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Syn
hronous Quantum Memories with Time-symmetri
 PulsesQ. Y. He, M. D. Reid, and P. D. Drummond∗Centre for Atom Opti
s and Ultrafast Spe
tros
opy,Swinburne University, Melbourne VIC 3122, Australia and
∗Email: pdrummond�swin.edu.auWe propose a dynami
al approa
h to quantum memories using a syn
hronous os
illator-
avitymodel, in whi
h the 
oupling is shaped in time to provide the optimum interfa
e to a symmetri
input pulse. This over
omes the known di�
ulties of a
hieving high quantum input-output �delitywith storage times long 
ompared to the input signal duration. Our generi
 model is appli
ableto any linear storage medium ranging from a super
ondu
ting devi
e to an atomi
 medium. Weshow that with temporal modulation of 
oupling and/or detuning, it is possible to mode-mat
h totime-symmetri
 pulses that have identi
al pulse shapes on input and output.Quantum memories (QM) are key devi
es both forquantum information and fundamental tests of quantumme
hani
s. A QM will write, store then retrieve a quan-tum state after an arbitrary length of time. QM devi
esare 
onsidered vital for the implementation of quantumnetworks, quantum 
ryptography and quantum 
omput-ing. At a more fundamental level, they 
ould enable oneto generate an entangled quantum state in one devi
e,then test its de
oheren
e properties in a di�erent lo
a-tion. This would allow one to test the equivalen
e ofthe quantum state des
ription for more than one physi-
al environment. For example, there are proposals thatgravitational de
oheren
e may o

ur beyond the stan-dard model of quantum measurement theory [1℄. Thiswould be testable with 
ontrolled ways to input, store,then readout a quantum state in di�ering environments.The ben
hmarks for a QM are storage time and input-output �delity. The memory time T must be longer thanthe duration TI of the input signal: T > TI . Otherwise,the memory is more like a phase-shifter than a memory.The �nal quantum state must also be a 
lose repli
a of theoriginal. In quantitative terms, the mean state overlap[2℄ between the intended and a
hieved quantum states(the mean �delity F̄ ) must satisfy F̄ > F̄C . Here F̄C isthe best mean �delity obtainable with a 
lassi
al measureand regenerate strategy [3℄. Further to this, an ideal QMproto
ol must enable numerous sequential quantum logi
operations to be performed, meaning many input-output�quantum states�, 
arried on ingoing and outgoing pulsewaveforms. This means that the output pulse envelopeshould be identi
al to that of the input.In this paper we propose a new QM proto
ol (Fig. 1),satisfying all of these 
onstraints, in whi
h the �state�is stored in a dynami
ally swit
hed 
avity-os
illator sys-tem. The 
avity a
ts as an input-output bu�er whi
hsyn
hronously mode-mat
hes the external input pulse toa long-lived internal quantum linear os
illator. We de-rive a 
ondition on the time-dependen
e of the os
illator-
avity 
oupling required to mat
h to any external pulse-shape, in
luding time-symmetri
 pulses. This 
ontrastswith previous work, in whi
h the 
oupling was a stepfun
tion[4℄, resulting in non-symmetri
 pulses having dif-

ferent shapes on input and outputAn essential feature of our treatment is that we showhow a smooth, time-symmetri
 se
h-pulse 
an be storedfor times longer than TI , and re
alled with high quan-tum �delity. This means that the output pulse-shaperepli
ates the input pulse. Hen
e, this type of quantumlogi
 
an be 
as
aded, with inter
hangeable inputs andoutputs. This is a vital feature of all logi
 devi
es. Impor-tantly, we do not use a slowly-varying pulse approxima-tion [5, 6, 7, 8, 9, 10℄, as was required in earlier proposals.This is essential, to allow the use of fast pulses whi
h 
anbe stored for times mu
h longer than the pulse-duration.Our theoreti
al 
al
ulations are 
arried out with sim-ple non-saturating linear os
illator models that are an-alyti
ally soluble. Cru
ially, this allows us to 
al
ulatepulse-shapes that are dynami
ally mat
hed in time tothe 
avity-os
illator system. This strategy 
an be 
om-bined with a variety of other te
hnologies. These in
ludequantum nondemolition (QND) [11, 12, 13, 14℄ inter-a
tions, Raman and ele
tromagneti
ally indu
ed trans-paren
y (EIT) [15, 16, 17, 18, 19℄, inhomogeneous broad-ening (CRIB) [20, 21, 22, 23, 24, 25℄, super
ondu
tingtransmission lines and squids [26, 27, 28℄, magneti
 
on-trol with a two-level atom [29, 30℄, nanome
hani
al os
il-lator storage [31, 32℄, and even intra-
avity BEC devi
es[33℄. This opens some ex
iting experimental possibilities,in
luding 
omparisons of �delity in QM devi
es with dif-ferent e�e
tive masses, as a fundamental test of de
oher-en
e in quantum me
hani
s.Previous QM experiments were frequently limited byrelatively short storage times [34℄. Other demonstrationsfo
us on retrieval e�
ien
y at very high photon number[35℄. However, these usually have a very low �delity, sin
ethe �delity at a �xed e�
ien
y de
reases exponentiallywith photon number. As a rule, previous proposals eitherignore �delity, or use 
riteria only appli
able to spe
ialknown states, like 
oherent or squeezed states [34, 36, 37℄.It is more useful in both appli
ations and fundamentaltests to allow for arbitrary input states. Our analysis isnot restri
ted to any 
lass of states, ex
ept for an upperbound on the input photon number.Model . The quantum information in a temporal mode
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Figure 1: (Color online) Proposed dynami
al atom-
avityQM. The 
avity 
ouples to only one ingoing and outgoingmode, uin

0 and uout

0 , and it is the quantum state of this modethat is stored. The pulse shape is optimized for e�
ientwriting and reading of the state onto and from the os
illa-tor medium inside the 
avity. A symmetri
 pulse shape isused, so the time-reversed output is identi
al to the input.of the propagating single transverse-mode operator �eld
Âin(t) is �rst transferred to an internal 
avity mode withoperator â(t), then written into the os
illator or memorywith mode operator b̂(t) up to time t = 0. Subsequently,the intera
tion is turned o� or detuned for a 
ontrollablestorage time T . The intera
tion is swit
hed on again af-ter time T , allowing readout into an outgoing quantum�eld Âout(t) at t > T (Fig. 1). We treat quantum infor-mation en
oded into single propagating modes that aretemporally and spatially mode-mat
hed to the memorydevi
e [38, 39℄. Here the relevant input and output modeoperators are â

out(in)
0 =

∫

u
out(in)⋆
0 (t)Âout(in)(t)dt, where

u
out(in)
0 (t) is understood to represent the output (input)temporal mode shape.We use the positive P-representation [40℄, in whi
hall operators Âout(in), â

out(in)
0 â, b̂ are formally repla
edby 
-numbers Aout(in), a
out(in)
0 a, b. Using input-outputtheory[41℄, the resulting dynami
al equations are:

ȧ(t) = −(κ + iδ(t))a(t) + g(t)b(t) +
√

2κAin(t)

ḃ(t) = −(γ + i∆(t))b(t) − g(t)a(t) +
√

2γBin(t) .(1)Here κ is the 
avity damping (assumed �xed), withdetuning δ(t). The internal 
avity-os
illator 
oupling is
g(t) (assumed variable), while the damping and detun-ing of the os
illator are γ, ∆(t) respe
tively, with an os-
illator reservoir Bin. These equations 
an be appliedto a range of experiments ranging from solid-state 
rys-tals or 
old atoms to super
ondu
ting 
avities or nano-os
illators. The 
ompleteness of the representation al-lows us to treat any quantum state or memory proto
ol.Sin
e the equations are linear, the overall time-delayedinput-output relationship must be given by:

aout

o =
√

ηMain

o +
√

1 − ηMaR. (2)Here an amplitude retrieval e�
ien
y ηM is introdu
edfor the time-delayed read-out, and aR represents the over-all e�e
ts of the loss reservoirs. For simpli
ity, all reser-

voirs are assumed here to be in the va
uum state, withoutex
ess phase or thermal noise.Hen
e, we 
an solve Eq (1) to obtain √
ηM = aout

o /ain
oby integrating over the positive-P output �eld Aout. Thisis valid sin
e aR 
orresponds to a bosoni
 operator whi
honly a
ts on a zero-temperature reservoir, and is thereforeequal to zero for the va
uum state in the positive P-representation.We will analyse the mode-mat
hing 
onditions for twodi�erent dynami
al models with �xed 
avity damping κ.In order to obtain dynami
al mode-mat
hing we requirean outgoing va
uum state for t < T . In the positive P-representation this translates to the simple requirementthat Aout =

√
2κa − Ain = 0, so that Ain =

√
2κa.The two models use strategies of either variable 
ouplingor variable detuning to swit
h on and o� the 
oupingbetween the os
illator and the intra-
avity �eld. Forsimpli
ity, we treat the 
ase of zero internal damping(γT << 1) in the equations, while still in
luding os
illa-tor damping in the graphs to demonstrate that this e�e
t
an be made small if ne
essary. With no loss of general-ity, we 
onsider units for whi
h κ = 1.
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Figure 2: (Color online) Case 1: Cavity input (dashed) andoutput amplitudes (solid). The dotted line gives the os
illa-tor amplitude. The dashed-dotted 
yan line represents the
oupling shape in time g(t). Here t0 = −5, T = 5, a0 = 1.1. Variable 
oupling (∆, δ = 0). In this approa
h,we propose that the 
avity de
ay is �xed, and that g(t),the intera
tion of the 
avity �eld with the linear medium,is swit
hed. During the input stage, the relation Ain =√
2κa means that a(t) is predetermined for any desiredmode-shape Ain(t). This gives an expression for g(t) ,sin
e from Eq (1), with γ → 0, one has g(t) = −ḃ/a.Hen
e:

[ȧ − gb]/a = ȧ/a + ˙(b2)/(2a2) = 1 . (3)In order to realize a time-symmetri
 input mode with
a = a0sech(t − t0), from Eq (3) we see that the inter-nal �eld amplitude must be b = a0e

t−t0sech(t − t0).The optimal shape of the 
avity-os
illator 
oupling intime is therefore g(t) = −ḃ/a = −sech(t − t0). This



3is independent of the amplitude a0 whi
h en
odes thequantum information. Here the 
oupling is syn
hronizedto t0, whi
h is the pulse arrival time. The quantummemory readout is obtained simply by time-reversal af-ter half the memory storage time has elapsed, so that
g(t) = g(T − t). The resulting output mode is also time-reversed and is un
hanged apart from being inverted:
Aout = −

√
2a0sech(T + t0− t). A typi
al result is shownin Fig. 2, from integrating Eq (1).
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δ’ ∆Figure 3: (Color online) Case 2: Cavity input (dashed) andoutput amplitudes (solid). Other lines and parameters as inFig (2). The inset gives the detuning shapes in time: ∆(t)and δ(t).2. Variable detuning . In this approa
h, the 
ou-pling is 
hanged by varying the detunings ∆(t) and δ(t).We 
onsider the simplest 
ase with g = κ = 1 and asymmetri
 pulse a = a0sech(t − t0). To give a va
uumoutput during the writing phase we must have:
∆ = i(ḃ + a)/b

δ = i(ȧ − a − b)/a (4)We suppose that b = b1 + ib2, so that δ = i(ȧ − a −
b1)/a + b2/a, ∆ = [(ḃ1 + a)b2 − ḃ2b1]/|b|2 + i[(ḃ1 +
a)b1 + ḃ2b2]/|b|2. Sin
e Im(∆) = Im(δ) = 0, we �ndthat b1 = (ȧ − a) = −a0e

t−t0sech2(t − t0), and hen
ethat b2 = a0e
t−t0sech(t − t0)tanh(t − t0). Finally, torealize symmetri
 input and output pulse shapes, weobtain from Eq (4) the required detunings of: ∆ =

e−(t−t0)tanh(t− t0) + sech(t− t0), δ = et−t0tanh(t− t0).After a 
ontrollable storage time, the intera
tion isswit
hed ba
k by time reversal of the detunings, so that
δ′ → −δ and ∆′ → −∆. The readout is obtained asbefore, as shown in Fig. 3.Memory Fidelity . Coherent states have proved use-ful in quantum appli
ations su
h as teleportation [42℄ andquantum state transfer from light onto atoms [11℄. Itis well known that F̄ c

n̄ = (1 + n)/(2n + 1) serves as aben
hmark for a QM with a gaussian ensemble of 
o-herent states [43, 44℄ having a mean photon number
n̄. For our beam-splitter solution Eq. (2), the outputfor this proto
ol is ρ̂out(α) = |√ηMα〉〈√ηMα|, and the

mean �delity is F̄n̄ = 1/[1 + n(1 − √
ηM )2]. These �-delities may 
orrespond to quite high e�
ien
ies, sin
e

ηM > [1−
√

1/(n + 1)]2 is needed for a QM.With n = 20,QM should be a
hieved for ηM > 0.61, provided there isno other de
oheren
e.For many quantum information appli
ations, a larger
lass of possible quantum inputs is needed. In the mostgeneral 
ase, we 
an de�ne the input state as any statewith a photon number bounded by nm. This 
orrespondsto an arbitrary state ∣

∣

∣

~Ψ
〉 of 1 + nm levels. Fnm

is thenthe average �delity over all possible 
oe�
ients satisfyingthe 
onstraint that ∣

∣

∣

~Ψ
∣

∣

∣
= 1. The �delity limit for (imper-fe
t) multiple 
loning of an arbitrary 1 + nm level stateis F̄ b

nm

≤ 2/(nm + 2) [45, 46℄. Sin
e a 
lassi
al memory
an 
learly generate any number of 
opies of a quantumstate, it must be 
onstrained by this �delity bound also.We 
an now 
al
ulate the �delity in the 
ase of nm = 1and nm = 2, whi
h allows for arbitrary states with up to
1 and 2 photons respe
tively. After tra
ing over the reser-voir modes, we obtain the predi
ted memory �delities inour beam-splitter model of [4℄:

F 1 =
ηM + 2

√
ηM + 3

6

F 2 =
η2

M
+ 2ηM

√
ηM + 3ηM + 2

√
ηM + 4

12
. (5)An arbitrary quantum state �delity measure gives abetter indi
ation of the power of a QM than a measure
onstrained to the 
oherent states. For example, anystorage devi
e with ηM > 0.23 
an potentially be a quan-tum memory for arbitrary states with up to 2 photons.
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 Figure 4: (Color online) Case 1 with losses: Cavity input(dashed) and output amplitudes (solid) with various loss ra-tios during the storage time: γ/κ = 0, 0.0125, 0.05. Otherlines and parameters as in Fig (2).Os
illator Loss : Figure 4 shows the typi
al input-output relation for various loss ratios during a storagetime of duration T = 5. For γ/κ = 0,
√

ηM = 1, for
γ/κ = 0.0125, we �nd an e�
ien
y of √ηM = 0.84, whilefor γ/κ = 0.05, we obtain √

ηM = 0.50. Here we havenumeri
ally integrated Eq (1) and used the integral of



4the mode overlap with the required se
h mode fun
tionto obtain the value of √ηM from Eq (2). If γ is larger, theos
illator lifetime is shorter, and the information storedin the medium de
ays more qui
kly.A long storage time T is 
onsistent with high memory�delity F̄ , provided we use dynami
al mode mat
hing,and provided γT ≪ 1. For 
oherent input states hav-ing n = 20, with residual loss γ/κ = 0.01, and storagetimes 5, 10, 15, 20, respe
tively, we �nd average �delities
F = 0.75, 0.63, 0.53, 0.44. All ex
ept for the last one arelarger than the 
lassi
al bound F

c

20 = 0.51 required for aquantum memory. For arbitrary input states of up to twophotons, all these storage times give �delities larger thanthe 
lassi
al bound F
b

2 = 0.5. Thus, for these parame-ters, we are able to predi
t the existen
e of a quantummemory with both high �delity and relatively long mem-ory lifetime.In 
on
lusion, we treat a general proto
ol for a syn-
hronous quantum memory, using a 
avity-os
illatormodel. We show that with temporal modulation of 
ou-pling and/or detuning, it is possible to mode-mat
h toidenti
al time-symmetri
 input and output pulses. Ourde�nition of an a

eptable quantum memory is based ontwo elementary 
riteria, long relative storage times andhigh quantum �delity. This type of quantum memorydevi
e promises to satisfy both 
riteria.We thank the Australian Resear
h Coun
il for supportthrough ARC Centre of Ex
ellen
e and Dis
overy grants.We grateful to Ping Koy Lam, Elisabeth Gia
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