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Pro
a equations derived from �rst prin
iplesMi
hel GondranUniversité Paris Dauphine, 75 016 Paris, Fran
e.∗Abstra
tGersten has shown how Maxwell equations 
an be derived from �rst prin
iples, similar to thosewhi
h have been used to obtain the Dira
 relativisti
 ele
tron equation. We show how Pro
aequations 
an be also dedu
ed from �rst prin
iples, similar to those whi
h have been used to �ndDira
 and Maxwell equations.Contrary to Maxwell equations, it is ne
essary to introdu
e a potential in order to transforma se
ond order di�erential equation, as the Klein-Gordon equation, into a �rst order di�erentialequation, like Pro
a equations.
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I. INTRODUCTIONThe S
hrödinger and Klein-Gordon equations 
an be dire
tly dedu
ed from �rst prin
i-ples, i.e. from the 
ondition liking the Energy E, mass m, and momentum −→p and from the
orresponden
e prin
iple where E and −→p are substituted by the quantum operators i~ ∂
∂tand −i~∇. The non relativisti
 
ondition (E −

−→p 2

2m
− V )ψ = 0 where ψ is a wavefun
tiongives the S
hrödinger equation and the relativisti
 
ondition (E2

− c2−→p 2
−m2c4)ψ = 0 givesthe Klein-Gordon equation.The Dira
 relativisti
 ele
tron equation1 is also derived from �rst prin
iples, but indire
tlywith a four 
omponent wavefun
tion whi
h permits to introdu
e a spin-1
2
parti
le.Gersten has shown2 how Maxwell equations 
an be obtained from �rst prin
iples, similarto those whi
h have been used to infere the Dira
 equation1.The aim of the present paper is to show how Pro
a equations3,4, des
ribing a massivespin-1 parti
le, 
an be also derived from �rst prin
iples, using a de
omposition similar tothose whi
h was used to �nd Dira
 and Maxwell equations. We 
an noti
e that the Pro
aequations 
an be used for massive photons4,5 and for the London penetration depth in asuper
ondu
tor4,6.Contrary to Maxwell equations, it is ne
essary to introdu
e a potential in order to trans-form a se
ond order di�erential equation, as the Klein-Gordon equation, into a �rst orderdi�erential equation, as the Pro
a equations.The method of Dira
 and Gerster to obtained the Dira
 and Maxwell equations are re
allin Se
tion 2. The method to obtain the Pro
a equations is des
ribed in Se
tion 3.II. DIRAC AND MAXWELL EQUATIONSIn his 1928 seminal paper1, Dira
 dedu
es his equation from the relativisti
 
onditionliking the Energy E, mass m, and momentum −→p :

(E2
− c2−→p 2

−m2c4)I(4)Ψ = 0, (1)where I(4) is the 4 × 4 unit matrix and Ψ is a four 
omponent 
olumn (bispinor) wavefun
-tion. 2



Dira
 de
omposes Eq. (1) into
[EI(4) +





mc2I(2) c−→p .−→σ
c−→p .−→σ −mc2I(2)



][EI(4)
−





mc2I(2) c−→p .−→σ
c−→p .−→σ −mc2I(2)



]Ψ = 0, (2)where I(2) is the 2 × 2 unit matrix and −→σ is the Pauli spin one-half ve
tor matrix with the
omponents σx =





0 1

1 0



, σy =





0 −i

i 0



 et σz =





1 0

0 −1



.Eq. (2) will be satis�ed if the equation
[EI(4)

−





mc2I(2) c−→p .−→σ
c−→p .−→σ −mc2I(2)



]Ψ = 0, (3)will be satis�ed. The Dira
 equation will be obtained by substitution in the equation (3) of
E and −→p by the quantum operators i~ ∂

∂t
and −i~∇.The two 
omponent neutrino equation 
an be infered, in the same manner, from thede
omposition

[E2
− c2−→p 2)I(2)Ψ = (EI(2)

− c−→p .−→σ ][EI(2) + c−→p .−→σ ]Ψ = 0, (4)where Ψ is a two 
omponent spinor wavefun
tion.Gersten2 �nds in 1998 the photon equation from the relativisti
 
ondition on the Energy
E and momentum −→p :

(
E2

c2
−

−→p 2)I(3)−→Ψ = 0, (5)where I(3) is the 3 × 3 unit matrix and −→
Ψ is a three 
omponent 
olumn wavefun
tion.Gersten de
omposes Eq. (5) into

[
E

c
I(3)

−
−→p .

−→S ][
E

c
I(3) + −→p .

−→S ]
−→
Ψ −











px

py

pz











(−→p .−→Ψ) = 0, (6)where −→S is a spin one ve
tor matrix with 
omponents
Sx =











0 0 0

0 0 −i

0 i 0











, Sy =











0 0 i

0 0 0

−i 0 0











, Sz =











0 −i 0

i 0 0

0 0 0











, (7)3



and with the properties
[Sx, Sy] = iSz, [Sz, Sx] = iSy, [Sy, Sz] = iSx,

−→S 2 = 2I(3). (8)Eq. (6) will be satis�ed if the two equations
[
E

c
I(3) + −→p .

−→S ]
−→
Ψ = 0, (9)

−→p .−→Ψ = 0, (10)will be simultaneously satis�ed. The Maxwell equations will be obtained by substitution inEqs. (9, 10) of E and −→p by the quantum operators i~ ∂
∂t

and −i~∇, and the wavefun
tionsubstitution
−→
Ψ =

−→E − i
−→B , (11)where −→E and −→B are the ele
tri
 and magneti
 �elds respe
tively. With the identity

(−→p .
−→S )

−→
Ψ = ~∇×

−→
Ψ (12)Eqs. (9) and (10) give

i
~

c

∂(
−→E − i

−→B)

∂t
= −~∇× (

−→E − i
−→B), (13)

∇.(
−→E − i

−→B) = 0. (14)There are exa
tly all the Maxwell equations if the ele
tri
 and magneti
 �elds are real.III. PROCA EQUATIONSIn this 1936 paper3, Pro
a gives relativisti
 wave equations for a massive spin-1 parti
le.We derive these equations from the relativisti
 
ondition on the Energy E, mass m, andmomentum −→p :
(
E2

c2
−

−→p 2
−m2c2)I(3)−→Ψ = 0, (15)where I(3) is the 3 × 3 unit matrix and −→

Ψ is a three 
omponent 
olumn wavefun
tion.Eq. (15) 
an be de
omposed into
[
E

c
I(3)

−
−→p .

−→S ][
E

c
I(3) + −→p .

−→S ]
−→
Ψ −











px

py

pz











(−→p .−→Ψ) −m2c2
−→
Ψ = 0, (16)4



where −→S is a spin one ve
tor matrix de�ned by Eqs (7) and (8).Then we de�ne the potential (ϕ,
−→A) by the following equations:
−→p .−→Ψ = i

m2c2

~
ϕ, (17)

[
E

c
I(3) + −→p .

−→S ]
−→
Ψ = i

m2c2

~

−→A. (18)If we use these two values in the Eq.(16) and substitute E and −→p by the quantum operators
i~ ∂

∂t
and −i~∇, we �nd the equation whi
h de
ribe the wavefun
tion from the potential

−→
Ψ = −

1

c

−→
∂A
∂t

− i∇×
−→A −∇.ϕ. (19)The other equations 
orrespond to Eqs.(17) and (18) by substitution of E and −→p by thequantum operators i~ ∂

∂t
and −i~∇

∇
−→
Ψ = −

m2c2

~2
ϕ, (20)

1

c

∂
−→
Ψ

∂t
− i∇×

−→
Ψ =

m2c2

~2

−→A. (21)If we put −→Ψ =
−→E − i

−→B , we dedu
e from Eqs.(19),(20) and (21), if −→E and −→B are real,the Pro
a equations
−→E = −

1

c

∂
−→A
∂t

−∇.ϕ,
−→B = ∇×

−→A. (22)
∇.

−→E = −−
m2c2

~2
ϕ, ∇.

−→B = 0, (23)
1

c

∂
−→E
∂t

−∇×
−→B =

m2c2

~2

−→A, 1

c

∂
−→B
∂t

+ ∇×
−→E = 0. (24)IV. CONCLUSIONAbove, we have shown how all Pro
a equations, Eqs. (22), (23) and (24), 
an be obtainedfrom �rst prin
iples, similar to those whi
h have been used to �nd Dira
 and Maxwellequations.As demonstrated by Lévy-Leblond7, the spin of the Dira
 ele
tron is not of relativisti
origin, but primarily a 
onsequen
e of the use of a multi
omponent wavefun
tion. It is thesame for the Maxwell and Pro
a parti
les. 5



The Dira
, Maxwell and Pro
a wavefun
tion are 
omplex. Moreover the Maxwell andPro
a wave fun
tions −→Ψ =
−→E − i

−→B are lo
ally measurable and well understood quantities.Therefore these wavefun
tions should be used as a guideline for proper interpretations ofquantum theories.
∗ Ele
troni
 address: mi
hel.gondran�polyte
hnique.
om1 P. Dira
: "The Quantum Theory of the Ele
tron", Pro
. Roy. So
. A117, 620 (1928). (1928).2 A. Gersten: "Maxwell equations as the one-photon quantum equation". Found. Phys. Lett. 12,291-8 (1998) .3 A. Pro
a, Le Journal de Physique et le Radium 7, 347 (1936).4 J. D. Ja
kson, Classi
al Ele
trodynami
s, John Wiley and Sons, New York, 1999.5 T. Prokope
 and R. Woodard, "Va
uum polarization and photon mass in in�ation", Am. J. Phys.72, 60-72 (2004).6 L. H. Ryder, Quantum Field Theory, Cambridge University Press, Cambridge, 2003.7 J. M. Lévy-Leblond, Comm. Math. Phys. 6, 286 (1967).

6

mailto:michel.gondran@polytechnique.com

	Introduction
	Dirac and Maxwell equations
	Proca equations
	Conclusion
	References

