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A scheme for teleporting an unknown quantum state via a partially entangled particle pair is
proposed. We show that teleportation can be successful realized with unit fidelity but less than unit
probability if the sender performs a rotational operation on the teleported qubit and then performs
computation basis measurements on the teleported particle and her haf of the entangled particle
pair respectively. The probability of successful teleportation is determined by both Schmidt
coefficients of the entangled pair. This method can be generalized to the teleportation of an
arbitrary and unknown multi-qubit state.
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Quantum teleportation, first proposed by Bennett et a.” and experimentally realized by
Bouwmeester et al.l | isa technique for moving quantum state around, even in the absence of a
guantum communications channel linking the sender (Alice) of the quantum state to the recipient

(Bob). Here's how quantum teleportation works: Alice interacts the teleported qubit |y ) with

her half of the EPR pair, and then measures the two qubits in her possession in Bell basis,
obtaining one of four uniformly distributed random two-bit classical results. She sends this
information to Bob. Depending on Alice' s classical message, Bob performs one of four operations

on his half of the EPR pair. Amazingly, by doing this he can deterministically recover the origina

state |y) Considering that an entangled state may be partially entangled (due to some



imperfection at the source), Li et al.[ have investigated a partially entangled quantum channel.
In their report, Alice performs a Bell measurement on her side while Bob performs a
corresponding general evolution to reestablish the initial state with certain probability. Based on
the probabilistic teleportation protocol in Ref.[3], Lu et al.*, Gu et al.l!), Ye et al.l" and
Chen ' have presented some schemes for the probabilistic teleportation of unknown
multi-particle states. We should mention that there have been another proposals to teleport an
unknown state using a partialy entangled state but using generalized measurement such as
POVMs, non-maximally entangled measurements™ . Also, there has been a qubit assisted

conclusive teleportation process[“] . However, those schemes are different than ours as we will see
below.

As an interface between the quantum and classical words, measurement is generally
considered to be an irreversible operation, destroying quantum information and replacing it with
classical information. But teleportation demonstrates that in certain carefully designed case this
need not be true, as teleportation uses measurement to transfer states from one place to another.
Though Bell measurement is an essential task of teleportation, it is very difficult to fully accessiit.
It has been shown that Bell measurement cannot be performed perfectly with linear element h2a3]
and this difficulty can be seen in some teleportation experiments[z] . The projective measurements
in computational basis may be more efficient. Computation basis measurements have many nice
properties. In particular, it is easy to experimentally realize. On the other hand, in Refs. [3- 8], the
receiver must introduce an auxiliary qubit and operate a collective unitary transformation on his
qubit and the auxiliary qubit in order to reslize the probabilistic teleportation, which is also more

complicated to experimentally realize. In this letter, we show, the same objective, teleportation an



unknown gautum state via a partially entangled quantum channel with unit fidelity but less than
unit probability, can be accomplished in a simpler manner if Alice performs a rotation about the Y
axis on her teleported qubit and then measures the two qubits in her possession in computational
basis respectively. We discuss various special cases from probabilistic to deterministic
teleportation of unknown states. Further, we generalize the scheme to the teleportation of an
arbitrary and unknown N-qubit state.

Consider that the sender Alice has an unknown quantum state labeled A. She wants to teleport
the unknown state |y ), to a receiver Bob who is a a remote station. The state |y ), may be
expressed as

y)a=2l0),+bl1),., @
where a and b are unknown amplitudes. Alice and Bob are supposed to shared a partially
entangled state

li ),, =cosq|00), +sinq|1l) , %))
the particles a and b belong to Alice and Bob, respectively. In the circuit, the input state |y ), is

Y o =W Dali D
= (a cosg| 000) +a sing|011) + b cosq|100) + b sing|111)) pyp, - 3

Alice sends her qubits A and a through alocal CNOT gate U .o (A &) (with the control being

qubit A), and then sends the first qubit A throughthe R, (q¢) gate

aeosq¢ - snq®

RY(qg:gsinqd: cosq ¢y (4)

where R, (¢ corresponds to the rotation about the y axes. After this, the state (3) will be
V), =R @9 Ugwor (Aa) |y ),

:|O>a[a cosq (cosq $0) +sinq $1)) ,|0), +b sing(- sing $0) +cosq ¢1>)A|1>bj



+|1>a[a sing (cosq $0) +sinq $1)) ,|1), + b cosq (- sing ¢0) + cosq $1) , | O>bJ. (5)
This state may be re-written in the following way, ssimply by regrouping terms.
ly ), =|00),,Z, (& cosq cosq $0) + b sing sing $1),,
+|10) , (@ cosq sing ¢0) + b sing cosq ¢1)),,
-|02)_,iY, (a sing cosq ¢0) + b cosq sing $1)),,
+|11),, X, (a sing sinq ¢0) + b cosq cosq $1),,. (6)

Then Alice performs the computation basis measurements on her qubits aand A, respectively,
and the qubits a and A are subsequently discarded. From the previous expression we can read off

Bob’s post-measurement state, given the results of Alice’'s measurement:

|00),, — Z,(a cosq cosq ¢0) + b sing sing ¢1)),, = Z, |y (00)), , @)
|10) , > (a sing cosq ¢0) + b sing cosq ¢1)), =|y (10)), , (8)
|01)_, - -iY, (@ sing cosq ¢1) + b sing cosq ¢0)),, =-iY,|y (01)), , 9
|11),, > X, (@ sing sing ¢0) + b cosq cosq ¢1)), = X, |y (11)), . (10)

Here, wewrite X Y, and Zinstead of s,,s ,,and s ,; X, standsfor the operator X acting on the

qubit b, and so on. Depending on Alice's measurement outcomes, Bob's qubit will end up in one
of these four possible states. Of course, to know which state it isin, Bob must be told the result of
Alice’'s measurement--which is two classical bits (two c-bits) of information. Once Bob has
learned the measurement outcome, Bob can “fix up” his state by applying the appropriate quantum
gate. We now wish to have faithful transportation with nonzero probability. Let us consider several
scenarios involving various choices of the parameter q¢, given the value of ¢ . Choice is at the
disposal of Alice.

H . — — I — 1 1.-._
Complete teleportatlon. Let us choose (—q =p/4, then R, (2)=— i —HZ, and
q p/ Y( 1) — gl 17

faithful teleportation is possible with unit fidelity and unit probability.



Probabilistic teleportation-- this is one of the main results of our letter: If we make the

choice q(=q ! p/4, then for any of these choices, reliable teleportation is possible for only two

out of four possible results of the measurement. For example, in the case where the measurement

yields |00), , the outcome state of particle b is the state (7), which cannot be rotated back to the

desired state without having any knowledge of the state parameters a and b . The teleportation

fals. If the measurement is |01), , the state of the particle b collapses to state (9), a Paulli
operator Y is performed on qubit b, then teleportation can be achieved. Synthesizing all conditions

(two kinds), we obtain the probability of successful teleportation is 2sin®q xcos®q . This scheme

consumes a two-particle partially entangled state |j ) , and two c-bits from Alice to Bob. The

amount of entanglement of the state |j ) ., isgiven by itsentropy of entanglement

E(j ),,) =- cos*qlog,(cos*q) - sin*qlog,(sin*q). (11)

That is, the amount of entanglement required to implement the probabilistic teleportation is given
by Eq.(11). In this scheme, single qubit state needs only two particles to teleport compared to
Li'sF three particles. The price to be paid, however, is that our scheme succeeds with
2sin2q>xcos’q probability. In Li'sP scheme, the probability of successful teleportation is
2sin?q (|sing|<|cosq]).-

No teleportation: If the value of qtis not related with that of g, then teleportation is not
possible with unit fidelity.

This method can be generalized to the teleportation of a multi-particle system. Consider a

N-particle system (A, A,,---, A, ) a Alice's side with the state

Y ), =a00--00), , +ay00--01), , +-+auii-i),
— 2°N N
- Slai 1(31| i >Aj ' (1)

where j(21|uij>Ai =ug),Uiz),, [un),, s the ith basis vector in the 2V dimensional space;

u, T {0.1; |0), and |1), stand for two orthogonal states of the jth particle. Without loss of



generality, the quantum channels between Alice and Bob are N independent entangled pairs with
the state cu) (sing;|00) + cosq J|ll>)aibi (any other pure quantum channel can be transformed to this by
j=1
local operations). The particles a,,a,,---,a, belong to Alice and particles b,,b,,---,b, belong
to Bob. Thetotal initial state can be written as
LN
|y > = |y >A A j(31(S|nqj|00> +(:osqj|ll>)alibi . (13)

Their goal isthat Bob ends up with the state

Y Doyt =22100-200),  +@5[00---00) ook, [101)

z

=3a,0 14

_glaij(21|uij>bj . (14)
To do this, it is necessary for Alice and Bob to perform N manipulation in the same manner asin
the case of mono-qubit teleportation. In the ith step, Alice applies alocal quantum CNOT gate on
qubits A and a with A as control, then sends the qubit A through a Ry, (@;) gate. This
is then followed by computation basis measurements on qubit A and a, respectively. Qubit A

and a, are subsequently discarded. According to Alice's measurement results, Bob performs
corresponding unitary transformation on the qubit b, . Then the ith manipulation on the particles

(A.a ), as well as particle b,, ends. After the N-time manipulation, the fina state of the N

particles (b,,b,,---,b, ) belonging Bob is given by

|y >B = RBNAN Ra2A2 RalAl <uaN <UAN "’<ua2 <UA2 |<ua1 <UA1| RYAN (qN)"' RYAQ (‘%)R\(A1 (Ch)

U cnor (A an) U enor (Ars @)U evor (A a1)|y >

612

=0 R, A
1 A

Oz

(u [(uy [0 Ry @) O Uior (A:a)ly ). (15)

where U o1 (A ;3

) stands for the CNOT gate acting on the qubits A and a (with A as

control and & as target); R, ;) is the rotation (about Y axes) operation on qubit A ;

ua ) (|, >):|0>Ai |9, (10), .2, ) is the computation basis in which the particleA (a,) is



measured; R,, is either the identity if |u, ) |u,)=]1), |0), or the single qubit Paull
operator R, =-1iY, , Ry =2, and R; =X,
By calculation, Eq.(15) can reduce to the following expression

N
iglsmqi €osq; (al|oo...00>br”bN +r;12|00...01>br“bN +...+a2N|11...11>blmbN)

O=

2N N
=0sing, cosq, (4a,Ofuy), ). (16)
=l =1 i

i=1

Comparing Eq.(16) with Eq.(14), we find that the probability of successful teleportation is
9Nl5i”2qi cos’q,. Synthesizing al conditions, if q, * p/4, the tota successful probability is
2“i©illsin2qi cos’q, (2" kinds); if g, =p/4, the successful probability isP=1 (2" kinds),
faithful teleportation is possible with unit fidelity and unit probability.

In addition, in the same way Alice can teleport the M-particle information of N message
particles to Bob by means of M independent entangled pairs J_(Mgl(sinq ;|00) +cosq |11>)ajbj (M<
N ).

In conclusion, we have proposed a scheme for teleporting an arbitrary quantum state via a
partialy entangled particle pair. We show that the teleportation can be realized with a unit fidelity
and albeit with reduced successful probability if the sender performs a rotational operation on the
teleported qubit and then performs computation basis measurements on the teleported particle and
half of the entangled particle pair in her possession respectively. The manipulation is much
simpler than the one shown in Refs.[39- 11], and &l of which are within the reach of current
technology. The probability of successful teleportation is determined by both Schmidt coefficients
of the entangled pair. We have generalized this method to teleport a arbitrary and unknown
multi-particle state from Alice to Bob.

Finally, we should indicate that our scheme may also be generalized to teleported a arbitrary



and unknown N-particle state to N distant users belonging to N different space domains by means
of N independent entangled pairs between the sender and the N receivers. For an entangled
N-particle system, the teleportation of the N-particle entangled state to N distant users presents a
method to establish the multi-particle entangled in quantum network communication b4 and

distributed quantum computer 5%°]
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