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Abstract

We analyze a generalization of the sine-Gordon equation in laboratory coordinates
on the half-line. Using the Fokas transform method for the analysis of initial-
boundary value problems for integrable PDEs, we show that the solution w(z,t) can
be constructed from the initial and boundary values via the solution of a 2 X 2-matrix
Riemann-Hilbert problem.
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1 Introduction
We consider the following integrable generalization of the sine-Gordon equation:
Upe — Uy = (1 + (0 + 0;)?) sinu(z, t), z,t € R, (1.1)

where u(x,t) is a real-valued function and v € R is a parameter—note that (1.1]) reduces
to the sine-Gordon equation in laboratory coordinates when v = 0. In terms of the
‘light-cone’ coordinates (£, 7) defined by

z=E+n, t={-n, (1.2)
equation (1.1)) takes the form
Ugn = (1 + 1/82) sin(u), &neR (1.3)

Equation ([1.3)) was derived using bi-Hamiltonian methods in (1995). It is related
to the sine-Gordon equation in the same way that the Camassa-Holm equation is related

to the KdV equation.

We will in this paper assume that v < 0 and for simplicity set v = —1. For this
value of v, equation appeared in [Sakovich and Sakovichl (2007)), where it was shown
to be related, via certain transformations, to an integrable equation which describes
pseudospherical surfaces introduced in (1989). The inverse scattering transform
(IST) formalism on the line for equatio with v = —1 was implemented in
land Fokas| (2009).

A method for the analysis of initial-boundary value (IBV) problems for nonlinear
integrable PDEs was announced in and subsequently developed further by




Figure 1 The half-line domain 2 with respect to the laboratory and light-cone coordi-
nates.

several authors, see [Fokas| (2008). Here, we use this method to study equation (|1.1) in
the half-line domain
Q={(z,t)|[0<x <00, 0<t<TH,

where 7' < oo is a given final time, see Figure Given initial values at z = 0 and
boundary values at ¢ = 0 such that the corresponding IBV problem for in the domain
Q has a solution u(x,t), we show that u(z,¢) can be constructed via the solution of a
2x2-matrix Riemann-Hilbert (RH) problem. The main notable features as compared with
other similar applications of the methodology of [Fokas| (1997)) are: (1) The formulation
of the RH problem suggested by |[Fokas| (1997)) depends, in addition to the variables (z,t),
on a function p(z,t) which is unknown from the point of view of the inverse problem. In
order to formulate a RH problem whose jump matrix involves only known quantities, we
have to reparametrize the = and ¢ variables. A similar situation occurs in the analysis of
the half-line problem for the Camassa-Holm equation, where however only the z-variable
has to be reparametrized, see Boutet de Monvel and Shepelsky]| (2008). (2) Ounly certain
combinations of u and its derivatives can be recovered from the RH problem. Therefore,
in addition to solving the RH problem, the reconstruction of u(x,t) involves finding the
solution of a nonlinear ODE. Following the ideas of |Lenells and Fokas| (2009) we show that
this ODE can be reduced to a Ricatti equation. (3) The adopted Lax pair for equation
has singularities at A = co and A = 0, where A € C = CU {00} denotes the spectral
parameter. In order to define eigenfunctions which are bounded on the whole Riemann
A-sphere, we will use two different representations of the Lax pair. These representations
are suitable for the definition of eigenfunctions which are bounded near A = co and A = 0,
respectively.

The analogous problem for the sine-Gordon equation on the half-line (i.e. for the
equation obtained from by letting ¥ = 0) was investigated in [Fokas (2004, 2008);
Fokas and Its| (1992)). We emphasize that although there exists (when v < 0) a Liouville
type transformation relating equation to the sine-Gordon equation (see [Sakovich
and Sakovich| (2007); [Lenells and Fokas| (2009)), the half-line problems for these two
equations are not equivalent, since the Liouville transformation transformation distorts
the shape of the domain €.

In sectionwe introduce a Lax pair for equation and define bounded and analytic
eigenfunctions which are suitable for the formulation of a RH problem. The jump matrix
of this RH problem can be expressed in terms of certain spectral functions, which are
introduced in section [3] Finally, the main result is stated in section [



2 Bounded and analytic eigenfunctions

The Riemann-Hilbert formalism for integrating a nonlinear evolution equation is based
on the construction of eigenfunctions of the associated Lax pair. These eigenfunctions
are joined together to a bounded and sectionally analytic function on the Riemann sphere
of the spectral parameter A € C=cCcu {o0}. A Lax pair suitable for the construction
of eigenfunctions which are bounded near A\ = oo was derived in Lenells and Fokas
(2009). For the problem on the line, this Lax pair representation alone was sufficient
for the formulation of a RH problem, since the eigenfunctions can be constructed using
only the x-part of the Lax pair. For the problem on the half-line, the construction
of eigenfunctions involves also the t-part of the Lax pair, which has a singularity at
A = 0. We will therefore introduce another representation of the Lax pair suitable for the
construction of eigenfunctions which are bounded near A = 0. Then, according to the
methodology of [Fokas| (1997)), we will define solutions of these Lax pair representations by
integration from three different corners of the spatial domain 2. The eigenfunctions which
are bounded near A = 0 and A = oo will be denoted by {u;}3 and {®,}3, respectively.
Together the p;’s and the ®;’s can be used to formulate a 2 x 2-matrix Riemann-Hilbert
problem.

2.1 Lax pair representations

Let
/01 (0 —i /10
o1 = 1 0)° 02 = i 0 ) 03 = 0 —1)/°

and define m(x,t) by
m(z,t) = 1+ (ug(x,t) + us(x, 1)) (2.1)

Applying the change of variables ([1.2)) to the Lax pair of equation (|1.3) derived in |Lenells
and Fokag| (2009), we find the following Lax pair for equation (|1.1)):

dr+i (A + gx) 030 = W9,

where ¢(x,t,\) is a 2 x 2-matrix valued eigenfunction, A € cC=cu {o0} is a spectral
parameter, the functions Wy (z, ¢, A) are defined by

i _cos(u) — (u + uy) sin(u) (ut + uy) cos(u) + sin(u)
Wy=F—0o3+ + 2.3
TR 8v/mA 78 =1 8v/mA o2 (23)
(1 + cosu)(m(us + uy)(1 — cosu) — msin(u) + 2uge + 2ugy)

+
4(1 £ cosu)m

g1.
and p(z,t) is a real-valued function such that
1 1
Dy = 5(1 — cosu)y/m, Py = 5(1 + cosu)y/m. (2.4)

The equations in ([2.4]) are compatible since equation (|1.1)) admits the conservation law

(1 = cosu)y/m), = ((1 4 cosu)y/m),_ . (2.5)
We choose p(z,t) so that p(0,0) =0, i.e.

1 @)
p(z,t) = 3 /( [(1 = cosu)y/mdz’ 4 (1 4 cosu)y/mdt'] . (2.6)

0,0)



Note that the function W_ does not have singularities at points where cosu = 1 vanishes
despite the form of the denominator of ([2.3)). Indeed, using equation (1.1)), the last term
on the right-hand of (2.3]) can be rewritten as

m(ue + ug) + st + 2Utg + Usy
4dm

i(1 F cosu) o1,

and this expression is manifestly nonsingular.
The functions Wy have the following properties:

o Wy(x,t,\) — 0, T — 00,

o@/x)  0(1)
° Wi(l},t,)\): < 0(1) O(l/)\))’ A — 00,

o tr(Wy(z,t,\) =0,
o Wi(z,t,A) = —Wi(z,t,\),

where A" denotes the complex-conjugate transpose of a matrix A. The last two of these
properties ensure that the eigenfunction ¢(x,¢,\) can be normalized so that

det(p(z,t,\) = 1, T (x,t,A) = ¢z, t, \). (2.7)

The Lax pair ([2.2)) is convenient for the definition of eigenfunctions which are bounded
near A = oo. In order to define eigenfunctions which are bounded near A = 0, we
transform the Lax pair as follows. The gauge transformation

Pz, t,A) = g(z, )Y (2,1, A), (2.8)
where
1 1 .
g(z,t) = m 1+ T {((\/Fn — 1) cos(u/2) + (uy + ue) sin(u/2)) I (2.9)

+ i (—(ua + ug) cos(u/2) + (vVm — 1) sin(u/2)) o1 |,

transforms (2.2 into
Vo + 5030 = V11,

bo—i (At ) o5t = Voo, (210
where V; = Vj(z,t,)), j = 1,2, are defined by
Vi =isin®(u/2)(cos(u) — (us + uz) sin u) Ao3
— isin®(u/2)((us + ug) cos(u) + sinu) oo
— L (sin(u) — up(1 — cosu) + us(1 + cos ) o1, (2.11)

4
:E(—?) + 2cos(u) + cos(2u) — (ug + uy)(2sin(u) 4 sin(2u))) Ao

4
- i.cos2 (u/2)((ug + uy) cos(u) + sinu) Aoy

Vs

+ % (sin(u) — ut(1 — cosu) + u, (1 + cosu)) oy.



Figure 2 The contours of integration for the solutions ui, us, and ps of .

The form (2.9) of g is motivated by the fact that it diagonalizes the terms of highest
order as A — 0 of the Lax pair (2.2)) and that it satisfies

det(g(z,t)) =1, gl (z,t) = g7z, ). (2.12)

The relations (2.12)) ensure that the gauge transformation (2.8)) preserves the properties

in (2.7), i.e.
det((z,t,N) =1,  ¢¥(a,t,\) =9~ (z,1, ). (2.13)

The function g(z,t) is nonsingular as u, + u; — 0 despite the form of the right-hand side

of (2.9). In fact,

(@ t) — < sinu/2  —icosu/2

—icosu/2 Sinu/2> as ug +up = 0.

The functions V; and V5 have the following properties:
o Vi(z,t,\) — 0, r—oo, j=1,2,
_ (O c_
b Vj(m,t,)\) = (O(l) O()\)) ) A—0, j=1,2,
o tr(Vi(z,t,))) =0, i=1,2,
o Vi(z,t,2) = —Vj(x,t,)), j=12

2.2 Eigenfunctions bounded near A\ =0

In this subsection we define solutions of (2.10) which are well-behaved near A = 0.
Introducing an eigenfunction u by

P = ue‘i(ﬁ—(’wﬁ)t)%7 (2.14)
we find that the Lax pair becomes
{ [he + .8%[03#] =Vip, (2.15)
e =i (A 55) los, 1] = Vop
This can be written in differential form as
a (e (E-Orm,) —w, (2.16)

where &3 acts on a 2 X 2 matrix A by 634 = [03, A], and the closed one-form W (z,t, \)
is defined by

W = (& =OFsx)0)95 (V,da + Vadt)p. (2.17)
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Figure 3 The sets {D;}{ in the complex \-plane.

We define three eigenfunctions {y;}3 of (2.16) by

(z,t)
(st N) = I+ / e (E- OB (! ¢, ), (2.18)
(j:t5)
where (z1,t1) = (0,T), (z2,t2) = (0,0), and (x3,t3) = (o0,t). Since the one-form
W is exact, the integral on the right-hand side of is independent of the path of
integration. We choose the particular contours shown in Figure This choice implies
the following relations on the contours:

(r1,t1) — (z,t) 1 2’ — 2 <0, t—t>0,
(a,t2) — (z,t) 2’ —2 <0, t'—t<0, (2.19)
(w3,t3) — (x,t) 12’ —x >0, t'—t=0.

0
8\ -

Letting
:{AECIm1>0andIm(A+1> <0}
8\ 8\ ’
:{A6C1m1>0and1m()\+1>>0}, (2.20)
8\ 8\
{ @Im1<OandIm<)\+1> <0},
8\ 8\

R 1 1
D4:{/\6C1m<0andlm(/\+8>\

the second column vectors of p1, po, p3 are analytic for A € C such that belongs to Ds,
Dy, and Dy U D4, respectively, see Figure |3 Moreover, away from A = oo where the Lax
pair is singular, they have continuous and bounded extensions to the closures of these
sets. We will denote these vectors with the superscripts (3), (4), and (12) to indicate
these boundedness properties. Similar conditions are valid for the first column vectors.
We obtain

H1 = (M§2)7M§3)) ) (M§1)7Mé4)) ) M3 = (M:(),M)aﬂz(),w)) .
The p;’s satisfy

det(p;(z, t,\) =1, (2, t, )" = pj(z,t, )7, j=1,2,3. (2.21)



Moreover, as A — 0,
(1@t ) 1@t 0) =14+00),  A=0, AeDs  (222)
(17 @t (@t 0) =140, A0, A€ Dy

The p;’s are suitable for the formulation of a RH problem except that they have singu-
larities at A = oo. Our strategy is therefore to cut out a neighborhood of A = co and use
the Lax pair (2.2]) to define eigenfunctions which are bounded in this neighborhood.

2.3 Eigenfunctions bounded near A =

The form of the Lax pair (2.2)) is convenient for the definition of eigenfunctions which
are well-behaved near A = co. Introducing an eigenfunction ® by

¢ = e IOPHT s, (2.23)
we find that the Lax pair becomes
D, +i (Ape — &) 03, @] = W@,
{ D, —iz ((A]i + 5:))[}7337 @]]: I/IV;/;I). (2.24)
This can be written in differential form as
d (ei(/\ﬁ%)&s q;) =W, (2.25)
where the closed one-form Wy, (x,t, A) is defined by
Weo = !PT 530)78 (W da + W_dt)®. (2.26)
We define two eigenfunctions ®5 and ®3 of by
Oz, t,\) =1+ /((rft)) e OP@DTEG Y (2 ) N), (2.27)

where (z2,%2) = (0,0) and (z3,t3) = (00,t). The functions 5 and ®3 are the analogs
of ps and ps defined in ; the analog of p; is not needed since we only consider
a neighborhood of A = co. Choosing the integration contours in Figure [2 the integral
equations defining ®5 and ®3 become

t ’ t/—t ~
Doz, t, \) =1 + / MO PO gy 0,1 n)a
0

L A R ([T STENPES
0

Oz, t,\) =1 — / ¢ (AP0 =PE0)=252)55 (12 6y (07 1 NV

x

The second column of the integral equation for @5 involves the exponentials

20PN+ 5E) g 2(AeE ) -pEn)-=5E) (2.28)

where the functions p(-,t) and p(x,-) are nondecreasing. Define R > 0 by

t—t
R*= sup (2.29)

0<t,t/'<T 4f:/(1 + cos(u(0, 7))\/m(0, T)dr




and the sets D5 and Dg by
Dy = {/\ € ClTm A > 0 and [A| > R}, (2.30)
Dg = {)\ € Clim A < 0 and [A[ > R}.
We will henceforth assume that
cos(u(0,t)) # —1, 0<t<T, (2.31)

so that R is finite. The relations (2.19)) together with the definition of R implies the

following inequalities on the contour (xs,t2) — (z,t):

t'—
8A

-z

t
Tm <)\(p(0,t’) —p(0,1)) + ) >0 if |A/>R, ImA<0,

Im <)\(p(x',t) —p(x,t)) — ) >0 if ImA<O0.

This implies that [®3]s is bounded and analytic for A € Dg. Similar considerations apply
to the other column vector and show that ®5 and ®3 have the boundedness properties

0, = (2, 0f7), @5 = (2, 0f).
The functions ®5 and ®3 satisfy
det(®;(z,t,\) =1, Oi(x, t, ) = ®;(x, t,\)7H, j=2,3. (2.32)
Moreover, as A\ — 00,
((pg) (z,t, ), 8P (a, ¢, /\)) —T4+0(1/)), A—oo, AeDs,  (2.33)

(q>§f) (z,t,\), 8O (x, 1, /\)) —T1+0(1/)), A—oo, Ae D

3 Spectral functions

We define two 2 x 2-matrix valued spectral functions s(A) and S(A) by

=z

us(z, t,\) = pao(z,t, )\)e*i(m*(’\*ﬁ)t)‘ﬁs()\), (3.1a)

Z

5~ (A x)t)as g (). (3.1b)

0]

H1 (x7 ta )‘) = MQ(J;7 ta )‘)e_i(

Evaluation of (3.1) at (z,t) = (0,0) and (z,t) = (0,T) gives the following expressions for
s(A\) and S(N):

s(\) = (0,0, \), S(A)zul(o,o,x)z(e—i“ﬁﬁ&mz(o,:ﬁ,x))_l. (3.2)

The function p3(z,0, ) is defined by the integral equation obtained by setting ¢ = 0 in
(2.18). This integral equation involves the function Vi(z,0,)) defined in (2.11)). Thus
s(A) is defined in terms of the initial data u(x,0) and u:(x,0) alone. Similarly, 4 (0, ¢, A)
is defined by the integral equation obtained by setting x = 0 in which involves
V2(0,t,A). Thus S(A) is defined in terms of the boundary data «(0,t) and u,(0,t) alone.



We infer from (2.21]) that
det s(\) =1, det S(A) =1, (3.3)
and that there exist functions a(X), b(\), A(X), and B(A) such that

(a0 (AW B
SW(—b(A) a(A)>’ 5 m(—B(A) A<A>>'

Defining the sets D] and D) by (see Figure [5))
D} = Dy \ De, D) = Dy \ Ds, (3.4)

i.e. D] and D) denote the sets Dy and D4 with a neighborhood of A = oo removed, we
can state the following result.

Proposition 3.1 The spectral functions a(X) and b(\) have the following properties:

(i) a(X\) and b(\) are analytic in Dy U Dy with continuous and bounded extensions to
Ae DjuD, .

(i) a(A) =14+ 0(N), b(A\) =0(N), A—0, A€ DjUDs.
(iii) |a(\)|* + [b(N)|* = 1, A ER.
The spectral functions A(X\) and B(X) have the following properties:

(i) A(X\) and B()\) are analytic in Dy U D3 with continuous and bounded extensions to
A€ DiUDs. If T < oo, then A(X) and B(\) are defined and analytic in C\{oco}.

(i) AN) =14+0(\), B\ =0(1), A—0, AeDUDs.

(i) AN)AN) +BA)B(A) =1 for A€ RU{|A]?>=1/8} (for A\ € C\ {00} if T < o).

Proof. The properties denoted by (i) and (ii) follow from the discussion in subsection
and the observation that the definition of p4(0,¢,A\) implies that this function has the
following enlarged domain of boundedness:

11(0,2,0) = (u§24)(07t,)\),u§13)(0,t,)\)) . (3.5)
The properties denoted by (iii) follow from (3.3)). O

We will also need the spectral function s (\) defined by

By(z,t, \) = Bo(z, £, \)e TP 5 ()). (3.6)
Evaluation of (3.6) at (z,¢) = (0,0) yields
Soo(A) = @3(0,0, ). (3.7)

Just like s()A), the function seo(A) is defined in terms of the initial data wu(z,0) and
ut(x,0). Moreover, so satisfies
det 500 () = 1, (3.8)

sa(N) = aoo(%) boo (N)
> —bos(N)  ase(N) )

where ao(A\) and boo (A) are scalar-valued functions.

and can be written as




Proposition 3.2 The spectral functions as(A) and bso (M) have the following properties:

(i) aoo(A) and boo(N) are analytic in D5 with continuous and bounded extensions to

ANE Dy .
(1) aso(N) =14+ O(1/X), boo(N) = O(1/)), A — 00, A€ Ds.
(i1) |as (N> + b (V)| = 1, ImA=0, \& Ds.

Proof. Properties (i) and (ii) follow from the discussion in subsection 2.3} Property (iii)

follows from ({3.8]). O

4 The Riemann-Hilbert problem

In this section we use the eigenfunctions {4;}3 and {®;}3 to formulate a RH problem
for a 2 x 2-matrix valued function with jump contour shown in Figure [5| We will first
formulate a RH problem for a 2 x 2-matrix valued function M (x,t,\), whose form is
suggested by the methodology of |[Fokas| (1997). However, it turns out that the jump
matrix for this RH problem depends on the function p(x,t) which occurs in the Lax pair
(2.24). The function p(z,t) is unknown from the point of view of the inverse problem,
and thus the solution is not yet effective. We will overcome this problem by introducing
new variables (y,n) and formulating a modified RH problem for a 2 x 2-matrix valued
function M (y,n, A), whose jump condition is given explicitly in terms of y, , and A. The
solution u(z,t) of can be recovered in parametric form as a function of (y,n) from
the asymptotics of M(y,n,A). A similar reparametrization of the RH problem occurs
also in the analysis of other equations such as the Camassa-Holm equation and equation
, although in those cases only one of the variables (z,t) has to be reparametrized,
cf. Boutet de Monvel and Shepelsky| (2008)); |[Lenells and Fokas| (2009).

4.1 RH problem for M (z,t,\)

We seek a bounded and sectionally analytic 2 x 2-matrix valued function M (x,t,\), which
satisfies a jump condition of the form

M_(z,t,\) = My (2, t,\)J(z,t,\), ANe D .nD_, (4.1)

- M D

nr= M AE D (4.2)
M_, AeD_,

where J(x,t, A) is a 2 x 2-matrix valued ‘jump matrix’ and
Dy = D] UD3U Ds, D_ = Dy U D} U Dg.

Since the p;’s and the ®;’s are well-behaved near A = 0 and A = oo, respectively, we
define M in terms of the p;’s in the regions D}, Ds, D3, and D), and in terms of @
and @3 in the regions D5 and Dg. The methodology of [Fokas| (1997) suggests making the

10



following ansatz for M:

(1) _
g 5(2)\) ) /j/:(’,lz) ) )‘ € DI17
(2) _
g( fyns? ) A € Dy,
(34) pf¥ >
~ g\ M3 ’d(X) ) A€ D37
Va1, )) = oy 3 (4.3)
£2
g /”’3 9 a(S\) 9 )‘ € D47
= o), A€ Ds
6) @® _
i(), )7 a 2(5\) ) A€ D67
where _
_ - B(\ =
d(X) = a(A)A(N) + b(AN)B(N), L'\ =— (%) A€ Ds. (4.4)

a(A)d(A)’

The definition of M in D} U Dy U D3 U DY, which involves the ;’s, includes the prefactor
g(x,t). This prefactor is suggested by the relationship between eigenfunctions of
the Lax pairs and , and its inclusion implies that there exists a jump matrix
J such that M, and M_ are related as in . We introduce the following notation:

J1 )\EDiODQ,
j2:j3j4_1j1 )\GDQﬂDg,
j3 AE DgﬂDﬁl,
J(x, t, ) =< Jy \e D,nD, (4.5)
j5 A E DaﬂDg,,
j@ A E D5ﬂD67
j7=j4j;1j6 )\EDQODG.

The jump matrices {J,}] can be determined from the various relations between the
eigenfunctions. Indeed, algebraic manipulation of the equations leads to expressions
for the jump matrices {.J,, }4 in terms of the spectral functions s(A) and S()). Similarly,
algebraic manipulation of equation leads to an expression for the jump matrix Je
in terms of the spectral function so(A). To find an expression for the jump matrix Js,
we note that the relations (2.8), (2.14), and imply that two solutions y and @ of
and , respectively, satisfy a relation of the form

g, )z, t, ) = (x,t, \)e =PtV O (N)e0 = HNs, (4.6)

where C(\) is a 2 x 2-matrix independent of z, ¢ and the functions 6(x,t, \) and 0 (x, t, \)
are defined by

T 1 t—=x

O(z,t,\) = T A+ S—A)t, Ooo(z,t, N) = Ap(z,t) + o

In the particular case of 1 = pz and & = P9, equation (4.6]) holds with C(\) = ¢(0,0)s()),
i.e.

(4.7)

gz, sz, t,\) = By(x,t, N)e W@t g 0)s(X)e(@tNs, (4.8)

Equation (4.8) together with (3.1a) and (3.6)) provide the required relations between the
p;’s and the ®;’s needed for determining Js. In summary, we arrive at the following

11
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Im(€2)

Figure 4 The image in the (y,n)-plane of the half-line domain Q = {0 < x < 00,0 <
t < T} under the map (4.19).

expressions for the J,,’s:

Jy=e 00 g0 Jy =700 g0 g = 71003 50, (4.9)
J5 = e 0003 JOei00s - Jo = 7003 IO, (4.10)
where
Lo L 8
0 _ 0 _ - a(\) o (1
= <F()\) 1)’ Ti=\lim o | 5= (0 1 ) (4.11)
a(N)  a(Na(N)
o (R Og0,0)s() Qoo o (Y =S
J5 = (9(0.0)5(\))21 0(0,0)2 A= mm )
oo (A) aco(Na(N) ao(N)  ang(N)ame (V)

4.2 RH problem for M (y,n, \)

In the previous subsection we formulated a RH problem for M (z,t,A) in the Riemann
sphere of the spectral parameter A. However, as noted above this RH problem does not
provide the solution of our initial-boundary value problem. Indeed, the jump matrices
{J.}I involve A. The occurence of the function p(x,t) in 6., implies that the RH
problem cannot be formulated in terms of the initial and boundary data alone. To
overcome this problem we make two important changes in the formulation of the RH
problem: (1) We modify the jump matrix by adding appropriate exponential factors to
the definition (4.3). (2) We introduce new variables (y,7) by

1

(@)= (ym),  y=plt), n=g@—1), (4.12)

where p(z,t) was defined in (2.6). The jump matrix of the modified RH problem is
explicitly given in terms of (y,7,A) and can thus be formulated in terms of the initial
and boundary data alone.
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Define the 2 x 2-matrix valued function M (y,n, \) by

(1) 12

g 5(2)\)#‘:(3 )
™ (12

g 455, m8?
34) pl®

g u ),;‘(g)
M(y,na )‘) = (34) H(4)
2

g /’LS 7a(5\)
) . (5)
acc(N)? 73
6) o

3 7 ae)

61 (y )0'3,

ez (y )0'37
iA(y+t

el (y )0'37

i\ t
N+

A€ Dj,
X € Do,
A\ € Ds,
A€ Dy,
X\ € Ds,

)\GD@,

(4.13)

The map (4.12) is a bijection from Q@ = {0 < x < 00,0 < t < T} to a subset of the
(y,n)-plane delimited by the image of 92 under (4.12), see Figure |4 The image of 92

consists of three pieces given by

(o) =2 ([ (1= cos(u(a’,0) /(@ 0)de, &
{mn=5( )

2

1320},

&%mzé(A?uwmwmﬂmv%wWMﬂ—Q%StST}

{m =3 (s0.)+ [ (1= costuta ) Vi T o)

In particular, the map (4.12)) is everywhere nonsingular:

9y
&:
ot

Oy
o5
ox

2

51— cosu)im

1
Lremovml Lo
2

x>0

(4.14)
(4.15)

(4.16)

The expressions on the right-hand side of (4.13)) should be understood as being evaluated

at the point (z,t) corresponding to (y,n) under (4.12)).
The form of the exponential factors e*(¥+1)7s and ¢?2x7s on the right-hand side of

(4.13)) is motivated by the fact that these exponential factors are analytic near A = 0 and

A = 00, respectively, and by the relations
ei)\(y+t)a'3€i0c73 _ ei()\y—i-%)o‘g’

The relations (4.17)) imply that M satisfies the jump conditon
M- (y7 7, A) = M—‘r('xa t7 A)‘](ya 7, )‘)7

e Dy,

xeD_,

M= {M+,
M-,

where the jump matrix J(y,n, A) is given by

Tn(y,m, \) = e 1OvFaR)7 70 (),

J1
Jo = J3J; M
J3
J=<
J5
Jo
Jr = Judg s

13

ei%o’geiemdg — ei()\y—i—ﬁ)ag.

)\ED&ODQ,
)\GDQﬂDg,
)\ED;}ODQ,
A€ Dyn D,
)\EDZQD&
)\ED5OD6,
)\ED/IQDG.

)\ED+QD_,

n=1,...,7;

(4.17)

(4.18)

(4.19)

(4.20)



o
W Re A
D}

Ds

Figure 5 The contour for the Riemann-Hilbert problem in the complex A-plane.

We can now prove the following theorem.

Theorem 4.1 Let T < oo and let ug(z), u1(z), 0 <z < oo, and go(t), g1(t), 0 <t < T,
be given functions. Suppose that there exists a solution u(x,t) of equation in the
domain {0 < x < 00,0 <t < T}, which satisfies the initial conditions

u(z,0) = up(x), w(x,0)=ui(x), 0<z< o0,
and the boundary conditions
u(0,t) = go(t), ux(0,t) = q1(¢), 0<t<T.

Moreover, suppose that cos(u(z,t)) — 1 has sufficient smoothness and decay as x — oo
and that cos(go(t)) # —1 for 0 <t < TE| Then u(x,t) can be reconstructed from the
initial and boundary values {up(x),ui(x), go(t),g1(t)} as follows.

Define the functions m(x,0) and m(0,t) by

m(x,0) =1+ (upz(z) + ul(x))Q, m(0,t) =14 (¢g1(¢) + gOt(t))z.

Define the functions p(x,0) and p(0,t) by
1 xr
p(x,()):i/(lfcosuo )vm(z',0)dx’, 0 <z < o0,
0
1t
p(O,t)=§/( +cos(go(t")))\/m(0,¢)dt’, 0<t<T.
0

Define ps(x,0,\) and ®3(x,0,\) in terms of ug(x), ui(x), and p(z,0) via the Volterra
linear integral equations and evaluated att = 0. Define the spectral functions
a(N), b(A), acc(N), boo(A) by equations and (3.7). Similarly, define py(x,0,\) in
terms of go(t) and g1 (t) via the Volterra linear integral equation evaluated at x = 0.
Define the spectral functions A(X), B(X) by equation (3.9).

Let R > 0 be such that

1/2
t—t
R> sup

0<t,t/<T 4[ (1 + cos(go(7))/m(0, 7)dT

Hf T = oo, we also assume that cos(u(0,t)) — 1 has decay as t — oo.

14



and define the sets {D,}$ by and . Define D} and Dy by (3.4)). Let
D, =D} UD3U D3, D_ =Dy UD} U Dg.

Define d(\) and T'(\) by . Assume that the possible zeros {k;}Y of a(\) and {\;}4
of d(\) satisfy

e a(k) has N simple zeros {k;}}_, such that k; € Dy, j = 1,...,n1, and k; € Dy,
j=n1+1,...,N.

e d(k) has A simple zeros {\;}}, such that \; € Da, j =1,...,A.
e None of the zeros of a(k) coincides with a zero of d(k).

Then the solution u(z,t) of equation is given in parametric form in terms of
two real parameters y,n such that

T T
nz-5;  yzpn0) for =20 y=2p02) for - <n<0, (4.21)
by
20m ( [0, 0) (/' n)dy’) +uo(2n),  n=0,
w(Ey.m) +n.6y.n) —n) = e .
2Im fp(072‘7]‘) a(y',n)dy ) + g0(2/nl), -5 <n <0,
(4.22a)

where &(y,n) is defined by

Yy
1 —4Im(a(y’,n))2dy’ + n, >0,
Eym) = fpy(Qn,O) v (aly /n)) 21/ £ 00 (4.2%)
fp(o72|7,|) V1 —4lm(a(y’,n)2dy’ + |n, -3 <n<0,
the function a(y,n) is the unique solution of the Ricatli equation
2 . . 1
ay =a° —4i ,\h_>n;o AMis(y,m,A) | o — 7 (4.22¢)
Im A>0
together with the initial conditions
1 —i arcsin( uog (2m)+ug (21) )
a(p(2n,0),n) = —5¢ V(g (2n)+uq (2m)2 n >0, (4.22d)

17iarcsin< 91 2InD+901 (21nl) )

a(p(0,2[n]),n) = —5¢ T+ (91 (21n)+90¢ (217))2 fg <n <o,

and M (y,n, A) is the unique solution of the following 2 x 2-matrix RH problem:
e M is meromorphic away from the contour D, N D_.

o The possible poles of the first column of M occur at X = k;, j = 1,...,n1, and
A= XN, j=1,...,A. The possible poles of the second column of M occur at

A=kj,j=1,...,n1,and A= X;, 5 =1,...,A. The associated residues satisfy the

15



following relations:

1 2i(kjy+-L)o .
%QS[M(?JJ%)\)]l :aie (kiv 4k1) 3[M(yan7kj)]27 J = 1,...,mnq,
; ) .

(k;)b(k;)
(4.23a)
-1 —2i(kjy+57-)os 7 .
Res[M (y,n, A)]2 = e 4k M(y,n, k)1, =1,...,n,
;zj[ (Y, m A2 T [M(y,n, k;)]1 j 1
(4.23b)

%\es[M(?ﬁ n, )‘)]1 :%\GS F(k) ezi(Ajy—i_ﬁ]j)a:s [M(ya n, Aj)]?v j=1... A, (423C)
i i

Res[M (y,7, )]z = = Res T (k) e IR My 30, G =1, A

J

o M satisfies the jump condition
M_(y,n,A) = My(y,n, M) J(y.n,\), A€ DinD_,

where M is M_ for A€ D_, M is M, for A € Dy, and J is defined by equations
and ([{-20).

e M(y,n,A) =1+ O(N), A—0.
OM(ym,)\):I—i—O(%), A — 0.

Proof. In the case when a(\) and d(A\) have no zeros, the unique solvability is a conse-
quence of the existence of a vanishing lemma. If a(\) and d()\) have zeros, the singular
RH problem can be mapped to a regular one coupled with a system of algebraic equations,
see [Fokas and Its| (1996]).

The residue conditions ([4.23)) can be proved as follows. The general approach of
(2008)) implies that M as defined in |i satisfies the residue condition

. 1
Resli., 9 = 75

where 0(z,t,\) is given by (4.7). The definition (4.13) of M and the relations (4.17)
(23],

imply that M satisfies The other residue conditions follow similarly from the

corresponding residue conditions for M.
In order to prove (4.22)) we note that the change of variables (4.12]) implies that

e2i0(w’t’kj)[M($vta kj)]Qa ]: 13'“7”17

Oy = %(1 — cosu)ymdy + %&,, 0 = %(1 + cosu)y/md, — %8,,.

In particular,

0y + 0, = /md,. (4.24)

Moreover, because
m =14 (uy +uy)? :1+muz,
we find that 1

= — 2.
1 uy

m

16



Thus, addition of the two equations in (2.24]) together with (4.12)) yields

7 Uyy

O, +iNos, @] = = |, + —2L
\J1—ul

2
Consider the particular solution of this equation given by

o
o=(—2-,0).
(CLOO()‘)’ °

This ® admits an expansion of the form

O(z,t,\) =1+

oW (z,t) 3 (x,1) 1
N T +O<A3

), A — 00, A€ Ds,

where ®(z,t) and ®®)(x,t) are independent of \. Substituting this expansion into
(4.25)) we find by considering the terms of O(1) that

408 (2, 1) = uy + ——.
A1 —ul
Thus, by construction of the RH problem,

4 lim AMia(y,m,0) = uy + e (4.26)
Tm AS0 \/1—ul
In view of the inquality
Uy + U

V14 (ug + ug)?

we may define two functions Q(y,n) and a(y,n) by

—1<u, = <1,

1 .
Q = —u — arcsin(uy), a= —§e_wrcsm(“y). (4.27)

These definitions imply that

uy =2Im(a), Q= [u,+ L=, (4.28)
WJ1-= ug

and that « satisfies the Ricatti equation

1
ay = a? +iQuo — T (4.29)

Equation (4.22¢) follows from (4.26]), (4.28]) and (4.29).

In order to prove that « satisfies the initial conditions (4.22d|) we note that the initial
half-line {(z,t) = (2s,0)|s > 0} is mapped by (4.12)) to the set {(y,n) = (p(2s,0), s)|s >
0}. Together with the definition (4.27) of « this leads to

=27, n Z Oa

1 —4 arcsin(u
Oé(p(277,0),77) - —56 (uy) =2

17



which yields (4.22d]) for n > 0. The proof when —T'/2 < < 0 is similar.
Finally, equations (4.22a)) and (4.22b)) can be derived by considering the map (4.12))
as the composition of the change of variables (1.2)) with the map

€
(&m) = (y,n) = </| | Vmd¢' + p(|nl + n, Il — 77)#7) : (4.30)
n
Thus, the variables (y,n) € Im(£2) satisfy (4.21)). Using that the map (4.30) admits the
inverse
y
(y,m) = (&;m) = (/ m~2dy’ + Inl,n> ,
p(Inl+n,|nl—n)

together with the expression (4.28) for u, in terms of Im «, we find (4.22a)) and (4.22b)).
O
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