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Abstract

In this paper, a parallel finite difference scheme for numerically solving the
two-dimensional heat equation is studied. In this procedure, the domain over
which the problem is defined is divided into subdomains by introducing interface
points. Interface values between subdomains are found by asymmetric schemes,
once these values are calculated, subdomain problems can be solved in parallel.
Stability conditions and maximum norm error estimates for these procedures are
derived, which demonstrate that our schemes have satisfactory stability and higher
convergence order.

Key words: Two-dimensional heat equation, finite difference, parallel com-
puting, domain decomposition
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MFRBBES TETE S, T ERLEN. MESREORETHE—ER
ML H I, 3 BLEA T AR5 1. St (1] B9 T #us SR IAE B4R
PRE, HOTHRR KRB RE T TR EFRBRAOAR AL, AT RBHER
K, KEREZS KA H, EEANFREAEHRE RS, ZRZSSKAY b, FH H
A b EBERE. 3C (1) AR EA MY At < H?/2, 224 O(At + h? + H®). X
[4] #1 [5] EATYS (1] MEKER, ERF AL FRA KSR Saul'yev xR R A
FRAETR, BETHRGREESE At < H?, 23 O(At + h? + H3). A4Hx=
FRACTRE H— R BEE, ZHEZEHRAZ R MRS ROHE, ERaFR
KA — A7 EE R A R, WS — AR RRARRK . SRR, AR
R RE A AV PR EDTCY (1 it KBS, REERRER T A

O(At + h? + H3).
2 u(z,y, t) BT e SR8 ) B
% = Au, (z,y) € Q,t € (0,7, (1.1)
u(z,y,0) = u%(z,y), (z,y) € Q, (1.2)
u(z,y,t) =0, (z,y) € 9Q,t € (0,T), (1.3)
e Ay = %Z—Z + gi;;, Q= (0,1) x (0,1),50 £ Q HHR.

EBE by M ke R Ty = a, > 0, Ty = a5, > Ty, T2 — %1 = H = Lh(Hd L
%%ﬂmﬁﬁ),yl = YUk > O’ :_y-2 = Yko > yla y2 _yl = H = Lh‘aﬁq:‘ H Z:ﬁﬁ
min{Z1,1 — 72,9y, 1 — G} B At = T/M, M B—ANEBH, 4 " = nAt. W F—PEX
EWJ@: (.’I)i,yj,tn) _tﬂ‘]@ﬁ f(x,y,t), é’\ Z,LJ = f(xiayj’tn)' %X%ﬁﬁ?ﬂﬂ?
Osef e, 1) = L2 = it 2
f(xayat) _f(:v_that)
H )
f(m,y,t) _f(m’y—Hat)
7 )
f(-73+h,y>t) -2f(z’y’t)+f(m—hayat)
h? ’
9 h'at _2 3 ,t 3 —h,t
llll% (x’uyj) € 0N ﬁ n= Oa VJ‘ (mh y]’tn) %ﬁﬁ’}f—i ﬂu% T; =T ﬁ T?) EZ% Yj zyl ﬁ
Y2 Hn >0, (zi,y5,1") HAF S, W, FRZH A A
B = u(i, yj, ), XU (1.1)-(1.3) MDA FIR E e U = (U7} SO [1
GRliuE= A7 5k .

a.’l:,Hf(xa Y, t) =

ay,Hf(-'Ea Y, t) =

ai,hf(ma Y, t) =
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Wik 1. ,
By atU7; — 02 qUT! = 8 U =0, FRRMAT =z,
B aeUTy — 02, U — 24U =0, FHA.
FERER ¢ =t 3 t =" WiHET, EBALRRE—ASAATRABTE U ERR
AL, ATIRR IR Q 20 FRE, HEERAD TR R Bl 5
RIE. B 1 PRSI ERIRER T A
w18 110, % At < H?/2, MsRMEAE (1.1)-(1.3) 6K IBARREIE 14 i3 Lk

2
wax fu(zi, y;, t") = Uiyl < %Co[At + 2+ 2H(2At + H?)),
o 10%u & 5
= (wyt)seué)x 0,7 { 2k ( l5t3x2’ 12( b?l + %‘ID}
SCHR [6] A I EE A
Wik 2.
Ui =iy FARA,

OeatUly — 2 gUNTH — 2 qUl =0, FHAR (2,95, t") = (T, 45, 1"),
(wi,ykatn):(miayatn)a LS'LSN—L,LSJSN_—Lv
at,AtU’L:':’j - ag,HUZj—l - as,hU:fJ =0, %Wﬁ}ﬁ:(mka Yis tn) = (ZI?, Yi, tn)a
0<j<L,N—L<j<N,
B4, acUfy — 024U — 05 Ut =0, FRFA@, vk, t") = (20,7, 17),
0<i<L N-L<i<N,
at,AtUi”,Lj - Bg’hU:}J - (33’th] = 0? :J:ljR]}:J':—';
ERER t = "1 8t = 0 WikES, WRRAEA ¢ = Ty = 7 BARBEKME
Up;(L < j < N-L)RUN(L <i < N-L). REFHFTRBLAE L1 MRAEH =3
ATRABRIEEE UL, (0<j <LLN-L<j<N)MUHO<i<LN-L<i<N)
WG, WAFRE A ST BRI . Bk 2 2SR ERIREM T A
i 1.200 3 At < H2/4, WSRMEE (1.1)-(1.3) BRS04 H i B LA

2
rznjaxlu(xz,yg,t") Ul < %CO[AtJF,; ©AH(AL + HY),
He | 110%u i "
o= s {555} aramal loa (gl |
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§2. Eo1X
Wi 3.
Uz, =l FHRA  (21)
BT, ; - %(am,HU,g,j — O aUNTY) 2, UR =0, FARAE,  (22)

1 _ -
ﬁ(az,HngjL’j - 3z,HU]?2,j) - 337,1 Z,;,j =0, THRRET2, (2-3)

1 _ _
O iU, — 24Uy — 7Oy Ul — Oy mUy) =0, FARMG,  (24)

8t7AtU,?2 7j -

1
O iUl = O Ul — 5 Oy Uii s — OuiUlhy) =0, FHRAG2,  (25)
B aeUl — 82, UR — 02, UF; =0, FHA. (2.6)
Bt ="' 20 U 8, 38 t =t WA U B, SBEST (2.2),(2.3) 1 (2.4),(2.5) MRtk
WRBFAROME. Rk, %% R = At/H?, r = At/h%, UL = (UL 1, U yo)Ts i =
1,2, W) (2.2) 1 (2.3) B RBRA

Ur o\ ;o
(g )= (5)

e Pl £ Rk (2.2) i (2.3) 5 n— 1 MERRARAME X N — 15
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IH N~ 1Brafifs. 3 R#0, Ay BRI M G RAERE, I AT, RSH ok
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| RI A |
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50 (2.8) AL TRk AR, B -
- AWUR - RUR = 771, (2.9)

Fil
(A} - R’DUL = Rf* + Aufp . (2.10)

B (2.10) BPATARH UL, Aoek (2.10) fb4
(A1 + RI)(A1 — RDUL = R+ Aufy. (2.11)

BT (2.11) WRBGERER BN =X AEREZ R, YR\ =xAGRATRY Uy, R
EHEH (2.9) XMt UP, XAFERE- =0 AHEY. £ ERRBIRIFEN, 7T
FFRBENIDR (20,71, 87) T (24,72, t™) WME, RMRFERL (2.4) F (2.5)(HPHML
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X 3.1, % 4 = (aij)mxmu = (Uk)mx1, BFH ux > 0, Wit u > 0; F Au >0
AWT v >0, MR A AR

EX 3.20. FriBIEREERE A B8R T 54 R AR RE:
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() RATZyt%, BISHER LER(A), —BFEAE l2 € R(A), /8
Ay jy Ajrga * * " Aggly # 0.

5152 3.107). IF AR B ERE.
SIE 3.2. Bl At < H?, HM#EY Z = {2} BEMT &4

z; <0, TR AL, (31)

Ot Atz 5 — l(Bac H% i — O 1) — 00 p2i s <0, FHRETAL, (3.2)
Ot Atz  — (Bx sz2+Lj O, HZ)y j) ~ hzkw <0, FARATA, (3.3)
O Atz — 02 p 2l — (3 HZ% ok, — Oy m z;fl;ll) <0, FHARSY AL, (3.4)

O, A2k, — O 2ty — (3 HA s, — Oy n2lh,) <0, FRRETA, (3.5)

6t,AtZi,j - 8§,hzi,j - 33,;,223 <0, TW)J—UUE, (3-6)
WAERKO0<i,j<NMO<n<M,H
. < 0.

ij S
RS AEEENE B, %4 n =0 HERRY. HEBRNE n - 1 HERSR
BOL. Bz, = (2, 150,20 vo1)THi = 1,2, % (3.2),(3.3) FRAWTFHR:
(1+R+2r)2g, ;— Rep, i —72g, ;1 — T2k g1 < (1 — R)zg 1y Rz~ LJ , (3.7
(1+R+ 2r)z,’;2,j — Rz, i — T2k i1 — T2k 41 < (1 — R)zk” + Rzk2+LJ ,  (3.8)
HAERETE R A

Kb A o §2 Y, g™ Hh (3.7),(3.8) WAMBIREEHRMHE. SR AR
IERGERE, NTOHSI2 3.1 /T A BBk, XHEMEHE At < H2, DRXME n— 1
B 16 2 A 182 348 2% ek 40 g"-1 < 0, T B PR XSLBI78E] 22 < 0, 2f < 0, B
g S0 25, ; <0, =1,--- \N—1. F#EAE 274, <0,2%%, <0,i=1,--- ,N-1 §
HREEREEE (3.6) ZRT 9 /\?b‘;ﬁ, AR AH 2 < 0.

R EREI 8, WA SRR IR

TR 3.1. ®|i%
o & O u| |0
“- (%y,t)seu?%)x[o,T]{l 3t2‘ ’8x6t| layat '2 c%vzzt % 6y2gt ’1_12( 8_;‘” a_yztl)}
HAt< H? nmj

1
ma.x|u(sc1,y],tn) Ul < Co(g(At+h2) + At + 2HAt + H3).
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e =0, TR AL,
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Or,atk,,j — ‘ﬁ(az,H ka2 — 3w,HeZ1,1) - 5§,h6k1,j
At B
= Ki, j(F7 +2At+ HY), TR AT,

1 _
Oty g — 77 (O ekl ; — On el ;) — 05 el ;
At
= K;;M.(F +2At + H?), FHFETAL,

1
n 2 _n n n—1
O ateik, — O heig, — E(ay,Hez’,kQ — Oy Helx,)
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= Ki}, (57 + 20t + H?), TARAEDAL,

1
n 2 n n—1 n
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= Kij (7 +20t+ H?), THFETA,
Opatell; — 02 pel; — 00 e, = KPy(At+h?), T kb,
o

|K51 < Co.

1
Oij = 52i(l = i),

SWIE, 0o; =0n; =0,0<j< N, HWf 0<i< N,0<j<N,

—ai,hem - 62’}191,‘7' = 1,

Y
HH
1
0L Gi,j < g
BE—15, ¥ P R
H(2 - xkl - df'kz)xi’ 0 S Ty S :L'kla
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MEA15 50 2
[ Bo=Pn=0,
82,8 =0, 0<i<N,i# ki ko,
{ R ub =1, Ry =1,
—32 B, = H/h, —02,Bx, = H/h,
L 0< B < H/2,
(Yo =N =0,
85 175 =0, 0<j<N,j#k, ke,
¢ O avm =1, =g, =1,
~32 Wy = H/hy, —2, vk, = H/h,
| 0< v, < H/2.
£
2 At 2
§ij = Colfj (A +17) + (B + ) (77 + 248 + H)].
®

no_ n g
zij = €ij — &

BT 2 WESIE 3.2 AN, BHAERK 0<i,j < NM0<n <M, 2 <0, i
CZJ' < fz’,j
R 0 <i,j <N MO<n <M s K, 54 20, = —e, — &, FRA
—er; < &
MEBO0<4,j < NMO<n< MBI BRIVEBHERD: WMEEK0<4j <N
0<n< M,
ez < & 5.
M &, M, ®A1B3)
0<&; < Co(é(At + h%) + At + 2HAt + H3).
EEIEEE.
E 3.1 ATAHERK M (1.1)-(1.3) RL&MADLE W, 3 L e 3.1 (e
HETAHEE 3 FZESERXAAHAN, FTUEE 3 Mt 5otk RS0, A

At < H? i, HESREEN. FEE | MBS 2 Mk, 85 3 MRS A TRRE
IS

‘ 84. H{EXE
7 (1.2) #B u®(z,y) = sin(mz)sin(ry), WM (1.1)-(1.3) KXEHEHL

—27r2

u(z,y,t) =e sin(mz)sin(my).
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EEXNEG], THBEASEE 1, 5% 2, Hik 3 KA EIEN 5 BB ER e Yk
—H#. XE, BN =40,h = 0.025,T = 0.25,r = At/h%. #EEH: 1-2 FE k= 20, £E
B3P, HL=20 Bk =19, 4 L =41}, B ki = 18. fail REHEARE, HHR
W NEESRELBAN TS EREEFGT, 8% 1-83 WRESFTARKEE 8
%3 MRS TEE 1 55 2 i, 85 3 55 2 fEME, miiets
HFHE 2T T 3 15, 75k, G& 308 [4] 1 [5], BATAHERI, 78 RKIP 5 R AL 4E 2 i

FRAERS ARG AT AR i Sk A8 s 1k, T ELSE vl LUGRIE S B A BE R HORE L.

#1 r=1, At=6.25e-4, L=2 y=0.5
z; KT ¥l (e-3) X RE (e-2)

(e-3) sigas | Ekl | B2 | m33 | Al | g3l | B2 | 553
0.1 2.2224 | 2.2963 | 2.2909 | 2.2736 | 2.2750 | 3.3252 | 3.0823 | 2.3038 | 2.3668
0.3 5.8184 | 6.0117 | 5.9967 | 5.9510 | 5.9549 | 3.3222 | 3.0644 | 2.2790 | 2.3460
0.5 7.1919 | 7.4309 | 7.4096 | 7.3523 | 7.3583 | 3.3232 | 3.0270 | 2.2303 | 2.3137
0.7 5.8184 | 6.0117 | 5.9967 | 5.9510 | 5.9549 | 3.3222 | 3.0644 | 2.2790 | 2.3460
0.9 2.2224 | 2.2963 | 2.2909 | 2.2736 | 2.2750 | 3.3252 | 3.0823 | 2.3038 | 2.3668

% 2 r=4, At=2.5¢-3, L=2 y=0.5
T KRR Hfm (e-3) xR (e-1)

(e-3) aipast | Ek 1 | E2 | 3 | ARk | gl B%2 | H53
0.1 2.2224 | 2.5066 | 2.4821 fail 2.4103 | 1.2788 | 1.1686 fail 0.8455
0.3 5.8184 | 6.5622 | 6.4941 fail 6.3044 | 1.2784 | 1.1613 fail 0.8353
0.5 7.1919 | 8.1114 | 8.0145 fail 7.7815 | 1.2785 | 1.1438 fail 0.8198
0.7 5.8184 | 6.5622 | 6.4941 fail 6.3044 | 1.2784 | 1.1613 fail 0.8353
0.9 2.2224 | 2.5066 | 2.4821 fail 2.4103 | 1.2788 | 1.1686 fail 0.8455

% 3 r=8, At=5.0e-3, L=2 y=0.5

o KR Hiam® (e-3) HxHRE (e-1)

(e-3) apgast | Ml | Eak2 | Hee3 | aidel | Huk 1 | E%2 | #5538
0.1 2.2224 | 2.7997 fail fail 2.5084 | 2.5976 fail fail 1.6919
0.3 5.8184 | 7.3296 fail fail 6.7900 | 2.5973 fail fail 1.6699
0.5 7.1919 | 9.0599 fail fail 8.3688 | 2.5974 fail fail 1.6364
0.7 5.8184 | 7.3296 fail fail 6.7900 | 2.5973 fail fail 1.6699
0.9 2.2224 | 2.7997 fail fail 2.5984 | 2.5976 fail fail 1.6919

% 4 r=1, At=6.25e-4, L=4 y=0.5
©; KB R (e-3) FXHRE (e-2)

(e-3) st | Bl | E2 | g3 | st | gl | B2 | HE3
0.1 2.2224 | 2.2963 | 2.2917 | 2.2782 | 2.2807 | 3.3252 | 3.1183 | 2.5108 | 2.6233
0.3 5.8184 | 6.0117 | 5.9989-( 5.9634 | 5.9702 | 3.3222 | 3.1022 2..4921 2.6090
0.5 7.1919 | 7.4309 | 7.4128 | 7.3690 | 7.3786 | 3.3232 | 3.0715 | 2.4625 | 2.5960
0.7 5.8184 | 6.0117 | 5.9989 | 5.9634 | 5.9702 | 3.3222 | 3.1022 | 2.4921 | 2.6090
0.9 2.2224 | 2.2963 | 2.2917 | 2.2782 | 2.2807 | 3.3252 | 3.1183 | 2.5108 | 2.6233
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%5 r=4, At=2.5e-3, L=4 y=0.5
x; W HoEm (e-3) FaxtiRsE (e-1)

(e-3) difas | B | B%2 | B33 ) 4Bk | mml | mm2 | mE3
0.1 2.2224 | 2.5066 | 2.4640 | 2.3405 | 2.3616 | 1.2788 | 1.0871 | 0.5314 | 0.6264
0.3 5.8184 | 6.5622 | 6.4435 | 6.1178 | 6.1766 | 1.2784 | 1.0744 | 0.5146 | 0.6156
0.57.1919 | 81114 | 7.9427 { 7.5415 | 7.6253 | 1.2785 | 1.0440 { 0.4861 | 0.6026
0.7 5.8184 | 6.5622 | 6.4435 | 6.1178 | 6.1766 | 1.2784 | 1.0744 | 0.5146 | 0.6156
0.9 2.2224 | 2.5066 | 2.4640 | 2.3405 | 2.3616 | 1.2788 | 1.0871 | 0.5314 | 0.6264

#£ 6 r=8, At=5.0e-3, L=4 y=0.5
T XU Hfim (e-3) HIxHRE (e-1)

(e-3) sipa | Bkl | E92 | B33 | st | Hel | g2 | g3
0.12.2224 | 2.7997 | 2.7043 fail 2.4733 | 2.5976 | 2.1684 fail 1.1290
0.3 5.8184 | 7.3296 | 7.0629 fail 6.4608 | 2.5973 | 2.1389 fail 1.1041
0.5 7.1919 | 9.0599 | 8.6793 fail 7.9642 | 2.5974 | 2.0682 fail 1.0738
0.7 5.8184 | 7.3296 | 7.0629 fail 6.4608 | 2.5973 | 2.1389 fail 1.1041
0.9 2.2224 | 2.7997 | 2.7043 fail 2.4733 | 2.5976 | 2.1684 fail 1.1290
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