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Abstract

We present various results on the properties of the four infinite sets of the excep-
tional X, polynomials discovered recently (Odake and Sasaki, Phys. Lett. B679 (2009)
414-417). These X, polynomials are global solutions of second order Fuchsian differ-
ential equations with £ 4+ 3 regular singularities and their confluent limits. We derive
equivalent but much simpler looking forms of the X, polynomials. The other subjects
discussed in detail are: factorisation of the Fuchsian differential operators, shape invari-
ance, the forward and backward shift operations, invariant polynomial subspaces under
the Fuchsian differential operators, the Gram-Schmidt orthonormalisation procedure,
three term recursion relations and the generating functions for the X, polynomials.

1 Introduction

Four sets of infinitely many exceptional (X,) polynomials satisfying second order differen-
tial equations were introduced recently by two of the present authors [I, 2]. They were
obtained as the main part of the eigenfunctions of exactly solvable one-dimensional quan-
tum mechanical systems which were deformations of the well-known solvable systems of the
radial oscillator [3, 4] and the trigonometric Darboux-Poschl-Teller (DPT) potential [5] by a
degree ¢ eigenpolynomial. Thus the orthogonality and completeness of the X, polynomials
are automatically guaranteed. These polynomials, termed exceptional Laguerre and Jacobi

polynomials, have two types in each family, 1.1, L2 and J1 and J2. The Laguerre family L1
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(L2) is obtained from the Jacobi family J1 (J2) by the well-known limit (E.28)), which takes
the Jacobi polynomials to the Laguerre polynomials. The J1 and J2 are mirror images of
each other, see (E.I4)), but their limits L1 and L2 are clearly distinct. These polynomials
are exceptional in the sense that they start at degree ¢ (¢ = 1,2,...) rather than degree 0
constant term. Thus they are not constrained by Bochner’s theorem [0], which states that
the orthogonal polynomials (starting with degree 0) satisfying a second order differential
equations are very limited. Namely, they are only the classical orthogonal polynomials, the
Hermite, Laguerre, Jacobi and Bessel polynomials.

The concept of exceptional orthogonal polynomials was introduced in 2008 by Gomez-
Ullate et al. [7, [8]. Within the Sturm-Liouville theory they constructed X; Laguerre and
Xy Jacobi polynomials, which turned out to be the first members of the infinite families.
The results in [7], 8] were reformulated in the framework of quantum mechanics and shape-
invariant potentials [9] by Quesne and collaborators [10, [I1]. They found the first member
of the deformed hyperbolic DPT potential family, which was also given in [I]. Quantum
mechanical reformulation offers two merits. Firstly, the orthogonality and completeness of
the obtained eigenfunctions are guaranteed. Secondly, the well established solution mecha-
nism of shape invariance combined with Crum’s method [12], or the so-called factorisation
method [3] or the susy quantum mechanics [4] is available. Shape invariance is a well-known
sufficient condition for exact solvability of one-dimensional Schrodinger equation. The dis-
covery of the four sets of infinitely many exceptional orthogonal polynomials was achieved
by pursuing shape invariant deformation [Il, 2]. After the first paper on infinitely many X,
polynomials [I], Quesne reported a type II X, Laguerre polynomials [13] [14], which led to
the discovery of the L2 family of X, Laguerre polynomials [2]. In a previous paper [15], two
of the present authors unveiled infinitely many polynomial identities of degree 3¢ involving
cubic products of the Laguerre or the Jacobi polynomials, which encode the information of
exact solvability of the differential equations governing the X, polynomials.

In this paper we explore various properties of the X, polynomials. We emphasise that
the J1 and J2 polynomials are the global solutions of a Fuchsian differential equation having
¢ 4+ 3 regular singularities. They are located at £1,00 and the ¢ zeros of the polynomial
&(m; A) (22), ([24) which is used for the deformation. To the best of our knowledge, such
global solutions of a Fuchsian differential equation having as many as ¢ + 3 regular singu-

larities are entirely new. Factorisation and shape invariance are reformulated accordingly,



leading to Rodrigues formulas and the forward and backward shift operations. The existence
of the extra regular singularities implies that the ordinary vector space spanned by degree n
polynomials V,,, = Span|[l,x,...,z"] is not invariant under the Fuchsian differential oper-
ator (6.3). Appropriate invariant polynomial subspaces are introduced and their properties
are used to derive the explicit forms of the exceptional polynomials. Some of the important
subjects in orthogonal polynomial theory, namely, the Gram-Schmidt orthonormalisation,
the generating functions, three term recurrence relations, the zeros of these orthogonal poly-
nomials, etc, are also discussed. New infinitely many polynomial identities underlying the
forward and backward shift operations are also reported.

The plan of this paper is as follows. In Sect.two we present the explicit forms of the four
sets of infinitely many exceptional orthogonal polynomials together with their weight func-
tions and the normalisation constants. They are equal to those reported earlier [1} 2], but look
much simpler than the original ones. The new forms of the polynomials reveal the structure
of the theory. In Sect. three the Fuchsian differential equations governing these polynomials
are discussed. Shape invariance and Rodrigues formulas are presented in Sect.four. The
identities underlying the forward and backward shift relations are presented in Sect. five.
The polynomial subspaces invariant under the Fuchsian differential operator are discussed in
Sect. six. This gives another concise proof of the new forms of the exceptional polynomials.
In Sect.seven we provide the integration formula which is essential for the Gram-Schmidt
construction in Sect. eight. Sect.nine gives the generating functions for the X, polynomials.
The double generating function, that is, the generating function of the generating functions,
is presented for the L1 and L2 exceptional Laguerre polynomials. A substitute of the three
term recurrence relations for the X, polynomials is introduced in Sect.ten. In Sect.eleven
we state the qualitative features of the extra zeros of the X, polynomials without proof. The
final section is for a summary and comments. Some technical details are relegated to Ap-
pendices. The equality of the new and original forms of the X, polynomials is demonstrated
in A. Forward and backward shift relations are proved in B. Derivation of the integration
formula is provided in C. The properties of the X, Jacobi polynomials as the solutions of the
quantum mechanical systems with deformed hyperbolic DPT potentials are summarised in
D. A concise summary of some important properties of the Laguerre and Jacobi polynomials
is given in E for self-containedness.

Throughout this paper we stick to the notation of our previous papers [Il, 2], [15]. Reference



to the quantum mechanical language is made minimal in order to attain wider readership
than before. Most concepts and formulas are common to the four sets of exceptional poly-
nomials. As far as possible we use generic formulas valid for all the four different sets of X,
polynomials, in order to emphasise the underlying structure and at the same time to avoid

redundancy.

2 Exceptional Laguerre and Jacobi polynomials

Here we present four sets of infinitely many exceptional orthogonal polynomials [1I, 2], among
them two are deformations of the Laguerre polynomials, and the others are deformations of
the Jacobi polynomials. They are expressed as a bilinear form of the original polynomials,
the Laguerre or Jacobi polynomials and the deforming polynomials, depending on the set
of parameters A and their shifts  and a non-negative integer ¢, which is the degree of the

deforming polynomials. The two sets of exceptional Laguerre polynomials (¢ = 0,1,2,...,

n=20,1,2,...) are:

o S A+ ) Pu(n; g+ —1) = &(n; N0, Pu(n;9g+£—1) : L1
Pon(mA) =< (n+g+3)7" ((g+ 3)&mA+8)Pu(n;g+L+1) (2.1)
+ n&(n; )0y Pa(n; g 4+ €+ 1)) : L2,

in which A d:Cfg >0and & ¥ 1 and

(g+0-3)
def 1 def ) L (= L1
Pulrg) 197 P(), €lnig) { 5 22)
L, (n) :L2.
The two sets of exceptional Jacobi polynomials (¢ =0,1,2,...,n=20,1,2,...) ar:
(n+h+3)"" (( DA+ 8)Py(n; 94+ —1,h+0+1)
. 1—|—77)€g(777 N0, Po(nig+€—1,h+L+1)) :J1
P A) % + 23
b1 A) (m+g+ 37 ((g+ 5E&mA+8)Po(n;g+ 0+ 1,h+0—1) (2:3)
— (L= n)&(n; XN)0, Py (n; 9+ €+ 1, h+€—1)) :J2,
in which A% (¢, h), ¢ >0, h >0, 8 % (1,1) and
(g+0—3,—h—t-1)
. ~lp-1 P, , g>h>0 :J1
Palig ) PO D) gy BT 0 (2.4)
P, 2(n), h>g>0 :J2.

L Tt should be remarked that the naming J1 and J2 are interchanged from the previous ones [2] in order
to respect the logical consistency rather than hysteresis.



These X, polynomials have the following general structure

do(1n, A)Pon(17; X) = di(N)Ex(11; A4-8) P (17; A+-08+8) — o (n)Ee(m; X) 9 P (1 A+£5+85), (2.5)

where
1 L1
o, N) < g g+ boL202 b et { 1(11 ) ?11//;22 (2.6)
n+h+5 :J1 A ' ’
1 L1 1 L1
A EL g+1 202 A E L L2 (2.7)
h+5 :J1 F(1£n) :J1/J2.
We introduce a linear map =, 5[] for a differentiable function p(n),
—_ def
Eealp(m)] = di(N)&e(m; A+ 8)p(n) — da(1n)€e(n; X)Oyp(n). (2.8)
Then the X, polynomial (2.3]) is expressed succinctly as
do(n, \) Prn(1; X) = Zoa[Pa(ms A + €8 + 5)]. (2.9)

The Xy polynomials Py,(n;X) = P,(n;A) are the undeformed polynomials, i.e., the
Laguerre or the Jacobi polynomials themselves. Therefore the above formulas (2.1)), (2.3))

and (2.3) for £ = 0 are non-trivial identities among the Laguerre or the Jacobi polynomials
do(n, A)Po(n; A) = di(A) Pa(ii; A+ 8) — do (), P (1 A + ). (2.10)

This is shown by using (E.2)), (E.I5) and the following; (E.11) for L1, (EI1l) and (E.I2)
for L2, (E22) for J1 and (E.23) for J2. The X, polynomials P, (n;A) are degree ¢ + n

polynomials in 77 and start at degree ¢:
Poo(m; A) = &(n; A+ 6). (2.11)

They are orthogonal with respect to the weight function W,(n, X) which is a deformation of
the weight function W (n; A) for the Laguerre or Jacobi polynomials:

/ P (15 X) Pon (0; MW (15 X = P (A) S (2.12)
of W(n; X+ 13) def { Le=np9=s 0<n<oo :L
Wil A) &€ D2 20w a) &4 2 ’ 1 !
el 2) Eo(m; A)? (%) s (l—m)f 21+, —1<n<1 :J.
(2.13)



The normalisation constants are meromorphic functions of the parameters g, h and ¢:

det 1
ntg+20—%1 L1
def n _1 .
hea(9) < halg+0) x {105 1 (2.15)
n+g+% ’

gwf T(n+g+ %)F(n+h—|— %)

J: hy(g,h) = , 2.16
(9. h) 2n!(2n+g+h)I'(n+g+h) (2.16)
(nt+h+0+3)(n+g+20—3) 1
def nt+h+1l)(ntg+e—1 ’
h&n (g> h) = h, (g + 4, h+ E) X (n:_;__i_z__i_zé))((nt_gfj—_,_ggz_)%) .39 (2'17)
(n+g+35)(n+hte—%) 07

As stressed in §3 of [2], the J1 and J2 polynomials are the mirror images of each other, in
the sense 7 «» —n and g < h, as exemplified by the relation £/%(n; g, h) = (—=1)*¢*(=n; h, g).
However, they lead to the two different sets of the exceptional Laguerre polynomials, J1—L1,
J2—12. In terms of the limit formulas

ﬁllrgo P11 - 2) = LI (), (2.18)
it is easy to see the relations P, (n; A) (23)— 21 together with the deforming polynomials
E(n; A) 24)— [22), the normalisation constants [(Z12) with 2I7)]—[@2I2) with (ZI3)]
and others. The explicit forms of the X, polynomials (ZI]) and (23) are much simpler than
those given in the previous papers [I, 2]. In Appendix [Al we will give simple demonstration
that these apparently different forms of X, polynomials are in fact equal.

The basic ingredients of the theory of exceptional orthogonal polynomials are the base
polynomial P, and the deforming polynomial &,. They satisfy the second order differential
equations ([E.4) and (E.I7)), which can be expressed as

Ca (M3 Pu(1; X) + €1(1, N0, Pa(m; X) = —3E(X) Po(; X, (2.19)
ea(mO2Ee(m; ) + E1(1, X, 00, A) = —2E(N) & N, (2.20)

where
o b {1 e
SRR B A VTR s 222
= By (T, e
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The deforming polynomial & (n; A + &) is expressed in terms of &,(n; A),
di(N)&e(m; A+ 8) = di( A+ €8)&(n; A) + da(n)OpSe(n; A), (2.24)

with d; and dy defined in (7). This is shown by (E.2), and various identities of
the polynomials; for L1, and for L2, for J1 and for J2.
Conversely &(n; A) is expressed in terms of & (n; A + 6),

C
B+ .06(5 ) = GO A+0) + 206+, (229
2
where
g+0—1 1101
ds(A\ 01 L2 (2.26)
h+0—1% :J2.

This is shown in similar ways as above. The Laguerre and Jacobi differential equations for

P, (219]) can be factorised into the forward and backward shift relations for P,:

czOnPp(m; X) = fu(A)Poz1(n; XA+ 9), (2.27)
(A Paci (1 X+ 8) + ca(0)0y Paci (s A+ 8) = —Le,b, 1 (X) Pa(m; A), (2.28)
where
def | 2 L B -2 - L _
cr & { R fn(A)_{ gy iy BN =2 (229)

See (E2)-(E3) and (EIH)-(EIG) for the explicit forms of the forward and backward shift
relations. Note that f,,(X) and b,_1(A) are the factors of the eigenvalue

EA) = FaNbot(N), n=0,1,...,. (2.30)

3 Fuchsian differential equations with extra ¢ regular
singularities

The exceptional Laguerre and Jacobi polynomials satisfy a second order linear differential

equation in the entire complex n plane:

HeA) Pon (15 A) = En(N) Prn(5A), - En(X) = En(X + £0), (3.1)

in which the eigenvalue &, is defined in (2:23]). The X, polynomials are not constrained by
Bochner’s theorem [6] by the very fact that they start at degree ¢ (2I1) instead of degree

7



0 constant term. As with the Laguerre and Jacobi differential equations (2.19), the second
order differential operator 7:25()\) is factorised into the product of the forward shift operator

Fi(A) and the backward shift operator By(A):

def

) BN, (2
Fin) 2 e, S (- 0y togai A+ 9)). (53)
BN i () e (4 I g g ). (4

Note that 01(2;7?‘;;@ = OplogW (m; A+ (£ + 1)d). It is straightforward to derive the explicit
form of Hy(A):
d? d
Hu) = =4 {ean) g + (100 A+ £8) = 2ea(m)dy lom el X))
a(n) Ope(m; A+6) 15
+—&(A+9)).
ORIV ELAL)
Use is made of the second order differential equations for &,(n; A+ 9) (Z20) and the identity
([2:24) to derive the above simple result.

For ¢ = 0 the above differential equation (3.I]) with (3.5]) reduces to the second order

+2dy(N)

(3.5)

differential equation for the Laguerre or Jacobi polynomials:

ﬁo(A) =4 <02(n)j—772 + c1(n, )‘)d%)’ (3.6)
. e ) d
L: Ho(A) = —4<nd—772+(g+5 —n)d—n), (3.7)
N0z Pa(n;9) + (94 3 — 10y Pa(n; ) +n Pa(n; 9) =0, (3.8)
J:ﬁo(A):—4<(1—n2)dd—772+(h—g—(g+h+1)n)d%), (3.9)
(1 =0)32P.(n;9,h) + (h—g— (g +h +1)n)d,P.(n; 9, h) + n(n+ g+ h)Py(n; g,h) = 0,

(3.10)

which has, as is well-known, one regular singularity at n = 0 and one irregular singularity
at 1 = oo for the Laguerre case and three regular singularities at n = £1, oo for the Jacobi
case. For a non-negative integer ¢, the singularity structure of the second order differential
equation (B]) is again quite simple. It has extra regular singularities at the ¢ zeros of the

deforming polynomial & (n; A):

n ="y, 55(773,)‘):07 j:1727"'7€7 (311>



and the corresponding exponents are the same for all the singular points:
{exponents at n;} = {0,3}, j=1,2,...,0 (3.12)

In other words, the alternative solution of the second order linear differential equation (B.1))
has a cubic zero at n = 7;. It is singular at n = 0, oo for the L1 and L2 and at n = £1 for the
J1 and J2 with the exponents replaced by g — g+¢, h — h+/£. To the best of our knowledge,
the two sets of X, orthogonal polynomials, J1 and J2 are the first examples of global solutions
of Fuchsian differential equations having as many as € + 3 regular singularities. The L1 and
L2 are confluent types obtained from J1 and J2 by certain limits (E.28). By the way, it is
elementary to show that &,(n; A) has only simple zeros.

Let us write down the explicit form of the above differential equation for the four cases:

1 Ope(m; N)

L1 2 % Po(m; X) + (9 tltg =2 & A)

JERCY

1 9&e(1; A + 6) 3
n (2 "&(n; Nt e) Pl ) =0, (3.13)
0 DN
L2 : 90 Py (15 X) + (g +l+5—n-— 2%>3ﬁ’m(m A)
1 .
+ (—2(9 - 2)27275;_(2’))\ 9y £) Ponln; X) = 0, (3.14)
1 —1%)0,&(n; A
T (1= )P )+ (A= g = (g + b+ 20+ 1)y - ol ZZ()U;";)(” ))anpg,n(n; )
1y .
+ (—2(h )0 &(:77)_6}"7)&(”’ A+9) +ll+g—h—1)+nn+g+h+ 2£)>Pz,n(n; A) =0,
(3.15)
1—-n%0 P
32 (1= )P )+ (h = g = (g + b+ 20+ 1)y - o ZZ()U;"%(” ))anpg,n(n; )
1 )
+ (2(9 +3)( 2;(7;).5;\7)&(77’ At9), (+h—g—1)+nn+g+h+ 26))135,”(77; A) = 0.

(3.16)

Let us remark that the zeros of the shifted deforming polynomial &(n; A + §) are regular
points. It is straightforward to verify by direct calculation that the L1, L2, J1 and J2
X, polynomials (2I)—(2.4) for lower ¢ and n really satisfy the above differential equations
BI3)-(B1d). For analytical proof see the subsequent sections.



4 Shape invariance

This section is a reformulation of the shape invariance in the language of ordinary differential
equations. In one-dimensional quantum mechanics, shape invariance is a sufficient condition
[9] for exact solvability and it was the guiding principle for the discovery of these X, or-
thogonal polynomials [1I, [16, [15, 2]. Let us introduce another second order linear differential

operator ﬁél)()\) by interchanging the order of the two factors Fy(A) and By(X) of Hy(N)
B.2):

def

HV(A) € Fo(N)Bo(N). (4.1)

It is obvious that these two operators are intertwined by Fy(A) and By(A):

FoNHN) = HP (N F N, (4.2)

Ho(A)Be(A) = BoAHY (N, (4.3)

Fie(N)Be(A)Fe(A)
Be(X)Fe(N)Be(N)

which implies that these two associated linear differential operators Hy(X) and ﬁél)()\) are
iso-spectral except for the lowest eigenfunction P (n; A) (Z.11)) which is annihilated by F, (),
see (B3):

FiXN&(mA+0)=0 (= Ho(A) Pro(n; A) = 0). (4.4)
If we denote the set of eigenfunctions of ﬁél)()\) as {PZ(;L) (m;A)} (n=0,1,...), with arbitrary
normalisation, we obtain one to one correspondence of {Fp,,(n; A)} and {Pz(,i)(n? A)} except

for the lowest eigenfunction of Hy(A):

HZ(A)PZ,H(T/; )‘) - gé,n(A)PZ,n(n; )‘)> n = Oa 1> ) (45)
HYN)PO (1 A) = Ea( NP (1), n=12..., (4.6)
FoN Pl A) o< P A), BaA)PY (1 A) o< Pon(m; A). (4.7)

This much is a trivial consequence of the factorisation of H,(A) ([32). The essential property
of the two associated differential operators H,(A) and ﬁél)()\) is that ﬁél)()\) has the same
shape as ﬁg()\) with shifted parameters, A — A+ 6, and an additive constant corresponding

to the lowest eigenvalue measured from the bottom:

HY(A) = Ho(A + 8) + E,(A + £6), (4.8)
or fg()\)B@()\) = Bg()\+5)fg()\+5) +51()\—|—€(5) (49)
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This allows us to choose the normalisation of {Pg(ln) (n; A)} to achieve

POMEA) = Pra(mA+3), n=0,1,...,. (4.10)

n

Then the above two relations (A7), the forward and backward shift relations, give the con-
straints on the functional forms of { P, (n; A)}:

fg()\)Pg’n(T]; >\) = fn(>\+£6)Pg’n_1(7],>\+5), n = 0,1,... (411)
Bi(A)Prp—1(mA+6) =byy( AN+ 08)Py(n; X)), n=12..., (4.12)

where f,,(A) and b,,_1(\) are given in (2.29). These amount to a version of Rodrigues formula
expressing P, (n; A) in terms of repeated application of the backward shift operators on
the lowest degree eigenpolynomials with the n-th shifted parameters, Ppo(n; A + nd) =
S(m A+ (n+1)d):

1:[ b Bild+ ko) S A+ (n+1)9), (4.13)

n—k-1(A+ (£ +k)d)

where HZ;& a = apay - - - a,_1. For the X, Laguerre and Jacobi polynomials, the Rodrigues

formula reads explicitly:

_ L&) od S A+ (kK +1)8)
Lo e = 5 = e G oo s ey )
e—nnn+g+£—%
X m & (77§ A+ (n+ 1)5)> (4.14)
| (=) (s A) T d E(ms A+ (k +1)d)
Too Bealm ) = 52 (1 —n)ots(1 + )tttz IE](d_n +Onlog Ee(n; A + k&) )
y (1 - 7])“—1—9—1—5—5(1 + 7])”+h+3—§ &(77; A+ (n + 1)5) (4.15)

§e(m; A+ nd)

For ¢ = 0, &(n; A) = 1, the above two formulas reduce to the well-known Rodrigues
formulas for the Laguerre and Jacobi polynomials, (E.6) and (E.19). For ¢ = 1 these two
formulas are equivalent to the Rodrigues-type formulas (77) and (52) in Gomez-Ullate et al’s
work [7]. For lower ¢, it is straightforward to verify the shape invariance relation (£9) by
direct calculation. In [I5] it was shown that the shape invariance relation is attributed to
a new polynomial identity of degree 3¢ involving cubic products of the Laguerre or Jacobi

polynomials. These identities are proved elementarily by combining simple identities in [I5].
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5 Forward and backward shift relations

Again it is straightforward to verify that the above Rodrigues formulas provide the explicit
forms of the four families of the X, polynomials (2.1)—(2.4]) for lower ¢ and n by direct calcu-
lation. For analytic proof, one needs to verify that the above forward (d.I1]) and backward
(4.12)) shift relations are actually satisfied by the four families of the X, polynomials (2.])—
(2.4). The forward and backward shift relations are attributed to new polynomial identities
of degree 2¢+n—1 and 2¢+n involving cubic products of the Laguerre or Jacobi polynomials
in a similar way to the shape invariance relations [15]. The forward (F) (AI1]) and backward

(B) (AI12) shift relations read explicitly

F: 0=c, (&(7); A+ (5)i — 0p&e(n; A + 5)>Pe,n(77§ A)

dn
— fu( XN A £8)Ee(1; X) Prn—1(m; X + 9), (5.1)
B: 0= (&(n; A) (Cz(n)d% +e1(n, X+ £8)) — ea(n)0,&e(n; >\)>Pz,n—1(n; A+9)
+Ler bt (N + 08)&(m X + 8) Prn(m; M), (5.2)

where Py, is given in (Z3)).
The new polynomial identities are as follows:

Ll: (a=g+(—3)

Fio 0= (LY () — 0.1 (=) (L (=) LD (@) = LV (=)0, L ()
+ LV (=) (L (o) L (2) — LY ()0, L, (), (53)
B: 0= (L{"V(-z)(eld +at+1—2)—2d,L" V()
x (L (=) LY, () — L (—2)0, LY ()
— L (=) (L (=) LD (z) — LD (=2)8, LD (z)), (5.4)

L2: (a=g+{—3)

F: 0= (L5 (@)L - 9,L0* ) (2)
x (@ = 0+ 1)L (@) LtV (@) + 2Ly (2)9, L (x))
+ L @) (0= 04207 @) LD (@) + 2P (@00, Ly (2), (5.5)

B: 0= (Lg_a_1 (x )(:c—+oz+1—x)—x8 L(_a 2 (x ))
x ((a =€+ 2) L5 (@) LY () + 2L ()9, L% ()

n

12



— L5 (@) (0= €4+ D)L (@) Lot (2) + 2LV ()8, L+ (2)), (5.6)

J2: (a=g+Ll—3,B8=h+{~3)

F: 0= (P (@)4 - 5,P P (x))
% ((Oé . 1)P£( a— 2,5)(1,)P7§a+1,5—1)(1,) o (1 N z)Pg(—a—l,ﬁ—l)(l.)axPT(La—i-lﬂ—l)(l,))

—lata+ B+ 1PV (e) (5.7)
x (= L+2)P% 5*”@)3&3“’ (@) = (1 — 2) PP ()0, P T2 (1)),
B: 0= (P 0 @)((1= )k + 8- a = (a+8+2)2) = (1 - 22)a, P V()
% (0= 0+ PP @) PP (@) = (1= 2) P (@)0n P2 ()
+ 20 PP () (5.8)

x ((a = €+ )P 72D (@) Pt oD (@) — (1= 2) P70 ()0, Pl (2)).

We do not show those for the J1 polynomials, since J1 and J2 are related by the mirror
image, n < —n and renaming of the coupling constants g <» h. Thus the corresponding
identities are essentially the same. The derivative terms in the above identities (5.3)—(5.8))
can be eliminated by using the forward shift relations (E.2)) and (E.13]) for the Laguerre and
Jacobi polynomials.

In Appendix [B], the forward and backward shift relations for the four types of X, poly-

nomials are proven elementarily.

6 Invariant polynomial subspace

Another characterisation of polynomials satisfying differential equations is the existence of
invariant polynomial subspaces. For the Laguerre and Jacobi differential equations with

Ho(A) BD), B3), the space Vy,, of degree n polynomials in 7 is invariant

ﬁO(A)VO,n g VO,TLv VO,TL d:ef Span[l, L/ Z I nn]v (61>
7:20()\)17" = Ep(A)n™ + lower orders. (6.2)

However, V., is obviously not invariant under H,(X) (3.1)), (313)-(3.10):

HiA)Won € Vo (=1,2,.... (6.3)
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Instead we have

HeA)WVen CViy (=1,2,..., (6.4)

Y, &t { Span[n®&(n; g+ 1) — kn*"'&(n; 9);k =0,1,...,n] : L1

" (g4 3)&(m; 9+ 1) + k&(n;9)); k=0,1,...,n] :L2,

), et { Span[n*(h + 3)&(m: g+ 1, h+ 1) + k(L +0)n*&(n; g, h);k =0,1,....n] :J1
" [n*(

"9+ 5)&(m g+ 1L,h+1) = k(1 —n)n*"&(n; g, h); k P J2.
(6.6)

I
=

—_
=

As the basis vectors of the invariant polynomial subspace V,,, for the X, Jacobi polynomials,

one could have chosen for k =0,1,...,n,

(L= ((h+5) (A = m&lng+ 1L, h+1) = k(L +n)&(n;g,h)) I, (6.7)
(L) ((h+ )& g+ L h+1) + k&(n: g, ) J1, (6.8)
(L =m)"((g+5)&(m g+ 1,7+ 1) + k&(n; g, h) :J2. (6.9)
After overall rescaling, (6.17) and (6.9) go to those of the X, Laguerre polynomials (6.5) in
the limit (E.28), as J1—L1 and J2—L2. As will be shown shortly these basis vector (G.8])
and (6.9]) have simpler integration formulas than (6.6]). It should be stressed that these basis

vectors have the same common structure as the X, polynomials (2.9), (2.8)),

Zexlpe(n)] = di(N)&e(m; X+ 0)pr(n) — da(n)Ee(n; N)Oppr(n) € Vi, k=0,1,...,n, (6.10)

in which pg(n) is an arbitrary degree k polynomial in 1. These basis vectors are so chosen
as not to develop any singularities at the zeros of £,(n; A) when applied by the forward shift
operator Fy(A) (B.3). In fact, for a polynomial p(n), Fe(X) acts on ZyA[p(n)] as

¢ Fo(XN)Zealp(n)] =
(di(X+ 8)0,p(n) — 0, (da(n)yp(0)))Ee(n; X+ 8) + do(0)Dyp(n)0pe(m; X + ), (6.11)

where we have used (2.24]) to eliminate 0,&,(n; A). Since the backward shift operator B,(\)
B4) does not cause any singularity at the zeros of &(n; A) and the operator Hy(A) =
By(A)Fy(A) has the form (B3), the application of Hy(A) on these basis vectors will result in
polynomials in 7).

Let us evaluate the action of the second order differential operator Hy(A) on S [p(n)]

by applying the backward shift operator B,(\) on (G.II):
HeN)Eealp(n)] = &m; N X (n) + &l A + 8)Y (). (6.12)

14



The coefficients X (n) and Y (n) can be written as

X (n) = 4da(1)0y (c2(n)2p(n) + c1(, X)dyp(n)) = —d2 ()0, (Ho( X )p(n)), (6.13)
Y (1) = —4di(N) (e2(n)2p(n) + c1(n, X)9yp(n)) = di (N Ho(N)p(n), (6.14)

where X = A+ 05 + 6 and Ho(\) is defined in (36). Therefore the results can be expressed

in quite a simple form as
He(N)Zealp()] = Zex[Ho(A + €8 + 8)p(n)]. (6.15)
By taking p(n) = px(n), the above basis vectors satisfy
He(N)Eealpr(n)] = Zea[Ho(A + €8 + 8)pe(n)] € Ven, k< n. (6.16)

In other words, we have shown that V,,, is an invariant polynomial subspace of the differential

operator ﬁg()\) and we obtain, corresponding to (6.2),
ﬁg()\)Ew\[ n ()] = En( A+ €6)Z¢ A[pn(n)] + lower orders. (6.17)
In particular, if we choose p,(n) as the eigenfunction P, (n: X + €8 + &) of Ho(A + £5 + 6),
HoA + 08 + 8)Po(m; A+ €8 + 8) = E (A + L8) Po(m; A+ 06 + 8), (6.18)
then we find that Zy x[P,(1; X + £8 + 8)] is the eigenfunction of Hy(\),
HoN)ZA[Pa(m; X+ £ + )] = En( A+ L8)EA[Pulm; X+ £ + 5)], (6.19)

as given in (Z9). Note that the effect of § in the eigenvalue cancels out. This is another
analytical proof for the explicit forms of the X, polynomials Py, (n; X) as given (2.9)).

7 Integration formulas

Another well-known construction method of orthogonal polynomials is the Gram-Schmidt
orthonormalisation of certain basis vectors under a given inner product specified by a weight

function. Let us introduce two types of inner products (x, %), x and (x,%)x:

() a(n)), = / p(ma(mWeln; N, (p(n). a(n)), = / p(ma(mW (n; Ndn, (7.1
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in which p(n) and ¢(n) are arbitrary functions and Wy(n; A) is the weight function for the X,

polynomials, whereas W (n; A) is the weight function for the Laguerre or Jacobi polynomials

2.13).

Here we present the integration formulas:

(Zealp(m)], Eeala >”\ N)d3(X+ 8, 0)(p(n), (77))X+ 1 (0np(n), 817(1(77))X+5 ,(7.2)

or / Zoalp(n)] Eeala(n)] Wem; Ndn
= / (dl(}‘)di’»(}‘+€5>€)p(77)Q(77)W(775 ') + 12 0,p(n)0yq(m)W (1; /\’+5)>dn, (7.3)

where X = A + 8 + 8. For a proof, see Appendix [Cl
With this formula one can easily verify the orthogonality relation and the normalisation
constants of the X, polynomials (212), (215), 2I7) given in Sect.2l One simply takes
p(n) = Py(n; N') and q(n) = P,(n; X’) for L1-J2. Then the two terms in (73] reads
(Pa(3 '), (s X)) o, / w (13 X) P (0 X)W (13 Ny = by (X)), (7-4)
& [ 0,Pu N0 Pl XYW (0 X+ 8)d1 = Fu(XPhs (X 4 O, (1)

where we have used (2.27)). Therefore, from (2.9), the normalisation constant hy,, is expressed

as

do(n, A)2hé,n(A) = dl(A)di’»()‘ + €5> E)hn(A/) + ifn(A/)2hn—l(A/ + 5)7 (76)
where X = XA+ 08 + & and h_1(A) & 0. This formula with h,, (2I4) and 2I6) gives (ZI5)
and (2.17).

The integration formula reveals another important property of the invariant subspaces,

the orthogonality, Vy,,, L Prn(n; X), m < n:

(EeAlpm()], Pon(n; X >M 0, m<mn, (7.7)

which is a simple consequence of (2.9) and the well known fact

(Pm(n), Pa(m; X)), =0, m <n. (7.8)

8 Gram-Schmidt orthonormalisation

As for the direct application of Gram-Schmidt orthonormalisation, one orthonormalises

{ZeAlpn(n)]} in (GI0) with respect to the inner product (x,%),x. The following choice
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of the function p,, is made:

o L
with which the inner products (p, (1), pm(n))x are easily expressed in terms of gamma func-
tions. This corresponds to the choice of the basis vectors in (6.8)) and (6.9).

The Gram-Schmidt orthonormalisation procedure at the n-th step determines Py, (n; )

by the following formula

n—1

Prn(n; A) o< Egalpn(n) Z P (0 ) Pom (115 X), Ee alpn (0 >“hém A7 (8.2)

m=0

which is to be compared with the procedure for the undeformed (¢ = 0) polynomial

—_

n—

Po(ms X) o< pa(n) = > P X) (Pa(05 X, 2a (1)) 50 (X)) 7, (8.3)

3
Il

where X’ = XA + £ + 8. These two orthonormalisations are essentially the same. In fact, by

applying = A[-] to (B3)) and using (2.9]), we have
n—1

Prn(m; A) o Zalpn(m)] = Y Poan(m; Mo (m, X) (P (0 X), pu(n)) o Ben(N) ™1 (8.4)

m=0

Comparing these we obtain

<Pf,m(77; >‘>7 S pn >£ bY h@m >‘> ! dO(m7 A) (Pm(Th Al)vpn(n))x hm(A/>_1
m=0,....,n—1. (8.5)

In other words, the Gram-Schmidt orthonormalisation for the undeformed (¢ = 0) polyno-

mials
Pa(n) — Pul(n; X'),

provides that for the X, polynomials, too.

9 Generating functions

Generating functions for orthogonal polynomials have played another important role in clas-
sical analysis. Let us define generating functions for the X, polynomials F;, and for the

undeformed polynomials P,,
A)EN PN, Gt A) € Golt,m; A Zt”P mA). (9.1
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The latter is quite well known

Gltm: A) = { ot (9.2

where G(®(t,z) and G (¢, ) are given in (E8) and (E2I)). Since Py, (n; ) is expressed
linearly in terms of P,(n; A’) Z8) (M = X+ £ + &), the generating function Gy(t,n; A) is
expressed simply in terms of the known G(t,n; X’):

do(t0s, N)Ge(t, m; A) = Z t"do(r, A) Pon(; A)

n=0
= di(N)&(; A+ 8)G(t,1; X) — da(n)&e(m; N0y G (¢, 13 XT). (9:3)
The forward shift relation (2.27) imply
O,G(t,m; A) = 't fro (NGt A+ 6). (94)

Here we present the concrete forms of the generating functions:

do(tc‘?t,/\)Ge(t 77; >\) (9.5)
( (g+6— _'_ %Lég—kﬂ—*)(_n))G(g—i—Z——)(t 77) 11
b1
(g + ( ) %Lé T ) Gt (8, ) L 1.2
(g+é —h— (1+n) g3 | htt+3N plgH—3,—h—t—3)
= ( P ( )+ n (}% et 1+R+t>P (77)>
G(g+e—g,h+4+ (t,n) ‘71
(—g—t=5.h+0—3) a Hl+L | h=3\ (—g—t—1hte-3)
( P " ? (n) — Rn) (% + ?-l—R =t 1+R+t)P€ T ’ (77)>
XG g+€+ h+é——)(t 77) . JQ,

where R % /1 — 2nt + 2.

Next let us introduce the double generating function, that is the generating function of

the generating functions Gy(t,n; \) :
(s,t,m; A do ZSZGZ t,n;A). (9.6)

For L1 and L2 cases, the explicit forms are:

L1: G(s,t,m;9) =23 (2= 0T —t+tv/T—t—4s)
e tointys T (VISi=VI=i=1s )y

X 3
VIt —dsyT—t7 7 (VT —t+1—t—4s)"
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s+t

tH1—t+ Tl
L2: do(t0,, 9)G(s,t,m;9) = (g +3— ((1 — t);)n) a _6t v (9.8)

which are obtained by using the two shifted generating functions (E.9) and (E.IQ) in Ap-
pendix [E.Tl Tt is a good challenge to derive the double generating functions for the X, Jacobi

polynomials.

10 Three term recurrence relations

Three term recurrence relations are one of the most fundamental characteristics of the ordi-
nary orthogonal polynomials of one variable. Obviously the exceptional orthogonal polyno-
mials do not satisfy these relations. Nevertheless, being deformations of ordinary orthogonal
polynomials, the X, polynomials are expected to retain certain reminiscent properties of the
three term recurrence.

Here we present a simple modification of the three term recurrence relations valid for
the X, polynomials. Its relevance is, however, as yet unclear. Let us denote the three term

recurrence relation for the Laguerre or the Jacobi polynomials as
NP (13 X) = Ap(X) Pyt (15 X) + Bo(A) Pa(m; X) + C(X) P (13 N), (10.1)

in which the explicit forms of the coefficients A,, B, and C, can be read from (E.5) and
(E.18) in Appendix[E.dland Appendix[E.2l As a substitute of the above three term recurrence
relations, we expect that a certain element in the degree ¢ + n + 1 invariant polynomial
subspace Vp 41 (65)—(6.6), which is related to nP,.(n; '), to be expressed in terms of
Pprii(m; A), Pon(m; A) and Ppp—1(n; A). From (29)) this can be achieved as

ZAl1P (0 X)) = Au(N)do(n + 1, A) Pras (0 X) + Bu(N)do(n, A) Py (1 A)
+ Cu(N)do(n = 1, A) Proa(n: N), (10.2)

where X = X + (6 + 4.

11 Zeros of X, polynomials

The zeros of orthogonal polynomials have always attracted the interest of researchers. In the
case of X, polynomials d Py, (n; ), it has n zeros in the domain where the weight function

is defined, that is (0,00) for the L1 and L2 polynomials and (—1,1) for the J1 and J2
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polynomials. The behaviour of these zeros are the same as those of other ordinary orthogonal
polynomials. This is guaranteed by the oscillation theorem of the one-dimensional quantum
mechanics, since P, (n; A) are obtained as the polynomial part of the eigenfunctions of a
shape invariant quantum mechanical problem [T}, 2].

Here we discuss the location of the extra ¢ zeros of the exceptional orthogonal polynomials,
which lie in various different positions for the different types of polynomials. So far we have
verified by direct calculation for lower ¢ and n; The ¢ extra zeros of L1 polynomials are on
the negative real line (—o00,0). Those of the L2 Xj.,qq polynomials are 1 real negative zero
which lies to the left of the remaining %(6 — 1) pairs of complex conjugate roots. The L2
Xy.even POlynomials have %6 pairs of complex conjugate roots. For L2, these ¢ additional
roots lie to the left of the n real zeros.

The situations for the X, Jacobi polynomials are a bit more complicated. The J1 Xy.o4q
polynomials have 1 real negative root which lies to the left of the remaining %(6 — 1) pairs of
complex conjugate roots with negative real parts. The J1 Xy.oyen polynomials have %6 pairs
of complex conjugate roots with negative real parts. For J1, some of the complex roots have
real parts between —1 and 0. The J2 Xy.,qq polynomials have 1 real positive root which lies
to the right of the remaining %(f — 1) pairs of complex conjugate roots with positive real
parts. The J2 X/.cwen polynomials have %E pairs of complex conjugate roots with positive

real parts. For J2, some of the complex roots have real parts between 0 and 1.

12 Summary and comments

We have given an in-depth study of the properties of the exceptional (X,) polynomials
discovered recently in [I], 2, 15]. Our main focus is the derivation of certain equivalent but
much simpler looking forms of the X, polynomials. The derivation is based on the analysis
of the second order differential equations for the X, polynomials within the framework of
the Fuchsian differential equations in the entire complex plane. These new forms of the X,
polynomials allow easy verification of the actions of the forward and backward shift operators
on the X, polynomials, and provide direct derivation of the Rodrigues formulas and the
generating functions. The structure of the invariant polynomial subspaces under the Fuchsian
differential operators is elucidated. The bases of the invariant polynomial subspaces provide
a simple substitute of the three term recurrence relations. The Gram-Schmidt construction

of the X, polynomials starting from the above bases is demonstrated with the help of an
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integration formula. The properties of the extra zeros of the X, polynomials are discussed.
Some technical details are relegated to the Appendices. The proof of the equivalence of
the new and original forms of the X, polynomials is given. Simple proofs of the forward
and backward shift operations are shown. The integration formula is elementarily proven.
Various fundamental formulas of the Laguerre and Jacobi polynomials are supplied for easy
reference.

Finally, let us mention that the same method, deformation in terms of a degree ¢ eigen-
polynomial, applied to the discrete quantum mechanical Hamiltonians for the Wilson and
Askey-Wilson polynomials produced two sets of infinitely many shape invariant systems to-
gether with exceptional (X,) Wilson and Askey-Wilson polynomials (¢ = 1,2,...) [16]. It

will be interesting to carry out the same analysis in these discrete cases.
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A Equivalence of different forms of X, polynomials

The exceptional Jacobi polynomial for the trigonometric DPT presented in [I], namely J2
exceptional polynomial, is
Pro(m; A d:f( g+ Lh+1) + 9,
s A) = (&elmig ) (—g+h+20—2)(g+h+2n+20—1)
n(2h +40—3)&2(n; g+ 1,h + 3))
— P,(n; A+ 00
(29+2n+1)(—g+h+2(—-2) (n )

—g+h+0—-1)29+2n+20—1
((29+2n+1)(g)—|(—h_|_2n_‘_2£_1)) &—1(7};97h+Q)Pn_1(n;)\+€5). (Al)
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In this paper we have presented it in a much simpler form in (23] (J2)

Pen(iiA) = ((9+ Delmg+1,h+ DPumg + 0+ Lh+ €~ 1)

n+g+%
— (L= )& g M Palmi g+ L+ Lh+0=1)). (A2)

In the following we write them as P, *(n; ) and P} (n; A), respectively and show that they
are in fact equal by using various identities of the Jacobi polynomials. For lower ¢ and n the
equality can be verified by direct calculation.

We fix ¢ and use new parameters a and 3 instead of g and h,

def def

aSg+l—1 BEh+0-1 (A.3)

By using the forward shift relation for the Jacobi polynomial (E.I5), the polynomials & and

P, ,, are expressed as

&(mN) =P m), ga(mA) = PP (), &aln A) = P (), (M)
2n(0 — o+ B — 1) P ()
(20 —a+3-2)2n+a+p)
n(B+¢—1)pe? .
(o n(— (+ 1)()266—2oz +(72 - 2))P’(‘ 7o)
(6—0&—1—5— 1)(a+n) (—a,B)
(a+n—C¢+1)2n+a+p) !

1 -, L
e sl (CE RV /i )L Rl ()

—dnta+ B+ )0 -nP )P (). (A.6)

PR A) = (PC 0 () +

()P (), (A.5)

PR (s A) =

Here we provide the proof for the equivalence of the two expressions (A.5) and (A.6]) step
by step:

P A)

® ((13 +8)(1 =) PP () + (a+ 1)(1 + ) P27 ()

—20
2n(¢ —a + 8 — )P ()
(20 —a+p-2)2n+a+p)
n(Bf+¢—-1)
(a+n—Ll+1)(20—a+5-2)
200~ VP () — (—a+ B+ 20— 2)(1+ 1) (P () — PETH7 0 ()
—2(B+(—1) )

X
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({—a+B-1)(a+n) (—a,ﬁ)(n)
(a+n—C+1)2n+a+p) !
20 Py () — (o + 8+ 20) (L =) (57 () — P27V ()
8 2(a+n)
1

B m (%(6 o 6 - 1)(1 - n)Pé(__la’ﬁ)(H)P£a+1’6_1)(n>

+ +§2+ ! (—(a—+ 1)1+ )P 0) - 51— n)P}_‘f’ﬁ)(n))Pff‘ﬁ)(n))

L+ B =PI () + (a+ 1)(1+n) P ()
—20

1
== (ta—t+1
a+n—€+1<(a t+1)

x P ()

(a4 PR ) - 50— ) P )
20
X ((n+ o+ PO () — (ot DR ()

(ii) 1 —a-2, at1,0-
0L (o R g e

+ P ) (0 + o+ DRI () = (a+ )P ()
(iii) 1 —a-2, otl.B—
e s (GRS R )T ()

)
+ Pt ok B4 (1= )P ()

n—1

= P A, (A7)

where we have used (E.23)), (E27) and (E24) in (i), (E23) and (E.26) in (ii), and (E.25) in
(ii).

The other exceptional polynomials, the J1 case is obtained from the above J2 case by
(E.14)). The equality of the exceptional Laguerre polynomials given in [I], 2] and those given
in this paper (21) will not be given here, since the L1 and L2 cases are obtained from the
J1 and J2 cases by the limit (E.28).

B Forward and backward shift relations

Here we provide proofs for the forward (4II]) and backward (4I2) shift relations which
applies equally for the four types of X, polynomials. The method is elementary based on

various identities of the Laguerre and Jacobi polynomials.
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The forward shift relation (4.I1) is equivalent to a polynomial identity (5.I]). By using
do(n — 1L, A4 8) = do(n, A), fu(A+8) = fo(A) and ZZ0), it is easy to show that r.h.s.
of (51) can be factorised 9, P, (1n; A + €8 + &) x (---). The forward shift relation is thus

equivalent to (---) = 0, namely,

0 = di(N)&(m; A+ 8)* — di(A + 8)&e(n; N)&e(m; A+ 28) — Byda(n)Ee(m; X)Ee(m; X + 6)
+ da(1)§e(1; ) 0p&e(m; X + 8) — da (1) On&e(1; X)&e(n; X+ 6). (B.1)

This is a polynomial identity of degree 2¢ and it is quadratic in the Laguerre/Jacobi poly-
nomials. This identity can be proven elementarily by using d;(A) — dy(A+ ) = 0,d2(n) and
(224) to eliminate & (n; A + 26) and 0,&.(m; A).

The backward shift relation ({I2]) is equivalent to a polynomial identity (5.2)). By using
do(n — 1, A+ 8) = dy(n, A) and b,,—1(X) = —2n, the r.h.s. of (5.2)) becomes

By A) x (- 2) + O P ') X ()
+ Pot (A +8) X () + 0y Puca (X +8) X () + 5 Pt (3 XN +8) x (),

where M = A + €8 + §. The above expression can be reduced to P,_1(n; X + &) x X (n) +

OpPr1(n; X+ 6) x c2(n)Y (n), by using ([227), [2.28), [2.19) and the relations (ci(n; A +
8 +6) — cl(m; N)da(n) = 2¢5(n)dyda(n) with E,(A) = fu(A)by_1(X). Up to an overall
normalization, this Y'(n) is just the r.h.s. of (B.Il), so it vanishes. Hence the backward shift

relation is equivalent to X (n) = 0, namely,

0 = c1(n, A)di(N)&(m; XA+ 8) — co(n, X+ £8)dy (X + 8)Ee(m; N)Ee(n; X + 20)
— ca(n)di(A 4 8) (s X)0yEe(n; X+ 28) — 9,E0(m; )& A + 26))
+ 3E(N)d2 ()& (1 N)&e(m X + ). (B.2)

This is a polynomial identity of degree 2¢ + 1 and it is quadratic in the Laguerre/Jacobi
polynomials. With the help of ([224]) and ([220), it is elementary to show that the r.h.s. of
(B.2)) becomes & (n; X+ 8)d1(N)da(n) % (- - ). Up to an overall normalization, this (- --) part
is just (Lh.s. of (Z28))-(r.h.s. of ([Z27)), so it vanishes. This concludes the proof of the

backward shift relation.

24



C Proof of the integration formula
Here we present a simple proof for the integration formulas (7.2]) or (7.3]). We evaluate

(Zealp(n)], Zealg >£>\

— [ (@& 3+ Sl — dalmelo N)0,p(0)
X (dr(N)&(m; X+ 8)q(n) — da(n)&e(m; X)Dya(n))
= [ (0 Bup(mdnatn) + (252 ()
— ) 4y (1)), (p(n)a(n)) ) W (; A + €8)dy

0 / W (n; A + (6) <d2(77)2 Oyp(1)0yq(n)

877 (W(na A+ E(S) d1(>\)§£(.77§>\+5)d2(77))>

W (n; X+ £3)
Eo(; X)?

e o) )

el / (dl(A)ds(A + 00, O)p(mg(mW (n; X') + 1¢2.0,p(m)Oya(m)W (1 X' + 6))dn, (C.1)

di (A& (mA+8)\2
- <( G )

where X = XA 4 £§ + 8. In (i) we have integrated by part and in (ii) we have used
(dl(A)&(n;AJr 5)>2_ 0y (W (s X+ £6) LSy () (N ds(A 08, 02’
&(n; N) W (n: X+ (9) T e

which is shown by using ([2.20)) and ([2:24) to eliminate &(n; A + 8).

D Hyperbolic DPT potential

Here we provide a brief summary of the properties of the X, Jacobi polynomials related to the
deformed hyperbolic DPT potential. They are of the J2 type. The ¢ = 1 case was introduced
in [I1] and the general ¢ case was studied in [I]. In contrast to the radial oscillator and
the trigonometric DPT potentials, the undeformed hyperbolic DPT potential allows only
a finite number of square integrable polynomials P,(n,A), n = 0,1,...,ng dof [—(h -9,

where [z]" denotes the greatest integer not equal or exceeding z. The situation is the same
for the exceptional polynomials, Py, (n,A), n = 0,1,...,ng — {. Except for this point, the
arguments for the hyperbolic DPT are the same as the radial oscillator and the trigonometric

DPT potential cases. In particular, the much simpler looking new forms of the polynomials
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are also equivalent to the original forms of the polynomials given in [I]. We present various

data:

A (g ), h>g>0, 6% (1,-1), (D.1)
Pu(nig,h) & P00 g ) S PR D 0 <, €< ng, (D2)
Pp(n;A): 25, n=0,1,...,ng—¢, (D.3)
don,A) Entg+1 §Y¥11, dN) g+l dmn E1-y, (D.4)
W) = 5 =102+ 1772, 1<n< oo, (D.5)
o ey
hom(g,h) & ho(g + €, h — 0) (”(Zi Ziz)%)}gh__n"__gi“g;%), (D.7)
a(mA) E g+h+(g—h+1n cl)=n -1, (D.8)
G AO) Eh—g—204+1—(g+h)m, (D.9)
EAN) Y anh—g—n), EN) L al(g+h+1-0), (D.10)
ds(A 0) E h— 0+ 1, (D.11)
& A AN E2n+g—h), bua(A)E —2n, (D.12)
n—1
ol ) = gty gy et L - Ea i)
o (1= 1)"22; ,\<Z; 51)>n At (- 1)9). (D.13)

o(t0h, N)Gelt 73 A) = S8 do(, \) P75 A)
= (= pr T ) - R G R )

x Gutttah—tta) ¢ )y R\ /T—2nt + £, (D.14)
Vew © Span[n*(g + D&(n; g+ 1,h— 1) = k(1 — )" € (n; 9, h);k = 0,1,...,n], (D.15)
pa(n) = (n—1)" for &I). (D.16)

In the expression of the generating function, the summation range is extended to infinity,
St > o, formally. The forward and backward shift relations (5.1]) and (5.2)) in terms

n=0

of the Jacobi polynomials are the same as the J2 case.
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E Summary: Properties of the Polynomials

E.1 Laguerre polynomials

e definition (expansion formula)

L(O‘)(:l?) — l (_n>k(a + k4 1)n—k1'k~
n:

=

e forward and backward shift relations

0, L) () = =LV (@),
10, Ly (@) + (o + 1 = 2) L () = nL() (@),
e differential equation

2P LY (2) + (a0 +1 — 2)0, LY (z) + nL? (z) = 0.

e three term recurrence relation

2L (2) = —(n + 1)L (z) + 2n + a + 1)L (z) — (n + ) LI, (2).

e Rodrigues formula

e orthogonality (o > —1)

*° 1
/ dr e 22 L (2) LY (z) = = T(n+a+1)dum.
0 n!

e generating functions

GO (t,2) & Z ¢ L)

g —t)a+1’
N . 20, ——t T(1—/1—4t )2z
o dfzm |
\/—7(1+\/ﬁ)
G(_a)(t, ) dcthnL( )( ) _ (1 —l—t)o‘e_m.
n=0

Formulas (E.9) and (E.I0) can be derived by using and (E.4]).

e identities

L (z) — LV (a) = LY, (),

2L () — a Ll (z) = —nLO D (2),

n—

which can be verified elementarily based on (E.TJ).
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E.2 Jacobi polynomials

e definition (expansion formula)

+Dp = 1 (—n)(n+a+ B+ 1), /1 —z\k
plad) () — @ 1 . E.13
w (@) nl =kl (o + 1) ( 2 ) ( )
e parity
PO)(—z) = (=1)"PP) (z). (E.14)
e forward and backward shift relations
0, P (x) = L(n+a+ B+ 1)PT (), (E.15)

>
(1= 20, P (@) + (8- a— (a+ 8+ 2)a) P70 (@) = —20 P (2). (B.16)
e differential equation
(1-2?)02P P () + (B—a—(a+B+2)z) 0, PP (z) +n(n+a+B+1) PP (z) = 0. (E.17)

e three term recurrence relation

2(n+1)(n+a+ 5+ 1P (x) (82 — a®) P (2)

Cn+a+B+10)2n+a+3+2)  (2n+a+p)2n+a+p5+2)
2(n + a)(n + B) P ()

z PP (x) =

n

. E.18
2n+a+B8)2n+a+8+1) (E-18)
e Rodrigues formula
—1)" 1 dy\»
PP (g) = ( — ) (1 = 2)"* (1 + 2)"+F). E.l
w (@) 2nn| (1—x)°‘(1—|—x)5<d:€) (1= 2)™ (1 + 2)") (E.19)
e orthogonality (o, 3 > —1)
! 2006+ Pln4+a+1)l(n+B+1)
dz(1 — 2)*(1 + 2)° PP (2) PP (z) = o
/_1 ?(1 =o)L+ 2 B (@) B () nl 2n+a+pf+1)I(n+a+pG+1)
(E.20)
e generating function
a+3
G@A) (¢, z) LN ¢ pled) 2 RY V1T 2zt +2. (B2l
Z T RA+R—t)(L+ R+ )% wt+ i (B21)
e identities
2(n + B)P7 (@) = 28P (@) = (n+ a4 B)(1+2) P2y (@), (E.22)
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z (E.23)
VPP (@) + (a + B+ 20)(1 — 2) (PP (2) — POV (2)) = 20P*P)(z), (E.24)
2(n+ )P 1A (2) — 2a PP V() = —(n+ a + B)(1 — 2) P (2), (E.25)
(n+a)(1+2) P (@) — 81— )P (2) = 2nP7 D (2), (E.26)
—2(8+n) P (@) + (a + B+ 20)(1 + 2) (PP (2) - P4 (1)) =20 P9 (2). (E.27)

Egs. (E22)—(E24) can be verified elementarily based on (E.I3). By using (EI4), eqs.(E25])-
(E2T) are obtained from egs.(E22)-(E24) respectively.

e limit to the Laguerre polynomial

lim P+ (1 - 2) = LM (+), (E.28)

B—o0

Various formulas for Jacobi polynomial reduce to that for Laguerre polynomial in this limit.

References

[1] S.Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal

polynomials,” Phys. Lett. B679 (2009) 414-417, larXiv:0906.0142/[math-ph].

[2] S.Odake and R. Sasaki, “Another set of infinitely many exceptional (X;) Laguerre poly-
nomials,” DPSU-09-6, YITP-09-74, larXiv:0911.3442/[math-ph].

[3] L.Infeld and T.E. Hull, “The factorization method,” Rev. Mod. Phys. 23 (1951) 21-68.

[4] See, for example, a review: F.Cooper, A.Khare and U.Sukhatme, “Supersymmetry

and quantum mechanics,” Phys. Rep. 251 (1995) 267-385.

[5] G.Darboux, “Sur une proposition relative aux équations linéaires,” C. R. Acad. Paris 94
(1882) 1456-1459; “Lecons sur la théorie des surfaces,” Vol 2, 210-215, 2nd ed., Gauthier-
Villars, Paris, (1915); G. Péschl and E. Teller, “Bemerkungen zur Quantenmechanik des
anharmonischen Oszillators,” Z. Phys. 83 (1933) 143-151.

[6] S.Bochner, “Uber Sturm-Liouvillesche Polynomsysteme,” Math. Zeit. 29 (1929) 730-
736.

29


http://arxiv.org/abs/0906.0142
http://arxiv.org/abs/0911.3442

[7]

[10]

[11]

D. Gémez-Ullate, N. Kamran and R. Milson, “An extension of Bochner’s problem: ex-
ceptional invariant subspaces,” larXiv:0805.3376/[math-ph]; “An extended class of or-
thogonal polynomials defined by a Sturm-Liouville problem,” J. Math. Anal. Appl. 359
(2009) 352, larXiv:0807.3939/[math-ph].

D. Gémez-Ullate, N. Kamran and R. Milson, “Supersymmetry and algebraic Darboux
transformations,” J. Phys. A37 (2004) 10065-10078.

L. E. Gendenshtein, “Derivation of exact spectra of the Schrodinger equation by means

of supersymmetry,” JETP Lett. 38 (1983) 356-359.

C. Quesne, “Exceptional orthogonal polynomials, exactly solvable potentials and super-

symmetry,” J. Phys. A41 (2008) 392001, larXiv:0807.4087/[quant-ph].

B. Bagchi, C.Quesne and R.Roychoudhury, “Isospectrality of conventional and new
extended potentials, second-order supersymmetry and role of PT symmetry,” Pramana

J. Phys. 73 (2009) 337-347, larXiv:0812.1488/[quant-ph].

M. M. Crum, “Associated Sturm-Liouville systems,” Quart. J. Math. Oxford Ser. (2) 6
(1955) 121-127, [arXiv:physics/9908019.

C.Quesne, “Solvable Rational Potentials and Exceptional Orthogonal Polynomials
in Supersymmetric Quantum Mechanics,” SIGMA 5 (2009) 084, arXiv:0906.2331
[math-ph].

T. Tanaka, “N-fold supersymmetry and quasi-solvability associated with X,-Laguerre

polynomials,” larXiv:0910.0328 [math-ph].

S.Odake and R.Sasaki, “Infinitely many shape invariant potentials and cubic iden-
tities of the Laguerre and Jacobi polynomials,” DPSU-09-5 and YITP-09-69, arXiv:
0911.1585 [math-ph].

S.Odake and R. Sasaki, “Infinitely many shape invariant discrete quantum mechanical
systems and new exceptional orthogonal polynomials related to the Wilson and Askey-

Wilson polynomials,” Phys. Lett. B682 (2009) 130-136, larXiv:0909.3668 [math-ph].

30


http://arxiv.org/abs/0805.3376
http://arxiv.org/abs/0807.3939
http://arxiv.org/abs/0807.4087
http://arxiv.org/abs/0812.1488
http://arxiv.org/abs/physics/9908019
http://arxiv.org/abs/0910.0328
http://arxiv.org/abs/0909.3668

	Introduction
	Exceptional Laguerre and Jacobi polynomials
	Fuchsian differential equations with extra  regular singularities
	Shape invariance
	Forward and backward shift relations
	Invariant polynomial subspace
	Integration formulas
	Gram-Schmidt orthonormalisation
	Generating functions
	Three term recurrence relations
	Zeros of X polynomials
	Summary and comments
	Equivalence of different forms of X polynomials
	Forward and backward shift relations
	Proof of the integration formula
	Hyperbolic DPT potential
	Summary: Properties of the Polynomials
	Laguerre polynomials
	Jacobi polynomials


