k, j).

=0forl=1,2,..., we have determined all

(3.58) YO —0forl+k+1>j.

k:n]
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This corresponds to orde Yk(l) < —l—k—1 @50) in the proof of Proposi-

»no —

tion B.11
(5) We determine YO(,(:z)o, o DY
0 1 !
(359) YEJ(,n)O)jO = Sno,jo - Z Z—F—lyk(’glo’jo(x’x7€7§)7
(1,k)#(0,0)
1LE>0

which is the homogeneous part of degree —jo in (B.53). The sum in the
right hand side is finite thanks to (3.58).
(6) The induction with respect to j proceeds by incrementing jo.

Thus all Yk(f) ; are determined and X, is determined by X, (z,&) = 3272 VA

no 0,n0,7

(cf. (B52)), which completes the proof of Proposition

4. ASYMPTOTICS OF THE TAU FUNCTION

In this section we derive an h expansion
(4.1) log7(h,t) = Y h" 2F,(t)
n=0
of the tau function from the 7 expansion [B.7) of the S-function. Note that we have
suppressed the variable x, which is understood to be absorbed in ¢;.
Let us recall the fundamental relation [DJKM]

A1
(4.2) w(rz) = TP ),

()
where [z71] = (1/2,1/222,1/323,...) and ((¢,z) = > .., t,2". This implies that
(4.3) h18(t;2) = (e-ﬁD<z> - 1) log 7(t)

where S(t; z) = S(t; z) — ((t, z) and D(z) = E;’;l %j%. Differentiating this with

respect to z, we have

>
—~
\'PF
N
~—
I
I
5
—~
N
~—

e P& log (1)
—  hD/()(log i 2) + log 7(1)),
where D'(z) :== ZD(z) = =322, 27771 2. Hence

0 A
(4.5) —hD'(2)logT(t) = h~* <£ + ﬁD/(z)> S(t; z)
Multiplying 2™ to this equation and taking the residue, we obtain a system of

differential equations

(4.4) 0z

(4.6) hi log 7(t) = h™' Res 2" 2 + hD'(2) S’(t; z)dz, n=12...
Ot,, 0z
which is known to be integrable [DJKM]. We can thus define the tau function 7(t),
up to multiplication 7(¢t) — ¢7(¢) by a nonzero constant ¢, as a solution of (L3).
By substituting the h-expansions

(4.7) log 7(t) = i B2F, (1), S(t;z) = i B S, (t; 2),
n=0 n=0
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into (@A), we have

e~ no10Fn > n_105n < n0Sn
(18) DD SIS D W ) G

j=1n=0 n=0 =1

Let us expand S, (¢; z) into a power series of 21
4.9 Sn(t;2) = — —Unk-
(19) (62 =3 o

(The notation is chosen to be consistent with our previous work, e.g., [TT2].)
Comparing the coefficients of z=7=th"~! in ([@J]), we have the equations

oF, 1 Ovp—1,
4.10 vt Y : L= 0),
( ) at] v sJ + - l atk (1} 1,5 )
k+l=j
k>1,1>1

which may be understood as defining equations of F,(t). According to what we
have seen above, this system of differential equations is integrable and determines
F, up to integration constants.

Remark 4.1. Tau functions in string theory and random matrices are known to
have a genus expansion of the form

(4.11) log =Y W9 2F,,

g=0
where Fy is the contribution from Riemann surfaces of genus g. In contrast, general
tau functions of the A-dependent KP hierarchy is not of this form, namely, odd
powers of & can appear in the fi-expansion of log 7. To exclude odd powers therein,
we need to impose conditions

1 (9’1}2 1
0= vyt 5} 2o
k= k
k>1,131
on vy, ; Or
0= 9%mi1 izﬂ;l 9Sam
82 - 8tj
Jj=1
on S,.

5. CONCLUDING REMARKS

We have presented a recursive construction of solutions of the i-dependent KP
hierarchy. The input of this construction is the pair (f,g) of quantised canonical
transformation. The main outputs are the dressing operator W in the exponential
form (LJ)), the wave function ¥ in the WKB form (3:2) and the tau function with
the quasi-classical expansion ([@1]). Thus the Ai-dependent KP hierarchy introduced
in our previous work [T'T2] is no longer a heuristic framework for deriving the
dispersionless KP hierarchy, but has its own raison d’étre.

A serious problem of our construction is that the recursion relations are extremely
complicated. In Appendix B, calculations are illustrated for the Kontsevich model
Ko, [D], [AvM]. As this example shows, this is by no means a practical way to
construct a solution. We believe that one cannot avoid this difficulty as far as
general solutions are considered.
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Special solutions stemming from string theory and random matrices [Mo], [dFGZ]
(e.g. the Kontsevich model) can admit a more efficient approach such as the method
of Eynard and Orantin [EQ]. Those methods are based on a quite different principle.
In the method of Eynard and Orantin, it is the so called “loop equation” for correla-
tion functions of random matrices. The loop equations amount to “constraints” on
the tau function. Eynard and Orantin’s “topological recursion relations” determine
a solution of those constraints rather than of an underlying integrable hierarchy; it
is somewhat surprising that a solution of those constraints gives a tau function.

Lastly, let us mention that the results of this paper can be extended to the Toda
hierarchy. That case will be treated in a forthcoming paper.

APPENDIX A. PROOF OF FORMULAE (2I7) AND (2:19)

In this appendix we prove the factorisation of W ([2I7)) and an auxiliary formula

E.I9.

The main tool in this appendix is the Campbell-Hausdorff theorem:

(A1) exp(X) exp(Y) = exp (Z en(X, Y)> :

n=0
where ¢, (X,Y) is determined recursively:
aX,Y)=X+Y,

1 1
Cn+1(X7Y) = (—[X—Y,Cn]+

n+1\2
(A.2)
LY K Y [ckl,[--.,[ck2p,x+m~-~n).
p>1,2p<n (K1, sk2p)
k14 +kop=n

The coefficients Ky, are defined by (2.I5)). See, for example, [B].
First we prove

(A3)  exp(h 'X(z,t,hd))
= exp (hi_lff{ + (terms of h-order < —i + 1)) exp (h_lX(i_1)> ,

where the principal symbol of X/ is

(A.4) o"(X1) = i (adyy "X e,

¢ n!

n=1

as is defined in (ZI9). For simplicity, let us denote
IR
(A.5) A= X@ D= Zh Xj  Bi=x > WX,
o

Note that A+ B = X/h and ord” A < 1, ord"” B < —i + 1. We prove the following
by induction:

(ad A)n—1t
!

(A6) C,:=cp(A+B,-A)= (B) + (terms of fi-order < —i + 1).

This is obvious for n = 1 since C; = (A+B)+(—A) = B. Assume that (A is true
for n = 1,...,N. This means, in particular, ord"C,, < ord"B <0 (1 <n < N),
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which implies that for any operator Z ord"[C,,, Z] is less than ord" Z by more than
one. Hence the term of the highest A-order in the recursive definition (A2)) is the
first term. More precisely, it is decomposed as
L LA+ B) — (~A),Cn] = 5 [A,On] 4 gt B, O]
N+1 2 TN NN T v
and the first term in the right hand side has the highest A-order. By the induction
hypothesis and ord” A < 1, we have

N—1
NL—H[A, Cn] = N:— . A, (ad f;])' (B) + (terms of h order < —i + 1)
(A7) !
(ad A)N .
= m(B) + (terms of h-order < —i + 1).

This proves (A6) for all n. Taking its symbol of order —i + 1, we have
(adgy o"(A)" !
n!

which gives the terms of (A4). Substituting this into the Campbell-Hausdor{f

formula (AT, we have (A.3]).
By factorisation ([(A.3)), we can factorise W = exp(X/h)(hd)* as follows (a(*~1) :=

Z;;}J hjaj):
exp(h™' X (z,t, hd))(hd)™

(A.8) o"(cn(A+ B, —A)) = o"(B),

=exp (ﬁi_lf({ + (terms of h-order < —i + 1)) exp (h_lX(i_l)) X
x exp (A" 'a;log(hd) + (terms of A-order < —i + 1)) x

(A.9) X exp (hiloa(ifl) log(ﬁ[)))

=exp (hi_lX{ + (terms of h-order < —i + 1)) X
X exp (ead(hle(ifl)) (A"~ 'a; log(hO) + (terms of h-order < —i + 1))) X
X exp (hilX(ifl)) exp (hila(ifl) log(ﬁ[))) .
Since the symbol of order —i+1 of ead(h ™' X)) (R log(hd)) is e*dt3 X0 (o log €),

(A9) is rewritten as (ZI7) by using the Campbell-Hausdorff formula (A.J]) once

again.

In order to recover X; from X; (or X}), we have only to invert the definition
(A4). In the definition (A4) we substitute ady ;(c"(Xo)) in the equation

el —1 >, ¢l

t n!
n=1

Hence substitution ¢ = ad }(c"(Xo)) in its inverse

t =
g1l et

p=1
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gives the inverse map X; — X;. Here the coefficients K, are defined in (2I5]).
Hence equation (2.19):

o"(X) = o"(X]) ~ %{Uh(Xo), o™X} + D Kop(adgy (0" (X0)) 0" (X))
p=1

gives the symbol of X;.

APPENDIX B. EXAMPLE (KONTSEVICH MODEL)

According to Adler and van Moerbeke [AvM], the solution of the KP hierarchy
arising in the Witten-Kontsevich theorem [Ko| satisfies

(B.1) (L*)<_1 =0, (%ML‘l - ihL—2 - L) =0.

<-1

This corresponds to the case where
1 h
(B2)  f(w.hd) = (h0)*,  gla,hd) = Sa(hd) ™t = 7(hd) = + ho.

Let us apply our procedure to this case. We fix all the time variables ¢, to
0, which means that we restrict ourselves to the so-called “small phase space” in
topological string theory [D]. (The first time variable ¢; can be re-introduced by
shifting x to ¢t; + x.)

To begin with, let us determine the leading terms of X and «, which are the
initial data for our procedure. The dispersionless limit of (L, M) satisfies

(B.3) (LH<_1 =0, <%M£1 - £> T 0.

Since £ has the form (IIH), £? should be a second order polynomial of &: £2 =
€% + u(x). When t,, = 0, M has the form

M=z+aL '+ Z voﬁnﬁ_"_l.
n=1
(See (CI9).) Using this and £ = &(1 4 u(z)¢=2)/?, we have
1 -1_pr_ ToUN 1, Qg -3
ML —L=—¢+ (3-3) &+ 2 +06E).

Hence, due to the second equation of (B.3), we have u(z) = x, ap = 0 and,
consequently,

1
(B.4) Po:=L2 =€ 42, Qy == EML*1 —L=-¢
Combining them, we have the following expression for M:

M=2L(C —€) = 2% +2) — 262 (1 +262) "/
(B.5) —r =) 2 (122) gngTIn

n=2

22 a3 5at Ta® 2128

—12
462 8¢h T 64LS 12858+512§10+0(5 )
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On the other hand, from the expression M = exp(ady y Xo)z follows

adgy X
M-y U,
(B.6) =2 — x0,1& 2 — 2x0,26®
XO,lX/ _ _
+ (—3)(0,3 - TM> &t (—4x0,4 — 2X0,2X6,1)§ P,

where Yo are the coefficients in the expansion of Xy ([2.I6). Comparing (B.5]) and
(BXG), we can determine xo x inductively and hence Xy is determined:

22 28 _3 x? _5
Xo=— 2 (h0) " + T (h0) " - @ma)
(EG 9 7
+ 6144(ha) 61440(h6)

Having determined X and «g, we can start the algorithm discussed in Section 2
In the step 1 for i = 1 we define P(®) and Q©) by &) and ZI0):

2
PO = (hd)? + o+ 5 (ha) ho)~ 3+h—(h6) +53h—;(ha)
ARz, o o (23K o) 1 3011222 4
~ o5 M) ( ) sz 1)
83k N 53ha 191h4 _ 543h%° (h9)-10
48 1024 512
8783h322  119hz® T
( 1536 4096 )(ha) to
h 3hx Ry 29h$2
© — _(poy 1 oh _ o -6
Q (h0) = 4 (h0) ™2 + < (ho)~* < (h)~° o ()
157h%x 7 49h%  had 519h%z> 9
5o (1) +( 5+ )(ha) s (1)
434513z 107Tha* 10 1339h% 39615223 T
< 384 2048 )(ha) +<_ 28 512 ><ha)

We extract terms (symbols) of fi-order 0 from the h-expansion of them:

PO(xag) = 52 +$7 Q0($,€) = _57

and those of Ai-order —1:

(0) ) U e 5_5102_5_3_203_7 53z%
Pri(a,§) =587 — 67 + o€ IR
1192° |,
T a006° T
(0) ol Bx,y 2027 o 2® o 10772t
1 (2,8) = &5 TR o &t
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Then, following ([2I3]), we determine « and Xy by

) 0 0
a1logé + Xy ;_/( QOP —ﬂgg‘”) de
<-1

o3 o3
2 3 4
T By 2920 5 x” -8 10772° 0,
_45 16 &0 192 ¢ 8 ¢ 10240 T0210 ¢

Since log term is absent, a; = 0 and the above expression is X, itself, which is also
equal to X] defined by (2I4). Then we can compute X; by the formulae (214)
and (2.16):

T 32 53 9x®
_Z(ha) — 3—2(ﬁ8) + 1792(718) 2048(h8)
We can repeat the procedure Step 1, 2, 3 for ¢ = 2 again. The results are
Ry 23h%x 9h3 19h2x2
PWY =(1o)? “(hd) Tt — h 5 hd) 8
(hO)? + i+ = () = ZSL (1) + S (h0) T + (k)
707h3x 861h*  155h%x3 2145h322
_ A -9 A —10 A —11
384 (h9) < 256 + 512 >( )"+ 1024 (h9)
+ SEIEN
h? 143h2%x 611h3 85h2x2
M __ 59 ¥ -5 -7 _ -8 _ -9
Q ho — —-(h9) Tog (19) 331 (10 or (h9)
220573 1795A*  1885h%23
ha —10 _ ha —11
256 (h9) + ( 128 + 1024 > (h9)
Collecting the terms of A-order —2, we have
1 _3 e 23_90 1922 5 15523 10
=16 s 380 T a2t
(1) 5 14390 7 8512 o 188523 i
< 5 192 & 64 ¢ 1024 ¢
From this result follows
~ 0Q0.,1) O9Po
1 Xy = — Py — — d
(6] og§+ 2 /( ag 2 g Q . 5
b g w5 1432 _, 8ba® _, 18852t _;
= @ Tgt 381 T 102° 0% ° "

This means as = 0 and 222’ is equal to X>, which is equal to the above expression.
Substituting these results in (2I4]), we have

1133 85x? . 435zt
Substituting this into (IZQI) and (2I0) for ¢ = 3, we have
5h3 4253 3205h%

(2) — (A 2 = (A -7 -9 A —10

(ho)”"+a + 4 (h9) 768 0) 1006 ")

5865h3 2
— RO) 11 ...
2048 (h9) + ’
155h3 685h3x 41395h*
(2):—h _ h —8 h 710_771 —11
@ (h9) 384 (h9) 512 (h9) 8192 (h9) +
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By extracting the terms of A-order —3, we have

@5 .7 425z o 58652, ,
(B.7) P ERt T es 2018 © T
@ _ 1955 085¢, 49,
37 384 512 '
Hence,
5 0902 OPo 2
aslogé + As ;:/ (— - =9 d§
oc 3 s = )y
15 155z 6852
B 128g + 3845 10245 T

which implies a3 = 0 and X3 = Xé is equal to the above expression. Thus, again

by (2I4), we have

15 175z
— = (RO)C
128( )"+ 768

Consequently, application of exp(Ad((Xo + hX; + h?Xs + h3X3)/h)) to f and g
gives

X3 = (ha)_8+

_ 33954

® —(ho)? BIPN )10 4
PO =(hd)? + & = =5 (h0) 710 +
3395h%
®) — _ (1) — L
Q (h9) — “rgg (h0) ™+ -

which are differential operators up to A-order —3.
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