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The spontaneous relaxation rates for an atom in free space and close to an absorbing surface are
calculated to various orders of the electromagnetic multipole expansion. The spontaneous decay
rates for dipole, quadrupole and octupole transitions are calculated in terms of their respective
primitive electric multipole moments and the magnetic relaxation rate is calculated for the dipole
and quadrupole transitions in terms of their respective primitive magnetic multipole moments. The
theory of electromagnetic field quantization in magnetoelectric materials is used to derive general
expressions for the decay rates in terms of the dyadic Green function. We focus on the decay rates
in free space and near an infinite half space. For the decay of atoms near to an absorbing dielectric
surface we find a hierarchy of scaling laws depending on the atom-surface distance z.

PACS numbers: 34.35.+a, 42.50.Nn, 32.70.Jz, 32.90.+a

I. INTRODUCTION

The spontaneous decay of an excited atom and the
associated release of a photon into the environment is
due to the interaction between the atom and the vacuum
fluctuations of the electromagnetic field. It is a funda-
mental process that is of critical importance in the un-
derstanding of the dynamics of free atoms. It is, there-
fore, unsurprising that this process has been the subject
of much study, some of which dates back almost to the
beginnings of quantum mechanics itself [1]. The usual ap-
proach is to expand the atomic charge distribution into
a sum of its multipole moments. The atom-field inter-
action is then considered to be dominated by the linear
coupling between the vacuum field and the dipole compo-
nent of the charge distribution. This approximation as-
sumes the dipole-field interaction to be sufficiently large
that the higher-order multipole terms can be neglected.
Such atom-dipole calculations are a mainstay of quan-
tum optics textbooks (e.g. [2, 13, 4, 15]). More recently,
extensive work has been done on dipole interactions in
more complex environments such as near absorbing sur-
faces |6, (7], near an absorbing microsphere [, |€ and in
a spherical microcavity [7].

In the past few years, there has been increasing ex-
perimental interest dipole-forbidden atomic transitions
[9, 10]. In particular, there has been a large body of
work exploring the use of such higher multipole moment
transitions in atomic clocks, because the weak nature of
these transitions leads to a narrow line width and hence a
much better frequency standard |11]. Quadrupole transi-
tions in "9Hg™" [12, [13] and 87/88Sr™ [14, 15, [16] are fre-
quently used and even the 2F' 1 -25 1 octupole transitions
in '"'Yb* has been studied [17]. Although there have
been some attempts to study the theory of quadrupole
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transitions [18], a complete understanding of the nature
of higher-order multipole decays is still lacking.

The corresponding magnetic interaction between the
atom and the vacuum fluctuations leads to a sponta-
neous change of the electronic spin state. With the recent
rise in interest in the magnetic trapping and confinement
of atoms for quantum control experiments and quantum
information processing |19, 20, 21], these spin flips have
become an increasingly important process. Atoms in spe-
cific Zeeman sublevels of their hyperfine ground state can
be magnetically trapped. However, these states are sub-
ject to spin transitions which can take the atom from
a trapped state to an anti-trapped state (i.e. the atom
is actively expelled from the trap owing to the relative
orientation of the magnetic field and atomic spin direc-
tion). This relaxation process is a limiting factor on the
lifetime of trapped atoms and may place serious restric-
tions on experiments that require long trapping times
such as those using a trapped atom as a fundamental
qubit for quantum information processing. The dipole
spin flip rate has been studied for a number of different
environments, for example above conducting and super-
conducting surfaces |22, 123, 124, [25] and close to metal
wires [26].

In this article, we present a general theory of higher
multipole relaxation rates. The Green function method
for the quantization of the electromagnetic field is briefly
discussed in Sec. [[Il In Sec. [II], the multipole expansion
and the multipole interaction Hamiltonian are reviewed.
In Sec.[[V], the Heisenberg equation of motion are used to
derive general expressions for the decay rates for various
multipole orders from their respective interaction Hamil-
tonians. Finally in Secs. [V] and [VT} the decay of atoms
in free space and close to a planar dielectric surface are
studied in detail. Some useful but lengthy calculations,
in particular on rotational averaging of tensors, can be
found in the Appendices.
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II. QUANTIZATION SCHEME

The electromagnetic field in an absorbing magnetoelec-
tric medium can be quantized by expanding the electric
field in terms of the dyadic Green function (the inverse
of the Helmholtz operator) and a set of bosonic vector
fields, which describe the collective excitations of the field
and the absorbing matter (for reviews, see e.g. |27, 128]).
The method begins with the classical Maxwell equations
in frequency space. In the absence of free currents and
charges these equations take the form

V - B(r,w) =0, (1)
V x E(r,w) —iwB(r,w) = 0, (2)
V -D(r,w) =0, (3)
V x H(r,w) 4+ iwD(r,w) = 0. 4)

Maxwell’s equations have to be supplemented by consti-
tutive relations between the primary fields E(r,w) and
B(r,w), and the derived fields D(r,w) and H(r,w), re-
spectively, which can be written as

D(I‘, w) = EoE(I', w) + P(I‘, w)v (5)
H(r,w) = koB(r,w) — M(r,w) (6)
[k0 = 1/po]- The polarization field P(r,w) and the mag-
netization field M(r,w) are, in the linear-response ap-

proximation, related to the electric field and the magnetic
induction by

P(I‘, w) =£o [E(I‘, w) - 1] E(I‘, w) + PN(I',U)), (7)
M(r,w) = Ko [1 - Ii(I‘, w)] B(I‘, w) - MN(I‘,(.«)) (8)
where e(r,w) and k(r,w) = 1/u(r,w) are the dielectric
permittivity and the (inverse) magnetic permeability, re-
spectively.
Absorption in the medium is accounted for consistently
by the addition of the noise polarization field Px(r,w)
and the noise magnetization field My(r,w). As a result

of this, the (frequency components of the) electric field
obey the inhomogeneous Helmholtz equation

V x k(r,w)V x E(r,w) — i—ja(r,w)E(r,w)
= iwpojn(r,w)  (9)
with the noise current density
in(r,w) = —iwPn(r,w) + V x Mn(r,w). (10)

This equation can be formally solved using the Green
tensor for the Helmholtz operator

E(r,w) = iwuo/d3s G(r,s,w) - jn(s,w), (11)

where the Green tensor G(r,s,w) has the property

W2
V xk(r,w)VxG(r,s,w)——e(r,w)G(r,s,w) = 6(r—s).

“ (12)

Quantization of the electromagnetic field is performed
by decomposing the noise polarization and magnetization
fields in terms of two sets of bosonic vector fields

Pn(r,w) =iy %s”(r,w) f.(r,w), (13)

~ K

My (r,w) =i "(r,w) £ (1, w), (14)

= ‘
o

and imposing canonical commutation relations for them
[\, N =e,m]

{f,\(r, w), 1, (v, w’)] =6Hnd(r—1r)o(w—w'). (15)

Thus the frequency components of the quantized electric
and magnetic field can be written as

BE(r,w) = Z /dSSG)\(I‘,S,w)-f)\(S,w), (16)

and

B(r,w) = %V x B(r,w), (17)

with the abbreviations

w? h
Ge(rv S, w) = Z_g _E//(Sa W)G(I', S, w) ) (18)
C TEQ
o w [ hop(s,w) =,
G, (r,s,w) = i oo (5. )2 [G(r,s,w) X V} .
(19)

The total field operators read
E(r) = / dwE(r,w) + h.c., (20)
0
B(r) :/ dwB(r,w) + h.c.. (21)
0

The bosonic operators fy(s,w) and f';(s,w) describe col-
lective excitations of the photonic modes and the absorb-
ing medium and can be viewed as the generalization of
the free-space photonic amplitude operators to arbitrary
magnetoelectric media. The bilinear Hamiltonian

Hp = Pr [ dwhwi](r,w) - Bi(r,w) (22
F )\;m/ / A A

can be used to generate the time-dependent Maxwell
equations from the Heisenberg equations of motion for
the displacement field and the magnetic field.

IIT. MULTIPOLAR-COUPLING HAMILTONIAN
AND THE MULTIPOLE EXPANSION

The macroscopic interaction between light and matter
is commonly described using the multipolar coupling. In



this picture, the matter is described in terms of a polar-
ization field, which is a result of displaced charges within
the material, and a magnetization field, which is a result
of charge currents within the material. The interaction
terms take the form of linear couplings with the polar-
ization field interacting solely with the external electric
field and the magnetization field interacting solely with
the external magnetic field.

The Hamiltonian for a globally neutral system of point
particles of mass m, and charge g, in the presence of an
external electromagnetic field, whose centre of mass is
at rest, has three contributions describing the medium-
assisted quantized electromagnetic field, the free motion
of the charged particles and the particle-field interaction,
respectively |28, [29],

fI:fIF—f—fIA-i-ﬁinm (23)

b2 1
- 2ma * 2¢p

Hipe = /d3rPA( ) - E(r) —/dST‘MA(I‘)-B(I‘),
(25)

d>r It’i(r), (24)

and Hp given by Eq. ([22). Note here that diamag-
netism, which is quadratic in the magnetic field, is not
considered. Furthermore, since the centre of mass of the
charge distribution is assumed to be stationary, the ve-
locity dependent Rontgen term vanishes. By considering
the divergence of the polarization field and the curl of the
magnetization in terms of displaced point charges and
charge currents respectively, the polarization and mag-
netization fields can be written in integral representation
as (see Appendix A)

an/ dsér—1a —s(to —Ta)] (Fa —Fa),

(26)

:Z2ma/ dssdr—ty — s(fq —1Ta)
X [(ra - I‘A) X pa pa ( - I‘A)]
+Z%¢Sa5 (r—=q). (27)

Here S, is the spin operator for particle « located at r,
P is the canonical momentum of the particle relative to
the atomic centre of mass and 7, is the gyromagnetic
ratio of the particle (for an electron: v, = —ege/(2m.)
with the electron g-factor g, ~ 2). Hence, the electric and
magnetic terms in the interaction Hamiltonian become

Hl(nEt) /dSTan/ dsdr—1ta—s(fq —T4)]

X (fq —4) - B(r), (28)

B
8 = ey

X [(fq — F4) X Pa — Pa X (Fa —14)] - B(r)

- /d% S aad (- £0) - B(r). (29)

1
iﬁ:a/o dssd[r — i — s(fa — )]

A. Electric multipole expansion

The interaction Hamiltonians ([28) and (29) are diffi-
cult to handle and some simplifications are necessary to
proceed. The usual approach is to expand the polariza-
tion and magnetization fields in terms of their multipole
moments. The procedure is outlined here. More infor-
mation on the both the classical and quantum multipole
expansion can be found in Refs. (30,131, [32].

Consider first the electric term of the interaction
Hamiltonian (28]). The d-function can be expanded about
the point r =14

ao an/d3 / ds(to —#a) E(r)
X {5(r—f',4) — 5(fq —T4) - V(r —14)

2
+ %[(f‘a —Ty)- V]25(r —14)+ O[(ta — f‘A)S]}.
(30)
Both integrals can now be performed. The spatial inte-
gral is evaluated by integration by parts on the deriva-
tives of the d-function. As the vector (fo — F4) is not a

function of the spatial variable r, the derivatives act only
on the electric field. Thus the expansion becomes

mt - an Iy — I‘A E(f'A)

- % > gal(fa —£4) ® (B — £4)] © [V @ B(r)]|r—¢,
- %an[(fa —T4)® (Fq —Ta) ® (Fo — Fa)]
¢ VRV RE[)|rei, + O [(Fa —1Ta)'], (31)

where the symbol e denotes the Hadamard product (A e
B = A, i, Bi..i,) Equation BI) can be written in
a simpler form by defining multipole moment (tensor)
operators. The primitive electric dipole, quadrupole and
octupole moment operators are defined as

& = Z QQ(fa - fA)a (32)
= %an(f‘a—f‘A)@(fa_fA)a (33)

1 I T = oY oY A
- ?an(ra —T4) @ (Fq —Ta) ® (Tq — Fa),



respectively. Note here that the multipole moments are
defined as in Refs. [4,132] with the coefficients of the Tay-
lor expansion absorbed into the definition of the moment.
As a result, the electric multipole interaction Hamilto-
nian can be written as

A = —d-EEa) —dY o [VOE®r)] e,

—d® e[V V@E®)] =, +0 [(fa —14)"] -
(35)

B. Magnetic multipole expansion

A similar expansion can be performed for the magnetic
term of the interaction Hamiltonian ([29). Once again the
d-function can be expanded about the point r = 1 4. Per-
forming the integrals as before and defining the primitive
magnetic dipole and quadrupole moments as

+ 3 (Fa — #4) @ YaSa, (37)

[e3%

respectively, leads to a magnetic multipole interaction
Hamiltonian of the form

ﬁ.(B) =—m- B(f‘A) —m® e Ve E(r)”r:fm
-0 [(f‘a - f‘A)g} . (38)

IV. ATOMIC EQUATIONS OF MOTION

The dynamics of atoms subject to electric dipole in-
teraction with the medium-assisted electromagnetic field
has been studied extensively in the literature |6, [7, 1§].
More recently, atoms subject to electric quadrupole in-
teractions |18] and magnetic dipole interactions [23, [24,
25, 26] have been considered. In order to analyse the ef-
fect of higher-order multipole interactions on the atomic
decay rates, we derive the equation of motion for an atom
subject to a single, specific higher-order interaction. We
develop the Heisenberg equation of motion for general
multipoles and derive a general expression for multipole
driven relaxation rates. It is assumed that each transi-
tion is driven by a single multipole interaction term and
hence each multipole order can be studied independently.

Beginning with Eq. (23]), the microscopic multipolar-

coupling Hamiltonian can be written as

H= Z /d?’r/dwhwfj\(r,w)-f,\(r,w)

A=e,m
+ Z hw;Gii + Hing. (39)
i
Here 6;; = |i)(i| are the projection operators onto the

energy eigenstates |i), with energies hw;, of the atomic
Hamiltonian. We define an operator Or that corresponds
to the (differential) operator acting on the electric field
in the relevant term of the multipole expansion [e.g. for

the electric dipole OF = (d-), for the electric quadrupole

QOr = (d¥ e V,®), etc]. Furthermore, we can rewrite
the interaction Hamiltonian as

Hint - QFE(r) |r:rA
- (Z Uu) O | 655 | B(r) r=ra
i j

- Z Q;‘j&ijE(r) |r:rA ) (40)
j

where the electric field is given by Eqs. (I6) and (20),
and the completeness relation Zi 61 = 1 has been used
to rewrite the expression in terms of the atomic flip op-
erators 6;; = |i)(j|. The Heisenberg equations of motion
for the atomic flip operators and the bosonic field oper-
ators are thus

Lf,\(r, w) = —iwfy(r,w) — iZng (r',r,w)d;;  (41)
©j

and

&ij :iwij&ij —1 Z Z/dgs/dw
A=em k
[9xjx(r,8,0)6 — gaui(r,s,w)6k;] - £(s,w) + h.c.
(42)

where the coupling tensors gy ;; (r,r’',w) are defined by

1
gxij (I‘, r’,w) = %Q;‘ij(rvrlvw”r:l‘A . (43)

Our goal is to study the dynamics of the atom under
the influence of an external field, hence the next step is
to remove the electromagnetic degrees of freedom. This
is done by solving the equation of motion for the field
(1) and substituting the solution into the equation of
motion of the atom [@2). Equation {I]) can be solved in
the Markov approximation which assumes that atom to
be memoryless and hence not affected by previous field
states. Writing the atomic operator as a slowly varying
envelope function and a term oscillating with the atomic
transition frequency, 6;; = 6;;¢™', Eq. (@) can be in-
tegrated to give

fi(r,w) = e ™o (r W)+ Z g3 (r' v, w)C(w—wij) o
ij

(44)



where ((w — w;;) is defined as

1— ei(wfwij)t

((w—wiy) = (45)

(W —wiz)

Note here the imaginary part of this function is sharply
peaked around w = w;; and hence for large values of ¢
the function ((w — w;;) can be replaced by mé(w — w;;).

Thus, in the long time limit, ((w — w;;) becomes

1

(W —wiz)

((w—wi;)="P +imd(w — wij) (46)

with P denoting the principal value. Resubstituting the
expression for the field into the equation of motion for
the atom gives

by = iwigo =i > S / d’s / duoe ™ g i (r, 5,053k — Gai (1, 8,0)5] - 1 (s, )

A=e,m k

- Z Z /ng/dW (9 jk (T, 8,W)Gik — gx ki(T,s,w)0;] 'gi,pq(rlvsaW)C(W—qu)[’pq- (47)

A=e,m k,p,q

The first term in Eq. (#7) corresponds to the free mo-
tion of the atom, the second to the interaction of the
atom with the free external field. The third term cor-
responds to an atom self interaction mediated by the
medium-assisted electromagnetic field. It is this term
that leads to spontaneous relaxation processes.

State populations are described by the projection op-
erator &;;. Since the free motion of a projection operator
on to a state is static the first term in Eq. (@7) vanishes.
If there is no external field then the second term also van-
ishes. Thus Eq. ([@T), after some rearranging, becomes

A=e,m k,q

|:g>\,ki (r7 s, (,d) . g;ﬁ\,iq (rlu S, W)é'ch(w - wiq)

gk (£,5,0) - Gy (8, )61 (w0 — wkq>] . (48)

The problem can be simplified by studying only the two
relevant atomic levels that are involved in the transition.
Since the multipole moment matrix element contained in
Q}; vanishes for paired indices, g;;(r,s,w) vanishes and
the evolution of the excited state (here labelled as 2) can
be reduced to

&2221' Z /d3s/dw

A=e,m

[QA,lz(r, s,w) - 9;,21(1'/, s,w)611¢(w — wo1)

—ga21(r,8,w) - gX 12(r', 8, w)F22((w —wi2) . (49)

The state labelled 1 indicates the ground state. Solving

this equation for the excited-state population gives

t

o (t) = e 1@ [&22(0)+¢ > / dt’ / d3s / dw
A=e,m 0

X gx12(r, s, w) 'g§,21(rla s,w)o11(t")¢(w — w21)} .

(50)

The relaxation rate appears as an exponential decay fac-
tor in the free evolution of the excited-state projection
operator and is given by

r = Z /dgs/dng,gl(r,s,w) - gx12(r',s,w)

A=e,m

xIm¢(w — way). (51)

Expanding the coupling tensors gy ;;(r,s,w), replacing
Im [((w — we1)] with a delta function, and using the in-
tegral relation for the Green functions,

Z /d3sG,\(r,s,w)-G§\(s,r',w)
A=e,m
2
_ e Im G(r,v’,w), (52)

mc2eq

the final expression for the decay rate is found to be

2
F= lim —2 QY ImG(r,r,ws)Q.  (53)

r,r’'—ra h62€0

Equation (53]) is a general result and hence true for all
multipole orders. In order to obtain any relaxation rate
one only needs to determine the form of the differential
operator QJ for the relevant order, which itself can be
easily found from the multipole expansions ([B3]) and (B8]
of the electromagnetic field. Together with the definition



of the multipole differential operator Qf;, Eq. (53] con-
stitutes the main result of this article. Note that this can
equivalently be written as

_ 21 !
r= ) rl/lﬂm ﬁCQEO’I‘r [(Q‘{Q ® le) Im G(r,r’, wo)
(54)

where care has to be taken when carrying out the deriva-
tives. This form will turn out to be useful later on when
we consider unorientated ensembles of atoms.

Substituting in the relevant expressions for Q;; the de-
cay rates for various multipole order can be found

2
wWa1
hc2eg

I'= do1 - ImG(ra,ra,wa) - diz, (55)

2
= lim h“c’gl A e V@ ImG(r, v, wy) ® V' o d\¥ |
r,r’'—ra

(56)
2
. w
I'= r rl’lger h02€0
P R (8)
d¥) e (V@ V) @ ImG(r, 1, wy) ® (V®V)o¢%
(57)
I'= lim @m21 -V x IHlG(I‘,I‘/,(.UQl) X <6/'11112,
r,r’'—rag
(58)
r= lim £2x
r,r’'—rag
o (4)
m210V® V xImG(r,r' ,we) x V Vomu.
(59)

In these expressions, Egs. (BB)—(ED) are the electric
dipole, quadrupole, and octupole transition rates, respec-
tively, and Eqs. (68) and (59) the magnetic dipole and
quadrupole transition rates.

V. MULTIPOLE DECAY RATES IN FREE
SPACE

The expressions for the spontaneous decay and mag-
netic spin flip rates in Eqs. (55)—(G9) are valid for any
environment with the geometry of the system contained
in the, as yet unspecified, Green function. Calculating
rates for different environments requires knowledge of the
specific Green function for that system. For complicated
geometries its calculation can be highly involved, but in
some simple cases it is analytically known. In this sec-
tion, the Green function for free space is used to calculate
the vacuum decay rates. In the next section, the Green
function for an infinite half space will be used to calcu-
late the decay rates of atoms near an absorbing dielectric
surface.

The Green function for free space, in component form,
is given by
etalr—r'|

GO)(r.v' w) = (OL05 + ¢°0ap) (60)

drg?|r — 1’|’

where ¢ = w/c is the wave number and the greek indices
run over the Cartesian coordinates z, y and z.

1. Electric dipole decay rate

Extensive work has been done on the dipole transition
6, 7, 8]. For completeness the result is stated here. The
spontaneous decay rate for an electric dipole transition
is given in component form by

2

I'= lim
r,r’—rag hC2

——dadglm Gop(r, v, w). (61)

Here the state indices have been dropped for clarity
(hence w2 = we; = w and di2 = do; = d). From
Eq. (60), the imaginary part of the free space Green func-
tion in the coincidence limit r — r’ is found to be
0 w

ImG((lg(rA,rA,w) = %5(15. (62)
Hence the free space dipole spontaneous decay rate is
given by the well known formula

w3

o= —+
0 6mhcleq

dod,. (63)

2. Electric quadrupole decay rate

The quadrupole spontaneous decay rate in component
form is given by

r= . thIer hee d((fﬁd% 0o 0. Im Gps(r,v',w).  (64)
Once again the state indices have been dropped for clar-
ity. The double derivatives of the imaginary part of the
free space Green function for coincident spatial variables
are easily found. Note that the both the Green func-
tion and d((fﬁ) are symmetric in their respective indices.
Using these symmetries it is possible to show that the
only non-vanishing terms are those with paired indices in
the outer product of the two quadrupole moment vectors
(sometimes referred to as the quadrupole polarizability
tensor). After collecting terms, the quadrupole sponta-
neous decay rate in free space is found to be

w? 4) 44 4

b0 = Sorheieg {dg)d(ﬁ) 3d£“4°2d(ﬁﬁ)} (65)
Note here that the primitive moments have been used.
In certain circumstances (e.g. when the external field is
divergence free), the quadrupole moment tensor can be
made traceless [30, [31]. In these cases the second term
in Eq. (65) vanishes. This returns the result which is
consistent with Ref. |[18] where the traceless quadrupole
moment tensor is used. However, traceless moments are
not valid for all physical situations (for example, if there
are other sources in the external field) and hence must be
used with care. In contrast, the primitive moments are
always valid and hence the full form of Eq. (65 is true
for all physical situations.



3. Electric octupole decay rate

The octupole spontaneous decay rate in component
form is given by

= r r‘l’iTrA hCQEO dgiz'yd((s?)caaaﬁa‘gaillm GV( (r7 I‘l, LU)
(66)

The derivatives of the imaginary part of this function for
coincident spatial variables are again easily found. Here
dfjﬁ)v is symmetric in all its indices. Thus, again, all
non-vanishing terms have paired indices in the octupole
polarizability tensor. Hence the octupole spontaneous

decay rate in free space can be written as

7
Ty 2w { FONFG)

1
= —=d® a® L (67
105mhcTey | P @By (67)

4 ey BBy

As for the quadrupole decay rate, the primitive octupole
moments have been used. In certain circumstances trace
constraints cause the second term in Eq. (67]) to vanish.
Note that for successive multipole orders the free space
decay rates change by a factor proportional to w?R?/c?
where R is the characteristic length of the charge distri-
bution of the atom.

4. Magnetic dipole decay rate

Let us now turn to magnetic transitions. The calcu-
lations are slightly more involved due to the presence of
the spatial derivatives acting upon the Green tensor. In
component form the magnetic dipole transition rate is
given by

I'= lim M—Ffmamusaﬁvsw,\agal’,lmGV,\(r,r’,w).

r,r’'—rag
(68)
Calculating the derivatives one finds that the double curl
of the Green function in the coincidence limit is

3
i (0 v
r,rl’lger aamsw,\aﬁ&'jlm G’Y>\ (I‘, r’,w) = W(Saﬁ. (69)

Hence the magnetic dipole spin flip rate is given by

prow?

Mo Mg - (70)

This is consistent with previous calculations based on
dyadic Green functions [26] as well as on employing
Fermi’s Golden Rule [33].

5. Magnetic quadrupole decay rate

Finally, we calculate the quadrupole moment spin flip
rate. The notable complication at this order, compared
to that of the electric quadrupole moment, is that the
primitive magnetic quadrupole moment is not symmetric

in its indices. In component form the quadrupole spin flip
rate is given by

Ho (4) (4)
_maﬁ m)\,u Epvé€pvo

X 000,0),0,Im Goo (r,r',w). (71)

I'= lim

r,r’—rp h

Computing the derivatives one finds the magnetic
quadrupole decay rate in free space to be

5
_ _How @, @ _ L @ @, @ @
Ty = Torhcs {maﬁmaﬁ 1 (maﬁmﬁa —l—maamﬁﬁ) .
(72)
As with the electric decay rates, successive magnetic mul-
tipole orders change by a factor proportional to w? R?/c?.

From the above recipe, multipole decay rates of even
higher order can be easily derived, if needed.

VI. MULTIPOLE DECAY RATES NEAR
ABSORBING SURFACES

In this section the decay rates of atoms near an absorb-
ing surface are calculated. We shall consider surfaces that
are not bianisotropic (i.e. no cross-responses between
electric and magnetic degrees of freedom). Note also that
diamagnetic materials are excluded from this considera-
tion as diamagnetism is an inherently nonlinear process.
Furthermore, we are interested in atoms that are sub-
ject to either an electric or magnetic interaction. Thus
there are in principle four possible combinations of elec-
tric/magnetic atoms interacting with electric/magnetic
surfaces. However, the work involved can be reduced
when one considers the duality properties of the elec-
tric and magnetic fields. It was Silberstein [34] who first
suggested the existence of symmetries in Maxwell’s equa-
tions under exchange of the electric and magnetic fields.
This idea was further developed in Refs. |35, 136], and the
concept has been more formally established recently in
Refs. |31, 138] in the context of macroscopic QED. It has
been shown that under global exchange of the two fields
various QED quantities, in particular relaxation rates,
remain unchanged.

Hence, in order to calculate the magnetic relaxation
rate for an atom above a purely magnetic surface one
would only need to calculate the electric relaxation rate
for an atom near a purely electric surface and apply the
global transformations € — p and d— —m/c. Similarly,
in order to find the electric relaxation rate of an atom
above a purely magnetic surface one only needs to cal-
culate the magnetic relaxation rate for an atom near a
purely electric surface and then apply the same global
transformation. In light of this duality, we will only cal-
culate two of the four combinations and then deduce the
other two from duality. We shall formally calculate the
interaction of atoms above a purely electric surface since
it is these systems, owing to the dominant strength of
electric interactions, that are of most practical interest.



In the following, we envisage a medium that is in-
finitely extended along the (z,y)-directions and layered
in the z direction such that

oo, 28 w

that is, an absorbing dielectric material of permittivity
¢(w) occupying the lower half space with a single interface
to free space at z = 0. The Green function can be split
into three parts,

G(r,v',w)
[ G*¥(r v, w) + R(r,r',w), 2,2 >00rz2 <0
) T(r,r,w), otherwise

(74)

where T'(r,r’,w) is the Green function for waves
transmitted through the interface, R(r,r’,w) is the
Green function for waves reflected at the interface and
G (r v’ w) is the Green function for a infinitely homo-
geneous, isotropic (bulk) medium of permittivity equal to
that of the layer where the spatial variables are located.
From the general expression for the decay rate (B3] it is
clear that the Green function has to be evaluated in the
limit of coinciding spatial arguments. Hence, the trans-
mission part T'(r,r’, w) does not play any role. Further-
more, since the atom is located in free space above the
dielectric surface, the bulk contribution reduces to the
free-space Green function (60). Hence the decay rate of
an atom close to an absorbing surface can be decomposed
into the free space decay rate and a reflective correction
owing to the presence of the surface

=Ty +T®. (75)

The reflective part of the Green function can be written
as the partial Fourier transform of its components

d’k , /
R(r,r',w) = / ( %)”2 R(k, z, 2/w)e™ =) (76)
where r| = (z,9,0) and k| = (kz, ky,0) are vectors re-
stricted to the (x, y)-plane parallel to the dielectric inter-
face, and k) = |kj|. The Green tensor components for
a dielectric material in this specific geometry are listed
in Appendix B. The symbols »™™ and rTF denote the
Fresnel coefficients for TM and T E waves

™ _ e(w)Bz>0 — Bz<o
E(w)ﬁz>0 + ﬁz<0 ,

e B>0— Bz<0
= P20 = Pe<0 gy
ﬁz>0 + ﬁz<0 ( )

with

6z<0 = q2€(w) - kﬁv 6Z>0 =1/ q2 - kﬁa (78)

where Imf3. <o > 0 and ¢ = w/c. The generic form of
the Green function does not lend itself to analytical in-
vestigations. However, in certain regimes it is possible to
simplify the expression greatly. Here we consider the two
limiting cases of near-field and far-field regimes.

A. Near field

For a purely dielectric material the near-field ap-
proximation assumes that the atom-surface distance
is less than the effective transition wavelength, thus
zly/e(w)|w/e < 1 and hence ¢?, ¢*|e(w)| < kﬁ Thus it
is possible to expand the expressions for 8.9 and (,s¢
about ¢%/ kﬁa(w) and ¢2/ kﬁ, respectively. As a result,

2

4
Ba<o & iku {1 — Qq_kﬁa(w) +0 <Z_ﬁa(w)2> } :

'S q!

By considering only the leading order terms in these ex-
pansions, we can find the leading order correction to the
decay rates associated with electric transitions. Thus,

62<0 76z>0 - Zk”a TTM - %7 TTE - Oa

(80)
and hence the reflective part of the Green function, in
the near-field approximation, to leading order is

Rk, z,2'w) &
k2 kuky

1 [e(w) -1 BN o

L@ 1T e [k, B

2¢% |e(w) +1 TR
iky ik, Ky

(81)

For magnetic transitions near purely dielectric bodies,
to leading order in (,<g and 3.~ there is no correction
to the decay rate. In this case, it is necessary to include
the next-to-leading order terms in 8,¢ and B.>o,

¢ q°
Bz<o = ik — iz—kﬂf(w), Bo>0 = ik — 12_13” (82)
Evaluating the double curl [V x Rk, z, 2'w) x V], ex-
panding all occurrences of 3.9 and B.~¢ as above and

neglecting terms of order O (q4 / kﬁ) one finds that terms

proportional to 7™ vanish. Only terms proportional to

rTE remain which itself can be approximated as

B 6z>0 + ﬁz<0 - 4kﬁ

Hence, the double curl of the reflective part of the Green
function, in the near field approximation, to next-to-
leading order is

[V x R(k,z,2w) x V] ~

TTE _ ﬁz>0 - ﬁz<0 ~ q2 [E(W) _ 1] ) (83)

2 / K2 ok, —ikok
@[a(w)—l]e_ku(lzwz\) koky k2 —ikyk

(84)



Equation (§I)) will be used, together with Egs. (B5)—
E7), to find the transition rates associated with electric
transitions of an atom above a purely dielectric surface
and Eq. 84) will be used, together with Eqgs. (B8) and
[(9), to calculate the corresponding transition rates as-
sociated with magnetic transitions.

1. Electric multipole transitions

In the following, we specify our general near-field re-
sults to the electric dipole, quadrupole and octupole tran-
sitions. We start by recalling the well-known results for
electric-dipole transitions. Upon using Eq. (G1I), the re-
flective correction to the spontaneous dipole decay rate
is found to be [39, 40, |41]

1 e”(w)

79 =
167heg23 |e(w) + 1|2

{d2 +d2+2d2}. (85)

Although this is a general result, in many cases such de-
tail is not necessary. The above result assumes knowl-
edge of the individual components of the dipole moment
vector, and hence the orientation of the dipole moment.

For a free atom ensemble the dipole moment orienta-
tion of each individual atom is generally unknown. For
sufficiently large ensembles of atoms, or for cases where
the dipole orientation is unknown, it is possible to rota-
tionally average the tensor formed by the outer product
of the two dipole moment vectors (previously referred to
as a polarizability tensor) that appears in the alternative
form (B4)) over the sphere to obtain an expression for the
decay rate that is isotropic with respect to the dipole
moment orientation. The method used for the rotational
averaging involves contracting the polarizability tensor
with an averaging tensor (see Appendix C),

drods = 120 dodg. (86)

Hence the spontaneous dipole decay rate becomes

2
Tiso = w—Ifj‘.BdadﬁIm Gij(ra,ra,w). (87)

56250

The rank-2 averaging tensor is

o 1
= 300804, (88)
which leads to a decay rate of
w2
[ligo = mdada Im Gy (rA; ra, w)' (89)

Note that the free-space decay rate is unchanged since the
free-space Green function for coincident spatial variables
is already spherically symmetric. The reflective correc-
tion to the decay rate thus becomes

1 (W)
i — dode,
0 121heg2d |e(w) + 12
7 3
" () r. (90)

T 2e(w) + 1] \wz

where Iy is the dipole spontaneous decay rate (G3)) in free
space.

Similar considerations lead to the decay rates associ-
ated with higher-order electric multipole transitions. The
reflective correction to the quadrupole spontaneous decay
is given by [recall Eq. (64)]

d(4) d(4)

S) — 1;
I'”) = lim TiPeg ap s

r,r’'—r4g

d’k , /
X 0, 0., Im {/ #R[ﬁ(k”,z’ Z/w)ezk-(m—m)] '
(91)

Remembering that the quadrupole moment tensor is
symmetric in its indices gives a reflective correction to
the quadrupole decay rate of

F(S) _ 3 E”(w)
64mhez® |e(w) + 1|2

4 4
{AamsdDdi ), 02)

where the term in curly brackets is a sum over the
quadrupole moment tensor components. The coefficients
Aapys for the non-vanishing tensor components are given
in Table [l We can again rotationally average over the

degydSs [Aapys || dgdss | Aapns|[di)dss | Aapms
did| 3 |lawdy)| 3 [ladPa?] 8
diydsy | 1 ||dsPdsY| 4 |[ddD| 4
ddD | 1 ||dPd ] 4 ||dDdY| 4
dRdS) | 1 ||dYdP] 4 ||dPadY| 4
dRdR| 1 ||dYdY) ] 4 ||dDdY| 4
dds) | 1 ||dydD| -4 ||dDdly| -4
dipdD| 1 ||d2ds)| -4 ||dSRdY| -4

TABLE I: Table of coefficients for the quadrupole spontaneous
decay rate of an atom close to an absorbing surface.

quadrupole polarizability tensor to obtain an isotropic
expression for the decay rate of an unorientated ensem-
ble

. 4)is 4)is
Piso =l 5od i dy) 00 G (177, ),
(93)
with
4)iso ;(4)is aBvys 5(4) (4
dz(j) Odl(cm = Iz'jgjn dfm)d(w)- (94)

The full expression for I 35215 is given in Appendix C. We
thus find a reflective correction to the spherically aver-

aged quadrupole decay rate of

3 E”(w) 4) ,(4 1 4
50 10mheoz |e(w) + 12 | @PTes 3TaT8

g W) (i)51"07 (95)

le(w) + 1|2 \wz




where Ty is the quadrupole spontaneous decay rate (65)
in free space.

The same procedure can be repeated for the electric
octupole transition whose decay rate is given by [cf.

Eq. (60)]

S) — 1 (8) 4(8) Y
r o r,rl’lger hC2€Q daﬁ'ydéngaaaﬁaéan

k) 1N ik (e =)
x Im /WR’YC(k|7Z7ZW)€Z =T |
7r
(96)

By the same token, the reflective correction to the oc-
tupole decay rate is

s _ 45 e (w) { 8) 48 }
= 256mhegz” |e(w) + 12 Aaprsundap G g
(97)
with coefficients An gy, given in Table[[ll Note that the
coefficients are unchanged under all index permutations
of the octupole moment tensor and by the commutation
of the two tensors. For unorientated ensembles the decay

Ao Ao || dndil, AT sw

d%),d%), 5 d2.d%), + perm. -6

diydyy 5 d$3.d3), + perm. 1

d%.d%®, 16 |[d2.dS), +perm.| -6
d&?ydﬁ)y + perm. 1 d%dﬁl + perm. -8
d®.d%). + perm. 6 dgi)ydg)z + perm. -8
da(;?rdv(;?z + perm. 1 d;?ydgci)z + perm. -2
dz(ﬁ}z da(;?z + perm. 6 d:(ysz)zd:(ysz)x + perm. -2
d®.d%), + perm. 8 di?xdg)y + perm. 2
d\9,d%), + perm. 8 d$$).dS). + perm. 2
d(zz)ydfz)z + perm. 1

TABLE II: Table of coefficients for the octupole spontaneous
decay rate of an atom close to an absorbing surface.

rate becomes

2 X )
A g ®ise g, 9.0 9/ Tm Gy (v, 1, w),

F:r,rl’iH}I‘A 0280 ijk pqr pYq
(98)
with
(8)iso ;(8)iso __ 7aByon¢ ;(8) 4(8)
dijk dz(vq)r _Iijk;:nyq:] daﬁ'ydénC' (99)
afByong

The full expression for I Jkpgr 1S glven in Appendix C.

The reflective correction thus becomes

9 e (w) 8) (8 1 g
= 4O 4® _Llae 4®
10 77Tﬁ€025 |a(w) + 1|2 afByafy 4 ey BB~y
135 & (w) N
=5 oo pels) T 100
2 Je(w)+ 12 (wz) 0 (100)
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where T’y is the octupole spontaneous decay rate (G7) in
free space.

Equations ([@0)), [@3) and (I00) reveal that with increas-
ing order of the electric multipole, the near-field scaling
law of the relevant spontaneous decay rates change by a
factor proportional to R?/z? where R is the character-
istic charge separation length of the atom and z is the
atom-surface distance.

2. Magnetic multipole transitions

We complete this study of near-field decay rates by
investigating magnetic multipole transitions. Magnetic
dipole transitions in the presence of dielectric materi-
als have been intensively studied previously |22, [23], and
their results are presented here for completeness. The re-
flective correction to the magnetic dipole transition rate
is given by [recall Eq. (63

) = lim

Ho
——MaMmg
r,r’'—rag

Ak | /

[ o

m [/ (2m)? [V x Rk, 2, 2'w) x V}aﬁe i (e =)
(101)

which, after inserting the expressions for the Green ten-
sor, leads to

s — _How?
64mhc2z

This is consistent with parts of the results in Refs. [22,
23], corresponding to spin flip rates for an atom above
a metallic film in the case of large skin depth and film
thickness.

In the case of electric multipole transitions, it made
sense to consider unoriented atomic ensembles and to
define rotationally averaged spontaneous decay rates. In
principle the same averaging process could be performed
here. However, the result would not be physically mean-
ingful since the atomic spin is quantized about a specific
quantization axis and hence cannot have an arbitrary di-
rection. Furthermore, in most practical situations the
spins of an ensemble of atoms are aligned by external
magnetic fields and hence assume a particular orienta-
tion. Thus the rotationally averaged quantity is only of
academic interest and hence its calculation is renounced.

Finally, the reflective contribution to the magnetic
quadrupole decay rate is given by [recall Eq. (TT))]

Ho (4) (4)
fmaﬁm,ﬂ; 3048;

e’ (w){m2 +m3 + 2m2}. (102)

) = lim

r,r’'—ryg

I d2k” v R(k / v ikH-(rufr'H)
x Im [V x Rk, z,2'w) x ]ﬁée

(2m)?
(103)
which, in the near-field limit, can be written as
2
sy _ _ MW" (4) (4
= 5127Tﬁ62238 (w){Aa575maﬁm'y6 } (104)



The coefficients for the non-vanishing components of the
tensor Angys are given in Table [ with the obvious inter-
change d;; <+ m;;. Note here that the coefficients are the
same as those for the electric quadrupole decay rate, be-
cause they are properties of the geometry of the system
and hence come from the Green function. For the same
reason as given for the dipole case rotational averaging is
not performed. As with the spontaneous decay rates, the
magnetic transition rates also change by a factor propor-
tional to R?/z2.

B. Far field

In the far-field limit one assumes that the distance to
the surface z is large compared to the effective transition
wavelength and thus z|\/e(w)|w/c > 1. In that limit one
can apply the method of stationary phase to compute the
first-order contribution to the Fourier integral (7@). The
integral can be split into contributions from propagating
waves (k| < ¢) and evanescent waves (k| > ¢), the latter
of which can be neglected in the far field. The propagat-
ing part consists of a product of an amplitude function
with a sinusoidal waveform whose frequency is modu-
lated by a further function with one stationary point in
the range of integration. At the stationary point kj = 0
we have

Boco=qVew), Bso=4q, (105)
and therefore
e L VEW) e (106)

14+ e()’

Thus, in the far-field limit, the reflective part of the Green
function becomes

Rk, z, z'w) = %TTEeiV qz_kﬁ(‘z‘+IZ/‘)diag(1, 1,0).

q
(107)
Analogously, the double curl of the reflective part of the
Green function in the far-field limit is found to be

[V xRk, z,2'w) x V|

o @D Giag(1,1,0). (108)

1. FElectric multipole transition rates

The reflective corrections to the far-field electric dipole,
quadrupole and octupole transition rates are given by
Egs. (@), (€4) and (66]), respectively. By performing the
inverse Fourier transform over k) for each component and
taking the limit as r,r’ — rg4, the reflective correction
to the spontaneous decay rates associated with dipole

11

transitions is found to be

2
|rTE | sin (%Z + arngE) {2 +d2}.

(109)
Note here that 77 is the approximated coefficient given
by Eq. (I06). Similar considerations lead to the far-field
contributions to the decay rate associated with electric
quadrupole transitions,

2
s -«
8mhc2egz

s — w!

2wz
T TE| G ftaded TE
Snhcieo |4 ] sin ( _ targr )

x {dDal) +aaly ) (110)

and octupole transitions,

6
s) _ w TE| . [ 2w TE
) = 87Th06€02|T | sin <T +argr )
{2,489, +a9,09,) . )
respectively.

As with the near-field decay rates these results can be
rotationally averaged using the appropriate rotational av-
eraging tensors. For an unorientated ensemble of atoms
the Ith electric multipole decay rate becomes

T 2
Fi(i) = (—1)l+1—O|TTE| sin <LZ + arngE) (i) ,
2 c wz

(112)
where I'g is the respective spontaneous decay rate in free
space (63)), ([63) or (7)) for dipole, quadrupole or octupole
transitions, respectively. We see that successive multi-
pole orders change by a factor proportional to w?R?/c?,
just as the free space ones do.

2. Magnetic multipole transition rates

The reflective corrections to the transition rates asso-
ciated with magnetic dipole or quadrupole transitions is
given by Egs. (G8) and (1), respectively. By perform-
ing the inverse Fourier transform and taking the limit as
r,r — r4, the reflective correction to the dipole spin flip
rate is found to be

2
2
e = _7811:;;22 |rTF | sin (% +argr’? {m?2 + mfl},
(113)
and for the quadrupole rate one finds analogously
4
() _ _Mow | rE 2wz TE
r 787rhc4z|r | sin ( - +argr
X {mg‘i)mgi) + m%)m%)} . (114)

As with the near-field transition rates the presence of
a fixed quantization axis prevents rotational averag-
ing. Once again we see that successive multipole orders
change by a factor proportional to w?R?/c2.



In the far-field regime, both the electric and magnetic
multipole rates show a 1/z-behaviour. This is to be ex-
pected as the far fields created by all multipoles have the
same distance scaling.

C. Magnetic surfaces

From the reflective correction for atoms above a di-
electric surface, the reflective correction for atoms above
magnetically active surfaces can be found using the du-
ality of the electric and magnetic fields by applying the
transformation ¢ «<» y and d — —1/c or th — cd. For
example, the near-field reflective correction to the dipole

spin flip rate for an atom above a magnetic surface can
be found from Eq. (85) as

G p' (w)
67728 () + 1P

{m2 +m?+2m2}. (115)

Similarly, the near-field reflective correction to the dipole
spontaneous decay rate can be found from Eq. (I02) as

2

s -«
64mhegcz

! (w){d + d} + 2d2}. (116)

All other results convert in an identical fashion.

VII. SUMMARY

Using the theory of electromagnetic field quantization
in absorbing magnetoelectric materials, the spontaneous
decay and spin flip rates for the first few multipole or-
ders have been calculated. In the calculations the primi-
tive moments, as opposed to the traceless moments, have
been used since the primitive moments are applicable to
all physical situations whereas the traceless moments are
only applicable where the external field obeys the Laplace
equation and hence is divergence free. The decay rates
for an atom in free space are given by Eqgs. ([G3), (65,
©7), Q) and (72)), respectively.

When considering an atom in the prescence of an ab-
sorbing surface, the free-space decay rate is modified by
a reflective correction which is a result of wave reflec-
tion from the surface. In the near-field limit, because
of absorption by the surface, there are extra degrees of
freedom to which the atom can decay. The atom can
lose energy non-radiatively to the surface and hence the
final state phase space is larger and hence the decay rate
is increased. The calculation shows that the reflective
correction is a complicated function of the multipole ori-
entation but there is also an inverse dependence on the
atom-surface distance z. The z-dependencies of the dom-
inant order in the reflective correction for the different
multipole decay rates are given in Table [[TIl

Note that there is a clear hierarchy, with the power
law dependence of z reducing by 2 with each successive
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surface electric magnetic
atom electric | magnetic | electric | magnetic
dipole 273 21 271 273
quadrupole| z7° P 273 P
octupole 277 277

TABLE III: Distance dependence of near-field multipole tran-
sition rates.

multipole order. It is clear from the structure of the mul-
tipole expansion that this trend will continue to higher
order multipole moments.

In the far field the reflective correction is inversely de-
pendent on the atom-surface distance to all orders of the
multipole expansion and hence the far fields created by
all multipoles follow the same distance scaling law. The
other aspect of the far field result is the sinusoidal na-
ture of the reflective correction with the atom-surface
distance. This is caused by interference of virtual elec-
tromagnetic waves reflected from the surface.
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APPENDIX A: S-INTEGRAL
PARAMETRIZATION OF THE POLARIZATION
AND MAGNETIZATION FIELDS

A common parametrization for the polarization and
magnetization fields involves re-writing the polarization
and magnetization fields as an integral over and auxiliary
parameter s. The derivations of these parametrizations
are briefly reviewed here. More information can be found
in Refs. [3,132, 42].

A collection of a point charges located at r, can be
described by the charge distribution

pr) = 3 dab(r — ). (A1)

In most cases, it is convenient to describe the system of
charges by a coarse-grained distribution

pa(r) = (Z qa> d(r—1a).

The difference between the actual charge distribution
(A7) and its coarse-grained average defines the atomic
polarization field via the implicit relation

(A2)

V -Pa(r) = —p(r) + pa(r). (A3)



Fourier transforming with respect to the spatial variable

r gives
) = aneiik.f‘A |:1 — €

This expression can be re-written in terms of an integral
over an auxiliary parameter s

1
= ane_ik'fA / dS(f‘a
o 0
(A5)

Performing the inverse Fourier transform gives the
parametrized expression for the polarization field

Z%/ ds(fo —TA)d[r —Ta — s(Fa —Ta)].
(A6)

The magnetization field is generated by currents within
the material and hence is related to the rate of change
of the distribution of charges. Differentiating Eqn. (A3)
with respect to time and applying the continuity equation
p 4+ V .j=0 gives

ik-Pa(k —ike(a—ta)] | (A4)

_ f,A)e—ik-(f‘a—f‘A)s'

V- |i(r) —ja(r) = Pa(r)| =0. (A7)
The quantity j(r)—ja(r) —P(r) is known as the magne-
tization current. Since this represents a divergence free
quantity it can be written as the curl of another vector

field, the atomic magnetization M4 (r)

= 3(r) —jalr) = Palr).

For globally neutral ensembles of charges at rest, ja(r)
vanishes. The remaining two terms in Eqn. (A7) are
Fourier transformed with respect to r. Substituting in
the parametrized expression for the polarization field,
performing the time differentiation and taking into ac-
count the spin contribution to j(r) gives

= Z QQf‘aeiik.f‘a
«
1
_ Z qa/ de‘ae_ik'[fA+s(fa_fA)]
o 0

1
-3 qa/ dss(Fq — T 4)(—ik - To e~ K FatsFa—ta)l
0

(A9)

V X MA (I‘) (AS)

ik x NMa(k)

Integrating the second term on the rhs by parts and ap-
plying the vector identity A x (B x C) = B(A - C) —
C(A - B) to the remaining terms gives

an/ dss{r —14) X T
~ ef’Lk [Fat+s(Fa—Ta)

+ Z WaSeik'f‘* .

(A10)
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The final step is to perform the inverse Fourier trans-
form to give the parametrized expression for the atomic
magnetization field as

M) = o /Oldss [(f«a “#4) X fa

X(S[r—f‘A—S(f‘a—f‘A)]

+)  YaSad (r—fa).

[e3

(A1)

Note here that the physical variables have been used.
For a Hamiltonian, the canonical momenta have to be
introduced instead of the physical velocities.

APPENDIX B: GREEN FUNCTION FOR A
PLANAR DIELECTRIC INTERFACE

The reflective part of the Green function in terms of
the partial Fourier transform of its components is derived

in Ref. [43], the result of which is quoted here. Given
that
d*k , /
Rop(r, v’ w) :/#Raﬁ(kn,2,,z’w)e“‘u'(”H*Tu)7
(B1)
with r| = (z,y,0) and k|| = (k, ky, 0), which are vectors

restricted to the (z,y)-plane, and kj = |kj|, the compo-
nents for the reflective part of the Green function for an
infinitely extended planar dielectric material, which fills
the lower half space z < 0, are given by

TM 2 2
R — giBesollat) [T g2 Ka  rpky
2ﬁz>0 2 z2>0 kﬁ kﬁ 3
(B2)
Ryy = Ryz(kz < ky) (B3)
Ras = — 1 eiBesollzl+12) {TTM ] (B4)
26z>0 q2 I
Ry = Ry
gifesole by |0 oo Kaky | rpkaky
e =OTR? W]
(B5)
—1 /
Ry. = 1 ¢ifsoll=+12') { } “R...
2ﬁz>0
(B6)
—1 /
Ry. = L ¢iBes0lzl+12') { ] “R...
Y 2ﬁz>0 Y
(B7)
The functions 7™ and rTF are the Fresnel coefficients

for TM and TFE waves

T™ _ £(w)B2>0 — Bz<o TE _ Bz>0 — Bz<o
E(w)ﬁz>0 + ﬁz<0 ’ ﬁz>0 + ﬁz<0

(B8)



with

ﬁz<0 =1/ ng(w) - kﬁu ﬁz>0 = q2 - kﬁ

and ¢ = w/ec.

(B9)

APPENDIX C: ROTATIONAL AVERAGING OF
TENSORS

In many cases physical systems are isotropic in na-
ture but not explicitly isotropic in their mathematical
description. Substantial simplification can be achieved
by averaging of tensorial quantities over the sphere. The
description of the following method follows closely the
arguments in Ref. [44].

Contraction of a tensor with a rotation matrix whose
components are the cosines of an angle will rotate the
coordinate system of the tensor by that angle

T;

 roneeom
=10 " Tayan -

1 "'in (Cl)
By integrating the rotation matrices over the Euler angles
and dividing by the spherical area the rotational average
can be found

Ay 1 o o " Rt
i =gz v [ o [ smoanzziee,
(C2)
with
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T4,

= (I ) oy -

v ln

(C3)

This is cumbersome even for tensors of low rank. A sim-
pler method is to contract the tensor with an ‘averaging
tensor’. Owing to its spherical symmetry, any averaging
tensor of rank m can be written as a sum of the basic
linearly independent rank-n isomers which in turn can
be constructed from the two fundamental isotropic ten-
sors in three dimensions; the Kronecker delta d;; and the
Levi-Civita symbol €;;;,. Consider a Cartesian frame of
reference in three dimensions V with a set of basic rank-
n isomers f(™ where the initial non-isotropic tensor lies
and a Cartesian frame of reference U with a set of basic
rank-n isomers g™ in which the rotationally averaged
tensor lies. The averaging tensor I is a rank-2n tensor
that maps between the two spaces, I : V — U, such that

g =1 . fr (C4)

Furthermore,

I™ =g" M- f", (C5)

where M is a matrix of coefficients. Since the isomers for
each rank are known all that is required is to determine
I™ is to find M. Combining Eqgs. (C4) and (CH) yields

(g"-g") = (g"-g")-M-(f"-f"). (C6)
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Note that the coordinates of V and U are both Carte-
sian (merely rotated with respect to each other), hence
the isomers for the two spaces have the same form and
magnitude

(g"-g")=(f" f")=8", (C7)
where S is a matrix formed from all possible contrac-
tions of each isomer in the set. Thus

-1
g — g . M. S = M = (s<n>) . (C8)

Hence, I™ can be determined purely from the isomers.

The rank-2 averaging tensor, used in the rotational
averaging of the dipole decay rate, is constructed from
the single rank-2 isomer f(?) = §,5, hence S is a single
number

S(Q) — f(Z)f(2) = 6aﬁ5ﬂcﬁ = 3, (Cg)
M = 1/3 and thus
af 1

As a non-trivial example we calculate the averaging
tensor for a rank-4 tensor used in the rotational averaging
of the quadrupole decay rate. The rank-4 isomers are

1V = bagbus. S = bapdous f5" = Gaubau. (CLL)

The elements of S® are

(4 _ (1) ()
Sij _fz fj ) (012)
so for example
4 4) ,(4
S§1) = f )fl( ) = 5&56uu6a65HV =9,
SY;) = 1(4)f2(4) = 5&66uu6au56u =3. (013)
Hence,
933 1 4 -1 -1
s@ 393 |=>M=—|-1 4 -1 |,
339 30\ -1 -1 4
(C14)
so that we can write the rank-4 averaging tensor as
afuv 1 5”5km ! 4 -1 ~1 5‘155#1’
ijkﬁl =35 0ikOim -1 4 -1 dapdsy
Oim Ok -1 -1 4 dar08u
(C15)

Finally, using the above method, the rank-6 rotational
averaging tensor, used in the calculation of the octupole
spontaneous decay rate, is given below.



8550kp0qr 16 =5 =5 -5 2 2
8550k Opr -5 16 =5 2 -5 2
8550kr0pq -5 -5 16 2 2 -5
Sik0ip0ar -5 2 2 16 —5 =5
8i0jq0pr 2 -5 2 -5 16 -5
8i0jr0pq 2 2 -5 -5 -5 16
8ip0k0qr 5 2 2 -5 2 2
;@’33;74:2—10 8ipiqOkr 2 2 -5 2 -5 2
8ip0jrO1q 2 -5 2 2 2 -5
8iq0k0pr 2 -5 2 2 -5 2
8iq®jpOkr 2 2 -5 -5 2 2
8iq0r-Okp -5 2 2 2 2 -5
85101 0pq 2 2 -5 2 2 -5
8ir0p0kq 2 -5 2 -5 2 2
8ir6q0kp -5 2 2 2 -5 2
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-5 2 2 2 2 -5 2 2 -5 0a80~s0n¢
2 2 -5 -5 2 2 2 =5 2 0a80ynds¢
2 -5 2 2 -5 2 -5 2 2 0a80~¢0sn

-5 2 2 2 -5 2 2 -5 2 dary0350n¢
2 -5 2 -5 2 2 2 2 =5 ay03n05¢
2 2 -5 2 2 -5 -5 2 2 Oary08¢0sn
16 -5 -5 -5 2 2 -5 2 2 0a508~0n¢

-5 16 -5 2 -5 2 2 2 =5 0a508n0~¢

-5 -516 2 2 -5 2 -5 2 0as508¢0~n

-5 2 2 16 -5 -5 -5 2 2 dan0p0s¢
2 -5 2 -5 16 -5 2 -5 2 dan0850¢
2 2 -5 -5 -516 2 2 =5 Oan08¢0ys

-5 2 2 -5 2 2 16 -5 -5 5(1{55’75577
2 2 -5 2 -5 2 -5 16 -5 0ac0850~m
2 -5 2 2 2 -5 -5 -5 16 dac08n0ys

(C16)
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