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1 . Introduction
Let an observable real random variable U. Let an random variable V', to
values in R*, of law p and ¢ a real function in R* x RP, measurable.

We tries to appraise the parameter z of RP such that ¢(V,z) approach
E[U/V] in the least squares sense.
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Let f the real positive function defined in RP by

o) = B| (WY1 - o, N .

We look for 6 that minimizes the function f.
Let’s define the real positive function g in RP by

o) = E|(v- ¢<v,x>)2}

2

One has : g(x):f(x)+E[(U—E[U/V]
Therefore, the problem comes back to look for 6 that minimizes the function
g.

We have : V.9(x) =2F {(¢(V, x) —U)V,o(V, x)}

To estimate 6 of sequential way, we construct a stochastic gradient algorithm
(See ROBBINS-MONRO[1],PARISOT[4]) (X,) in R? such that

with :

% (a,) is a sequence of positive real numbers;

x (U1, V1), (Usg, V2), ..., (Up, V,,) is a sample of independent random variable
couples and distributed identically of (U, V).

2 . Almost Sure Convergence
e Let’s make the following hypotheses :
(Hy) a, >0, Zai < 00

1
(H2) there exists a and b such thats, for all 6 = (6,,6,,...,6,) € RP,

Var {%@(K x)=U)| <ag(z)+0b, foralli=12 .. p.
T
(Hs3) there exists Kj > 0 such that, for all = = (21,29, ...,7,),
P?g(z)
K ,7=1,2,....p.
c%vzax] < 1, fOT' (2W) y &y ey D

Lemmas
Lemma 1
Under hypotheses Hy, H,, Hj3, we have :

a.s.

- A T finite positive real random variable such that ¢(X,) — T
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o0

: ZanHV;Eg(Xn)H2 < 00 a.s.

1

Proof
Let

We have :
EW,/T,] = V.9(X,) a.s.
T, the sub-o-algebra generated by the events before time n.
With b, = %” We have X4 = X» — by W,
Let H the hessian of g¢; by the Taylor formula, there exists 0 < p < 1 such

that :

b2
9(Xnt1) = 9(Xn) — by < W, Vog(X,) > +—= < W, H,W,, >

2
with
H, = H(X, — ub,W,)
Let Y, =W, = V.g(Xy) =W, — E[W,/T,]
We have : < Wi, Vog(Xn) >= [Vog(Xn) P+ < Vi, Vag(Xy) >

Under Hj, we have :
< W HaWy > | < [H W2 < 2K1(I|Yn||2 . Hng(Xn)IF)

Therefore :

g(Xn—H) < g(Xn) - bn(l - Klbn)Hvxg(Xn)”Q
—bp < Yy, Vag(Xy) > Kib, ||V

1
As lim a, =0, we have b, < K from a certain rank.

n—oo 1

Therefore, as E[Y,,/T,] = 0, we have
9(Xn) = S NVag(X)II* + Kabp B[[Yal*/ T) a.5.

dg Og g )l

Oy’ dxe’ 7 Ox,

n» -—n?

Let Y, = (Y Y2 .. VP V,g(r)= (

With the usual euclidian norm, we have :
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= S =3 (22w, ) - ) - 25

=1 =1 al'z

Therefore :

& [&zﬁVX)

E[|[Y,|?/T,] ZV (p(V, X)) — U)} a.s.

Under H,, there exists the constants A and B such that
E[|Y,lI?/T,] < Ag(X,) + B a.s.

Therefore:

by
Elg(Xu1)/To) < (1+ Eib)g(X) = S lIVag(Xa) " + K1 B, a.s.

Under the hypothesis H;, and using the lemma of ROBBINS-SIEGMUND3],
we deduct that :
- 3 T finite random positive variable such that

9(X,) =T

: ZanHV;Eg(Xn)H2 <oo as. N

1

e Let’s make the following hypotheses :

(Hy) a, >0, Zan = 00, Zai < 00
1 1
(Hy) 0 is a local minimum of ¢ :
3a>0: (240, 2 - 0] <a) = (9(0) < g(x))
(Hs) 0 is the unique stationary point of ¢ :
VI ER, (1 £0) & (Vaglz) £0)

Lemma 2 (Dubbins-Freedman|6])

Let’s (Q2,.A, P) a probability space and T,, an increasing sequence of
sub-o-algebra of A, Z! a real random variable, integrable, T, -measurable.
We suppose that the real random variable E[Z! /T,] is finite a.s.
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Let Z, =2 —E[Z\/T,], D, =Var[Z./T,] = E[Y?/T,)]

If ZDn<oo a.s. alors ZZn<oo p.S

If Z D, =00 a.s. alors limn% =0 p.s.
n =1 "1

Theorem

Under hypotheses Hji, Hy, Hs, Hy, Hs, we have :
X, 250 or || X, 22 +o0

Proof

1) Let’s prove that X, — X, =50
We have : HXn-I—l - Xn” < anHV:vg(Xn)H + anHSnH

with: S, = 2V,0(Va, X,)(6(Ve, X)) — Up) — Vaeg(X,)

The lemma 1 permits to affirm that ZanHV;,;g(Xn)H2 <00 a.s.
1

what implies that || Veg(X)|I* 2

As a, — 0, we have  a,||V,9(X,)|]| =0

2) Let’s prove that an|Snll == 0

Let’s put Zl = a,||Sull, Zn=2,,— E[Z)T,] and D, =Var[Z]T,)
We have : D, = a:Var|||S,|/T.] < a2E|||Su|1?/T,] < a?(Ag(X,) + B)

however : g(X,) = T, therefore, under H!, we have : ZD” < o0 a.s.,

the lemma 2 permits to deduct that Z Zp <00 a.s.

n

therefore : an||Snll = an B[Sl /Tn] 22 0

Otherwise, an E[||Sull/T0) < an/ESu2/T0] < V/Ag(X,) + B a.s.+
As (X)) 25 T, we have :  a, E[||Su|l/Tn] <2 0

Therefore an)|Snll Z25 0, therefore : X, — X, =20

3) To prove that ©, == 6* or [|©,] == +0o we reason at w € ()
fixed in the intersection a.s. convergence sets C, Cy, C3 defined by :

Ci={w : ¢g(0,w)) converge}
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Co={w : Op(w)—06,w)— 0},

Ci={w Y mlVeg(@uw)IP < +oo

1

We have the 4 following possibilities :
1) 0=liminf||©,(w)— 6" < limsup ||0,(w) — 0|

2) 0 < liminf||©,(w) — %] < limsup ||0,(w) — 6| < +oo

)
3) 0 <liminf|©,(w)— 0" <limsup|O,(w) — 6| = +o0
)

4) 1On(w) =07 — 0 or [[On(w)]| — 400

Let’s prove that the first three possibilities are contradictory with hypotheses
of the theorem.
First Case : 0= liminf|0,(w) — | < limsup ||©,(w) — 6|

As limsup ||©,(w) —0%|| >0 and liminf||©,(w)— 6% =0, it exists an
infinity of vectors ©,, such that : % <|On(w) = 0| < e

By the Bolzano-Weistrass theorem, it exists a point of accumulation of the
€
sequence O,, ||6] that verifies : 3 < ||6o]| < €

We can then extract of sequence (0,,) a subsequence (0©,, ) such that :

lilgn O, =00+ 0. As ¢(0,) converges and g¢(.) is continue, we have :
lilgng(@nk) =g(6p+0")

Since liminf ||©,(w) — 6*|| = 0, we can extract a subsequence (O,,) such that
: lilm ©,, = ¢*. And therefore lirrln 9(0,) = lilm 9(0,,) = g(07).

Therefore g(6y + 6%) = g(0").

What is absurd with the hypothesis H,4 of the theorem.

Second Case : 0 < liminf [|©,(w) — "] < limsup |0, (w) — 0| < +o0

Let’s prove that : liminf || Vyg(0,,)] > 0.
Suppose that liminf ||[Vyg(0,,)| = 0. then, it exist an integer-subsequence
(ng) such that lilgn Vog(0,,) =0.

By the hypothesis Hs, the sequence (0, ) converges toward 6%, then
liminf ||©,(w) — 6*|| = 0. What is absurd.
However: As ZanHVQg(@n)HQ < oo and Zan = 00, we have

n

liminf ||Vyg(©,)|| = 0. It is contradictory.
Third Case : 0 < liminf ||©,(w) — 0*|| < limsup |0, (w) — 07| = +o0
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We get a contradiction while using the hypothesis Hj and the
Dubbins-Freedmann-Lemmal6].
Therefore : O, =5 0" or 10,]] == 400. W

3 . Quadratic Mean Convergence

e Let’s make the following hypotheses :
(Hs) ¢(x,0), Voo(x,0) are uniformly bounded in z and 6.
(Hyg) It exists two real positives functions h and A’ defined in R? such that :
Vo, 0 € RP, Vx € RY,
6(2,0) — 6(2,0)] < h(z)]0 — 0|
IVod(x,6) — Voo(x, 8[| < h'()]|6 — &
E[h(X)] < co; EN(X)] < 0
(Hyo) Y is a real random bounded variable.
Lemma (Braverman|§])
Let, for all n, M,,a,,b, a real positives numbers such that :

V’I'L, Mn+1 S Mn + ap + bna

o0 o0 (e 9]

ZanMn<oo, an<oo, Zan:+oo, a, — 0

1 1 1
Then, we have lim M, = 0.

n—-+oo
Theorem
Under hypotheses Hi, Hs, Hs, Hy, Hyy,
we have :  Vpg(0,) 250 and Vyg(0,) %0
Proof
i) Let’s show that it exists a positive real number A such that :
Vo 01,02, [[Veg(01) — Vag(02)| < All6r — 62|
We have :
(¢(z,01) — y)Ved(z,61) — (¢(z,02) — y)Vod(, b>)
= (¢(z,01) — y)(Voo(z,01) — Voo(z,02)) + Voo (x,02)(d(x, 61) — &(x,02))



304 A. Bennar, A. Bouamaine and A. Namir
Therefore, under Hg, Hy, Hio, we have :
IVog(01)—Vog(02)|| < 2E[($(X, 01)—y)Ved(X, 01)—(d(X, 02)—y) Vo (X, 65)]
< Al|6 — byl
ii) Let’s show that it exists two real constants ¢, ¢ such that :
1Vo9(©nr1ll* < IVog(Onll* + cra, + caay,
We have :0,,1 = O, — %"Wn, with W, = 2(6(X, 0,) — Yi)Ved(Xn, On)

Qn
Therefore, !|V09(@n+1||2 = Hvﬁg(@n - ?VVn)H2
Qn,
< [IVog(On = ZWa) = Vog(On)lI” + [[Vag(0n)]”
Qn

2
2
an

Therefore, under Hg, Hi, it exists two real positives numbers ¢, ¢ such
that :

(*)  IVeg(©niill* < [Veg(©n)|1* + cra, + caas,
iii) Let’s show that : lim HVgg(@n)H2 =0 a.s.
The previous lemma affirms that: Z an || Vg (X)) |I? < 0o a.s.
1
Then, we can apply the Braverman-Lemma with :
M, = vag(@n)HQ and b, = cya’

iv) Let’s show that : lim E[HVgg(@n)HQ] =0

We have  E[g(0n41)/T,] < (1+ Kia7)9(0,) — %”H%g(@nﬂ!? + Ky Bay,

(See Proof of Lemma 1)
As  Elg(©n1)] = E[E[g(Ons1)/T]l, we have :

Blo(©,s0)] < (1+ Ki)Ela(®,)] - B I9og(@)]F | + Kb
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By the Robbins—Siegmund—Lemma[3], under Hj, we have the almost sure
convergence of E[g(0,)] and of Z an, [vag n)||2} , in addition,

according to relation (%), we have :
B |1¥09(811P) < E[I920(0u)1P] + 0, + e
We apply the Braverman-Lemmal8], with :

M, =FE {HVgg(@n)H?} and by, = coa’

Therefore : Vog(0,) 50 [ |
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