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Stability of networked control systems
with communication constraints
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Abstract: Considering the constraints of network bandwidth, multiple-packet transmission was
adopted here in the networked control system (NCS). To avoid the wrong order of these network
packets, only one packet of the plant measurements could be transmitted at a time. Based on the
assumption, the NCS was modeled as an asynchronous dynamical system (ADS). In the multiple-
packet transmission NCS, there were also long network-induced delays, which would degrade the
performance of the NCS, and could even destabilize the system. To guarantee the system’s
stability, Lyapunov stability theory of ADS was applied to get the sufficient conditions on the
stability of the NCS with multiple-packet transmission and long time delays. The simulated
experimental results show that the proposed approach is efficient.
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0 Introduction

(NCSs ) are
feedback control loops closed through a real time
in NCSs,

networks are employed to exchange information

Networked control systems

network, that is, communication
and control signals (reference input, plant output,

control input, etc.) between control system

components ( sensors, controllers, actuators,
etc. )'". The main advantages of NCSs are low
cost, reduced weight, simple installation and
maintenance, and high reliability. As a result,

NCSs have great potential for applications in

manufacturing plants, vehicles, aircraft, and
spacecraftst®.
Despite their advantages and potentials,

communication networks in control loops make the
analysis and design of a networked control system
(NCS) complicated. When we design an NCS, a
new constraint, the limited bandwidth of the
communication network, must be considered.
Sometimes, all the data packets containing the
plant measurements may not be permitted to be
transmitted because of communication constraints,
which may deteriorate the system performance and
even cause system instability'® *). The problem of
stabilization with finite communication bandwidth
was introduced in Ref. [5, 6] and further pursued
in Ref. [7, 8]. A dwell-time switching method to
reduce the data rate of the network was proposed
in Ref. [9]. Ref. [10, 11 ] introduced signal
quantization into the design of the systems and
thus reduced the data rate. A new framework for
distributed control systems was introduced in Ref.
[12], which used estimators at each node to
achieve a significant savings in the required

bandwidth.

of networked

Recent relevant works focus on

analysis control systems with
multiple-packet transmission"*~'*), but the results
of these works are all based on the assumption that
the network-induced delays are less than one
sampling period. In fact, the network-induced

delays are usually more than one sampling period,

which makes the system analysis much more
complex. Therefore, it is necessary to study this

case further.

1 Modeling of an NCS

Time delays in NCS can be in general divided
into two main groups: computation delays and
network delays. We only consider the network
delays in this paper, because the effect of
computation delays is always deterministic and its
occurrence can be taken into account in a control
algorithm directly. The detailed assumptions are
described as follows.

(1) The sensor node is time driven, with a
sampling period h, and transmits each packet
based on a static scheduling algorithm ( say
profibus, token ring), which means that only one
packet of the plant measurements can be
transmitted at a time, and that the controller
receives these packets sequentially.

(Il ) Both the controller and actuator nodes
are event driven, which means that the controller
calculates the control data as soon as the control
data is available.

(Ill) For analysis purposes, we only consider
the sensor-to-controller delay r(h<r<llh, (=2, [ is a
certain integer) , and the lengths of the past are known
to the controller by using the timestamp technique.

(IV) There are no data dropouts during the
transmission on the communication network.

The multiple-packet transmission NCS with
long delays is depicted in Fig. 1, where the
controller is directly connected to the plant with

communication channel.

plant
Uy
x(t) = Ax(t) + Bu(t)
y(1) = Cx(1)
controller

(4 (a
X = Fx, + Gy,

u, = Hx, +Jy,

Fig. 1 Multiple-packet transmission NCS with long time delays
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Consider the following continuous-time plant
x(1) = Ax () +Bu(t)
y() = Cx (D)
where x €RY is the plant state, y& RM is the plant

(D

output, u€ RF is the plant input, and A, B, C are
matrices of compatible dimensions. Sampling the

plant with period h, we obtain %

i=1

l
X1 = Ox, + > T (z)ulk — i)l
J/ (2

yk:cxk

3
L , , ,
where @ =", I :J . dsB, it =h, 1 =0.

A
The discrete controller is given by
X1 :FXZJFG}kL 3)
u, = Hx; +J§k f
where x; € R! is the controller state, u, € R" is the
controller output, y, € RY is the most recent
information of the plant output received by
controller, and F, G, H, J are matrices of
compatible dimensions.
We consider the case that the plant output is
split into M packets, that is, y, = (yiT -« y¥™HT,
then y,=(yi"+-y¥)7T, where

m

. if the packet containing y;
yi = Jyk " is transmitted successfully
lﬂ“ 1 » otherwise
So. y can be expressed as
yk =P,y +Qm§/¢~l? m=1,2,,M (€Y)
where P,,=diag (p;)s pon =1, p;i =0 (i7£=m);
0,=diag(g;), ¢i=1 GFm), ¢, =0.
Defining z,= (x{ xi* yi1 wl ul- D7 as
the augmented state vector, the augmented closed-
loop system is
Zpr) = D@z, m= 1,2, M &)
where
xp1 = (O+ IVJP,C)x, + DoHxi +T0JQ,yi 1 +
Dutk—1D ++Tw(k—D
X1 = GP,Cx, + Fx; + @”&k 1
Yo = P,Cx, + Q.Y
w, = JP,Cx, + Hx; +JQ,y

Uy — U

Uy — U

% 38 %
Q}H -

@_'_R)tH)mC FOH F()c@/n Fl 1_‘2 ot 1_;71 D
GP,C F GQ, 0 0 0 0
PmC O Qm O O O O
JP mC H J Qm O O O O

0 0 I 0 o ol
0 0 0o I 0 0
0 0 0 0O 0 = I 0

m=1,2,+M
2 Stability analysis

The model (5) of multiple-packet transmission
NCS with long time delays described above is a
typical ADS (asynchronous dynamical system).
The stability of this ADS has been studied in Ref.
[17]. ADSs, like hybrid systems, are systems
that incorporate continuous and discrete dynamics.
The continuous dynamics are governed by differential
or difference equations, whereas finite automata
that are driven asynchronously by external discrete
events with fixed rates govern the discrete dynamics.

Before proceeding, a basic stability definition
from Ref. [17] is repeated here.

The asynchronous dynamical system is said to
be exponentially stable if its trajectories satisfy

lima* || 2 [ =0 6

For some a>>1. The largest ¢ is referred to the

of the

exponential stability implies uniform asymptotic

decay rate system. It is clear that
stability.
Using ADS,
as follows
Zpt1 — szk s M — 1 723 eee 9M

where m=1,2,+++,M represents the set of discrete

we can describe model (5)

states, which has a corresponding set of rate 7,75,

ru. These rates represent the fraction of time in
M
which each discrete state occurs. So, >, r, = 1.

m=1

A result for exponential stability is derived as
follows.

Theorem 2. 1
function V,R"—>R, , then

If there exists a Lyapunov
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Bllzl"<V@<B=z]|* C7)
where i, > 0 and V satisfies the following
conditions;

(1) there exists ¢ >0, i =1, 2, =y, M,
such that
V(ze) —V(z) < (i —DV(z) (8)
(II) a; satisfies
M
ai >a>1 (9)
i—1

i=

where M is the number of discrete states of the
system. Then the asynchronous dynamical system
zp-1 =@z, , where @, occurs with rates r;,, i1=1,2,
<+, M, is exponentially stable in the sense of
definition (6).
Proof
transitions of any trajectory of the system occur at
times 0=1,<t,<t;<+». Then, for tE [ty 2411 s
condition (8) gives
V(z(t)) < a; "V(z(1,))

Suppose that the discrete state

or
In V(z(t;1)) <—2ln o; +In V(z(2)) (10)
Note that whenever a discrete state of the
asynchronous dynamical system occurs we have a
contributing term a; on the right-hand side of
equation (10 ). Hence, summing up these
inequalities for £#=1,2,++,K—1, in the limit, the
total time in which one discrete state occurs is
equal to K as K—>oco, Therefore
In V(z(K)) —In V(2(0)) <
—2rKln ) — 2r,Kln a; — *+ — 2K In aun
or by condition (9)
In V(z(K)) —In V(z(0)) <<—2KIn «
So that
V(z(K)) <a *V(z(0))

Now using formula (7), we get

& 2K || <, /% 12€0) |
1

So lim o* || z; || =0.
k>0
We assume that the transmission delays are
constant (i. e. 7;=7). This assumption is possible
because many static scheduling network protocols,
such as token ring and token bus, can provide

constant delays. In this case, the rate ry =, ==

rmv=1/M, we have the following corollaries.
Corollary 2.2
function V(z) =z"Pz and scalars ; >0 (i=1, 2,

««,M) corresponding to each state such that

If there exists a Lyapunov

Ai4<1n @ +Flna+ - tlna) >0 D

O'PO;, < o °P (12)

then the NCS model (5) is exponentially stable.

This is a BMI problem in P and In a;.

Proof
condition (9) directly.

Condition ( 8)
ai “V(z()).

For V(z2)=z"Pz, we have z(t;,01) TPz (1)1 )<<
aTZZ(fk)TPZ(Ifk) or Z;HPZngaT%EPZb

Using model (5), we get

L@ POz, < o'z Pzy

We can get inequality (11) from

gives V (z (1)) <

So that
@}‘P@[ ga[ 2P7 (1 - 1929"'9M)-
Corollary 2.3

sensors’ data in regular sequence y;, y;, **

If the controller receives the

‘s YMmo

M
and H(D,- is Schur, the NCS model (5) is

=1
exponentially stable.

Proof  zun = @yzpr 1 = Pu®ri12ims 2 = =+ =

1

1 1
(H(D,)Zuﬂ)M = ( Hq);)}"zo. So, if Hd), is
i=M i=M i=M

=)

M
Schur, HQ), is Schur and z,—>0 (k—>co),

3 Numerical example

To illustrate the efficiency of the proposed
method, we give the following example.
Consider the state-space plant model

3@(t)}_<0 1 )xl(t)} (O.l 0
@) o —0.1/{x® 0 0.1

{yl(t)}_ (1 O> xl(t)l
v ()] Vo 1

X (t )
The controller without networked communication

)u(z‘)

is
(=375 0 v (D)
ut) = ( 0 —11.5> {)ﬁ(t)l

The closed-loop poles are —0. 375 and —1. 25.
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We consider the NCS model of this system.
The plant measurement and controller output are
both split into two packets. Assuming that the
sensor’s sampled time A is 0. 3 s, and the network
delay 7 satisfies 0 <t <C2h, we can achieve the
closed-loop NCS model. In this example, F, G,
and H are zero matrices of compatible dimension.

For M = 2, we have z,.1 = ®z, (i = 1,
2), where

% 38 &

X}

xi
ol

X Vi
5 52

Y Vi
Z, = — .

U Up—

Up— u;% 1
1

U
2

Up—

O+I,JP.C IJQ:, I I}
o, — P,C Q. 0 0 _
Jr.C JQi 0 0
0 0 I 0
0.9625 1.3499 0 —0.1208 0.0100 0.0116 0.0100 0.0129
0 0.9704 0 —0.1150 0 0.0099 0.0100 0.009 8
1.000 0 0 0 0 0 0 0 0
0 0 0 1.0000 0 0 0 0
—3.750 0 0 0 0 0 0 0 0
0 0 0 —11.50 0 0 0 0
0 0 0 0 1.000 0 0 0 0
0 0 0 0 0 1. 000 0 0 0

Similarly, we can get @,.
Now, using corollary 2.2, the problem turns
into finding the solution of such BMI
0.5(na +1Ina) >0

14.7175  0.0697 —0.0184 —0.000 1

0.0697 13.5254 —0.0073 —0.0018
—0.0184 —0.0073 17.078 0 0

~ |—0.0001 —o0.0018 0 13.547 5
P= 0.0027  0.0009 —0.000 2 0
0.0011  0.0078 —0.0001 0
—0.0024 —0.0042 0.000 4 0
—0.0017 —0.0021 0.000 2 0

The existence of solution proves the stability
of the system. This means that when the plant is
sampled every 0. 3 s, if the plant outputs are split
into two packets and only one packet can be
transmitted at a time with a long time delay, we

can still guarantee the stability of the feedback

Q?P@, <QT2P’ (l - 192)
By the LLMI toolbox of Matlab, we will get an

efficient set of a1 ya2» and P.

a = 2. 16, a; = 3. 18,
0.002 7 0.0011 —0.0024 —0.0017
0. 000 9 0.0078 —0.0042 —0.0021
—0.0002 —0.0001 0.000 4 0. 000 2
0 0 0 0
12.330 5 0 0 0
0 12.587 1 0 0
0 0 11. 452 1 0
0 0 0 11. 237 9

control system. Fig. 2 shows that the unit step
response of this two-packet transmission setup is

similar to the original system.

4 Conclusion

Stability of an NCS with multiple-packet
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1 ‘4 T T T T T
—— original system
L2r —~- NCS model

08F ]

0.6 1 ]

unit step response

02 i

0 L 1 L L 1
0 5 10 15 20 25 30

time /s

Fig. 2 Comparison of unit step response

with original system

transmitted over a limited bandwidth channel was

investigated. The communication channel was

assumed to permit only one packet transmitted at a
time. We discussed this case where the plant
measurement was split into different packets and
only one packet could be transmitted at a time.

Transmission delays were also taken into

consideration. We modeled a multiple-packet

transmission NCS with long-time network-induced
delays in a static pattern as an asynchronous

dynamical system.  Sufficient conditions on

stability of the NCS were obtained. Finally, we

gave a simulation example to illustrate the

feasibility and efficiency of our approach.
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