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Abstract

A parallel Jacobi-Davidson method is presented for computing a few of eigenpairs of

quadratic eigenvalue problems. The method directly solves the quadratic eigenvalue problems

in a projection subspace, and expands the subspace by the solution of the correction equation.

The parallel implementation of the method is discussed, and a quadratic eigenvalue problem

arising from structural dynamics analysis of a plane wing is solved by the method on the

parallel computer IBM-P650. The numerical experiments show that the parallel Jacobi-

Davidson method is very effective.
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1. 8��4\4MISfP (QEP-Quadratic Eigenvalue Problem) >w%p5\E#(9[97B�zE`1. !�fPE~�
:, u#IGE8<�H
o, �GF~fPE��E^, �>c.���E��<�#a`�ESP, Kd QEP fP, H0�< λ �eovi x ,D

(λ2M + λC + K)x = 0, (1.1)Æ\ M , K � C 0 n 8bG, x "aW#.MIS λ EMIvi. �t�MISfP�W,\4MISfPEMISr<�!� 2n, !�IG M e��, \4MISfP�, 2n rMIS, @Æt�i|MIviEr<�!� n. �<\4MISfPE��b^01Æt�Æa}�MISfP (GEP-Generalized Eigenvalue Problem)

Au = λBu, (1.2)Æ\ A =
(

A11 A12

A21 A22

)

, B =
(

B11 B12

B21 B22

) 0 2n 8bG, u =
(

x
λx

)

. ���Xp, IG Aij �
Bij(i, j = 1, 2)R��aM , C � K E�^t�l	.!�M , C � K W",A A = −

(

0 K
K C

)

,

B =
(

−K 0
0 M

) �W", [�wj (1.2). !� M , K W",C `W", Au#E\4MISfP"a]vMISfP, F*"� A =
(

0 K
−K −C

)

, B =
(

K 0
0 M

)

, A A `W", B W".

QEP fPd�# GEP fP�, R�>c GEP fPE<Sb^�< QEP fP, @8.i��Ei~rB%, �� QEP fP\IGE
Yh��[
!W"��LQ��l8�GR���> GEP fP\DBRs, "3ÆD�^Q71 QEP fPY&BfT*�<E<Sb^0e 
�E.

1996 � Sleijpen Gu*k�<IGMIS�ÆW#MIviA@SE Jacobi-Davidsonb^ [1, 2], i^_(zLb%E<Y'fT*, , Ritz W
W4g.MIW. > Sleijpen GwnE�-$, Betcke G�Gket�MISfPE Jacobi-Davidson \EY&b^ [3]. Meer-

bergen �Gk\4MISfP Ku + iωCu − ω2Mu = 0 E�iO<^� Jacobi-Davidson b^ [4]. Stathopoulos G> [5] \�Gk7dV���E�Fp}�MISfPE�� Jacobi-

Davidson E^, aOo���EE|t, ieW Jacobi-Davidson b^nk:?E,(, a�DYrMIWEA@S, �� k r)-vi?�O<, �Æ{,(4J�9, [F^b^��Q��Nyr Ritz WT04gE. 	e�Gk QEP fPE�� Jacobi-Davidson b^, >
IBM-P650 ���E�$��� >
ak�T0pE\4MISfPaa, ?�k<S2�. a�:b��., GEP fPE Jacobi-Davidson b^� QEP fPE Jacobi-Davidson b^f�"a GJD b^� QJD b^.

2. �z&<@+(} Jacobi-Davidson ��e [4] 1�! Ku+ iωCu−ω2Mu = 0 E\4MISfPd�#t�MISfP,�1t�Æ�EMISfPY&B�IG V2i =
(

Vi 0
0 Vi

) Ema�EfT*\, Æ\ Vi <�� n 8bGEY&fT*E�l#EIG. W�, hz�R�1��\4MISfP (1.1) t�Æ�E GEP fP (1.2) Y&B�IG V2i =
(

Vi 0
0 Vi

) Ema�EfT*$, 6[DBu#. GEPfPE`�O- Jacobi-Davidson E^.
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1) �� v1 ∈ Rn,V1 = [v1], CV ε, LK< m;

2) W i = 1, 2, · · · , m R��pt�:

2.1) V2i =
(

Vi 0
0 Vi

)

;

2.2) �E WAi = AV2i,WBi = BV2i;

2.3) �E HAi = V H
2i WAi, HBi = V H

2i WBi;

2.4) �E HAizi = θiHBizi E��MIW (θi, zi);

2.5) �E Ritz vi ui = V2izi;

2.6) �E�i ri = (WAi − θiWBi)zi;

2.7) 4g�,�, " ‖ri‖2 < ε AUV;

2.8) "�4g, A�<zLb% (I −
Buiu

H
i

uH
i

Bui
)(A − θiB)(I −

uiu
H
i

uH
i

ui
)
(

t1i

t2i

)

= −ri;

2.9) " dim(Vi)6m − 1, A Vi+1 = MGS(Vi, t1i), hAd 3);

3) V1 = [um], d 2) `�O-.E^ 1 1 n 8E QEP fPd�#k 2n 8E GEP fP, B%k8.i. s�(1 QEPfPQ7Y&BfT*\E Jacobi-Davidsonb^, �WF�b^?�k?, m�1Æ��Æ.>E^ 1 \ MGS <��LE Gram-Schmidt L3Æ�%. + [2,3] RO, QJD b^EzLb%a
(I −

(2θiM + C)x̃ix̃
H
i

x̃H
i (2θiM + C)x̃i

)(θ2
i M + θiC + K)(I − x̃ix̃

H
i )ti = −r̃i, ti ⊥ x̃i, (2.1)Æ\ (θi, x̃i) 0fP (1.1) E Ritz W, �i r̃i = (θ2

i M + θiC + K)x̃i. zLb% (2.1) En<IG0b% (1.1) E Jacobi IG [3], Æ<0et�b%l (1.1) E�� Newton O<^E:�,+e [2,3] :	`�b^, 2�E QJD b^!E^ 2 K/.#� 2.

1) �� v1 ∈ Rn,V1 = [v1], CV ε, LK< m;

2) W i = 1, 2, · · · , m R��pt�:

2.1) �E WKi = KVi, WCi = CVi, WMi = MVi;

2.2) �E Ki = V H
i WKi, Ci = V H

i WCi, Mi = V H
i WMi;

2.3) �E (Ki + θiCi + θ2
i Mi)si = 0 E��MIW (θi, si);

2.4) �E Ritz vi x̃i = Visi;

2.5) �E�i r̃i = (WKi + θiWCi + θ2
i WMi)si;

2.6) 4g�,�, " ‖r̃i‖2 < ε AUV;

2.7) hA, �<zLb% (I −
(2θiM+C)x̃ix̃

H
i

x̃H
i

(2θiM+C)x̃i
)(θ2

i M + θiC + K)ti = −r̃i, ti ⊥ x̃i;

2.8) " dim(Vi)6m − 1, A Vi+1 = MGS(Vi, ti), hAd 3);

3) V1 = [x̃m], d 2) `�O-.E^ 2 \, y4O<W��E WKi,WCi � WMi Em��m�� Ki,Ci � Mi Em����m��m, Æ/7B��.

QEPfPEY&�%�u#Et�Æ�E GEP fPEY&�%�)uWE Ritz W, F�|n+Q] 1 u*.~� 1. (' QEP fP (1.1) E�IG Vi Ema�EfT*\E Ritz Wa (θi, x̃i),

ũi = (x̃i, θix̃i)
T , A (θi, ũi) 0 (1.2) >�IG (

Vi 0
0 Vi

) Ema�EfT*\E Ritz W.
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(

A11 A12

A21 A22

)

, B =
(

B11 B12

B21 B22

)

,Æ\IGA11, A12, A21, A22, B11, B12, B21, B22T0 n × n IG, " (λ, x) 0 (1.1) EMIW, r u = (x, λx)T , A (λ, u) 0 (1.2) EMIW, �
(

A11 A12

A21 A22

) (

x
λx

)

= λ
(

B11 B12

B21 B22

) (

x
λx

)

, CODB
λ2B12x + λ(B11 − A12)x − A11x = 0, (2.2)

λ2B22x + λ(B21 − A22)x − A21x = 0, (2.3)

(2.2) � (2.3) X&,�r�. (1.1) uW, W*q�.0�G., +3RO" (θi, x̃i) 0 (1.1)E Ritz W, �� x̃i = Viỹi, A
V H

i [θ2
i B12 + θi(B11 − A12) − A11]Viỹi = 0, (2.4)

V H
i [θ2

i B22 + θi(B21 − A22) − A21]Viỹi = 0, (2.5)

(2.4) � (2.5) 	>���a
(

Vi 0

0 Vi

)H (

A11 A12

A21 A22

)(

Vi 0

0 Vi

)(

ỹi

θiỹi

)

= θi

(

Vi 0

0 Vi

)H (

B11 B12

B21 B22

)(

Vi 0

0 Vi

)(

ỹi

θiỹi

)

,

(2.6)� (θi, ũi) 0 (1.2) >�IG (

Vi 0
0 Vi

) Ema�EfT*\E Ritz W, `P, " (2.6) #c, A
(2.4)(2.5) �#c.W�, �P [4] ROE^ 1 �E^ 2 zLb%E<Y'EfT*0G)E.>E^ 2\zLb%E�<0|/E,(' T (θi) = θ2

i M+θiC+K, pi = (2θiM+C)x̃i,r̃i =

T (θi)x̃i, + ti ⊥ x̃i RO, zLb% (2.1) G).
T (θi)ti − αpi = −r̃i, (2.7)Æ\ α ES+ ti ⊥ x̃i �Q, �
α =

x̃H
i T−1(θi)r̃i

x̃H
i T−1(θi)pi

, (2.8)+#�E*, R��� T (θi) EA@, 6[DB T−1(θi) EA@. (' D <� T (θi) EW4IG, −L �/ T (θi) E�qp#4IG, −U �/ T (θi) E�q$#4IG, AR��� D �
T (θi) E#W4IG�jW4IG��^� Cholesky f<��E�Æ SSOR O<EfnIG
M = ω

2−ω
(D

ω
− L)D−1(D

ω
− U), (X.R��@ Gauss-Seidel O<EfnIG D − L na

T (θi) EA@�b�JDB (2.7) E<.+.\4MISfP�=K,0 Schur �e�\@Eh��., >4J�ET*$DBE:�``���N0MIS [6], "3>���E\4MISfPEYrMIW*, �Pe
[6] WE^ 2 nkk?, DBE^ 3. E^ 3 (m7A4gE Ritz vi� Ritz viE�iEzLb%/]�E<Y'fT*. !�A� Ritz vi4g, H$��<p�r, QBDB��E Ritz viEr<, hAH(Æ�iY'fT*, !�fT*Ec<9Bm:�K�MIS�x,��4g*`��R. E^ 3 \, m 0fT*Em:c<, l 0��EMIWE<i,

q 0`��R*fT*Ec<, p <�wn�i, ε 0uQECV.#� 3.

1) �� v1 ∈ Rn � ‖v1‖2 = 1, CV ε > 0, LK< m � q, �Y i = 1, p1 = 0;

2) if(p16l)Vi = [v1, · · · , vi]
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2.1) �E WKi = KVi, WCi = CVi, WMi = MVi;

2.2) �E Ki = V H
i WKi, Ci = V H

i WCi, Mi = V H
i WMi;

2.3) �E (Ki + θiCi + θ2
i Mi)si = 0 E��MIW (θj , sj), �W θj 
	;

2.4) W k = 1, · · · , l R��pt�;

(a) �E�i r̃k = (WKi + θkWCi + θ2
kWMi)sk;

(b) !� ‖r̃k‖2 6 ε, A Ritz vi x̃k = Visk naIG X EK k m, ��Ep�r, !�WK,E Ritz viT4gA�E:;, hAd (c);

(c)p1 = k;

(d) !� i>m;

(d1) W j 6 p1 B q �E θj W#E Ritz vi x̃j = Visj , �r x̃j naIG X EK jm;

(d2)Vq = MGS(X), i = q;

(d3) d 2);

2.5) " i < m, A�<zLb% (I −
(2θkM+C)x̃kx̃H

k

x̃H
k

(2θkM+C)x̃k
)(θ2

kM + θkC + K)tk = −r̃k;

2.6) " Vi+1 = MGS(Vi, tk), d 2).

3. �z&<@+(}s3 Jacobi-Davidson ��E^ 3 E�E�%b�Rs>IGE$^<E���<E, "3K,5�E���, b�Rs>Æ\E 2.1), 2.2), 2.4), 2.5) � 2.6), +.IG Ki, Ci, Mi Ec<5I, "3 2.3) E<Ei5x�6-&V�iE4VPs, yr9N�Rf��< 2.3), i����V�.1 Vi 8d>yr/]�\, 9N�E<i( nproc �/, n �/IGE8<, mi 09N� Pi \�Nf�BEIG�<, � mi = n/nproc, !� n ��K, nproc, A�9N�E��6xB:E4	�4Y%��, QB1Y/E�f�^�.

3.1. �:v�{q1
#+. WKi = KVi, WCi = WVi, WMi = MVi, "39N� Pi R�Uc�E WKi, WCi� WMi Emi �. W Ki = V H
i WKi, Ci = V H

i WCi, Mi = V H
i WMi E���E, W�1 V H

ifV,V H
i = (V H

i1 , · · · , V H
inproc), tfVE~�WIG K, C � M E�fV, "3t9N�R�Uc�E V H

i EmfV0 WKi, WCi � WMi EW#E�fVE$�, 9N� Pi �E
Kipi

= V H
ipi

W pi

Ki,Cipi
= V H

ipi
W pi

Ci, Mipi
= V H

ipi
W pi

Mi, Ki =
∑nproc

k=1 Kipi
, Ci =

∑nproc

k=1 Cipi
,

Mi =
∑nproc

k=1 Mipi
.

3.2. Ritz -��u�{q1
#
Ritz vi x̃i = Visi E���E, (' x̃i = (xT

i1, x
T
i2, · · · , xT

ipnproc
)T , A xipj

= Vipj
si(j =

1, · · · , nproc), �9N� Pj Uc�Evi xipj
.�i r̃i = (WKi + θiWCi + θ2

i WMi)si E���E, (' r̃i = (rT
i1, r

T
i2, · · · , rT

ipnproc
)T , A

ripj
= (W

pj

Ki + θiW
pj

Ci + θ2
i W

pj

Mi)si, +3R. ripj
� ripj

tma<E�E0UcE, E�KR��, t9N�R�DB�ia<, ?�4g�,�, "wj4g�T0AUV�E; hA?�p��<E.
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3.3. .=�w{q1����< ti,6q����E (2.8).\E α,+ (2.7)RO ti = T−1(θi)(αpi−r̃i),+ ti⊥x̃i RO x̃H

i ti = 0, 6\DB α = 1/x̃H
i T−1(θi)pi, >6/]�%\"� T (θi) EW4IGna T (θi)EA@, (' Tii(i = 1, · · · , n) 0 T (θi) EK i rW47, A α = 1/(x̃H

i diag(T−1
11 , · · · , T−1

nn )(2θi

M +C)x̃i),�� α = 1/(x̃H
i diag(T−1

11 , · · · , T−1
nn )(2θiWMi +WCi)si),"39N� PjR�Uc�E βipj

= (x̃H
ipj

diag(T−1
pj1

, · · · , T−1
pjmj

)(2θiWMpj
+WCpj

)si,���\��DB β =
∑nproc

i=1 βipi
,-

α = β−1. W. ti = diag(T−1
11 , · · · , T−1

nn )(αpi−r̃i)E���E,(' ti = (tTi1, t
T
i2, · · · , tTipnproc

)T ,9N� Pj W���E tipj
(j = 1, · · · , nproc), " T (θi) �ÆLEA@�., �(\@Eb^,yr9N��E ti E�r�f. Vi+1 = MGS(Vi, ti) \, Vi tmL3~a, yr9N�RR�

ti E�r�fEL3Æ�%.

4. !@ 5#� 1. n 8bG K � M E7Bta
kij =











∆|i−j| |i − j|6Iw

0 |i − j| > Iw

i i = j

, mij =











0.5 |i − j| = 1, (i, j) = (n, 1)or(1, n)

0 |i − j| > 1

i + 1 i = j

,IG C = αK + βM + γI Æ\ α = 0.6, β = 0.4, γ = 1000, ∆ = 0.75, _(E^ 3 >���E� IBM-P650 $,( Fortran 3�� MPI wm1M�Z [7,8], ���E\4MISfPE lr��mxEMIW, `�fT*Ec<�a l, fT*Em:c<a m, <�**a t(�}�/), %C
 Sp = t1/tp, Æ\ t1 �/�r9N��EE<�**, tp �/ p r9N����EE**, η �/��|t (��f<�/), it �/O<4<, O<CV ε = 10−6, � 1 �� 2 f��/ l, n �� Iw ��WS*E���E**�%C
���|t.#� 2. ,(E^ 3 > IBM-P650 $���E�� (![ 1) >
ak�T0pE\4MIS, E>7
f�i:zy,9N 334 r, y9N 6 rh+V, >7i< 1658 r, Æ\l7 728 r, Q7 930 r, �(�\[iIG, mVIG�[iIGEc<0 1900, ('k�IG C = αK + (1 − α)M, α = 0.99. � 3 Km0iEa���EE**�%C
���|t.

\ 1 ����!F%!|
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n nproc it t Sp η

2000 1 12 0.539

2000 2 12 0.417 1.28 64

2000 4 12 0.385 1.4 35

2000 8 12 0.356 1.52 18.9

8000 1 12 11.38

8000 2 12 9.72 1.17 58.5

8000 4 12 6.62 1.72 43

8000 8 12 3.92 2.91 36.3

16000 1 30 132.61

16000 2 30 77.11 1.72 86

16000 4 30 57.79 2.3 57.5

16000 8 30 32.55 4.07 50.9p 2 l = 4, m = 12, Iw = 20 �|Æ$���"o	r2/�
n nproc it t Sp η

2000 1 20 1.1165

2000 2 20 0.7986 1.398 69.9

2000 4 20 0.509 2.194 54.8

2000 8 20 0.4163 2.682 33.5

8000 1 20 22.69

8000 2 20 15.89 1.43 71.4

8000 4 20 9.31 2.44 60.9

8000 8 20 5.83 3.89 48.6

16000 1 20 89.25

16000 2 20 65.57 1.54 77.2

16000 4 20 32.33 2.76 69

16000 8 20 23.27 3.84 47.9p 3 �0�
7|�y%;?*'r2Æ$��
nproc it t Sp η

1 48 12.29

2 48 7.18 1.71 85.5

4 48 4.19 2.93 73.2

8 48 3.36 3.66 45.7

	eu*k�< QEPfPYrMIWE�� Jacobi-Davidsonb^,<S2�:��~�	eu*EE^K,5oE��|t�[����EE|tH�EiEB%,~rEOo.
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