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Abstract

The present paper deals with a study of a two variable polynomial Cp, (x,y)

analogous to the Gegenbauer polynomial C; (x). The paper contains differential

recurrence relations, a partial differential equation, double generating functions,
double and triple hypergeometric forms, a special property and a bilinear double

generating function for the newly defined polynomial Cp , (x,y).
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1. Introduction

The Hermite polynomials Hp(x), the Legendre polynomials P,(x) and the
Gegenbauer polynomial C; (x) are respectively defined by

2 & H xt"
eZXI t — Z nr(-]') , (11)
n=0 )
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Looxt+t?)z =3 PO (1.2)
and hoaxt+t2]" =3 cr ot (1.3)

A careful inspection of the L.H.S. of (1.1), (1.2) and (1.3) reveals the fact
that the L.H.S. of (1.1) is e", that of (1.2) is (1 — u)™? and that of (1.3) is (1 — u)"
where u=2xt-t>. Thus H, (X), Pn(x) and C; (x) are examples of polynomials
generated by a function of the form G(2xt — t?). The expansions of (1 — u)" and

(1-u-v)"are given by

(1.4)

and

@-u-v) :i i (Vg u” v (1.5)

The expansion (1.5) with v = % motivated M. A. Khan and M. P. Singh [4]
to introduce two variable analogue of Legendre polynomials by taking u =2xs — s
and v = 2yt — t% in (1.5). Thus they first attempted to define two variable
analogues of polynomials by means of generating functions of the form G(u, v)
where u = 2xs —s? and v = 2yt — t* before embarking on a particular example of it
namely the two variable analogue of Legendre polynomial. In the present paper an
attempt has been made to define and study a two variable analogue of Gegenbauer
polynomials on the lines of [4]. We also recall here the following theorem due to
M. A. Khan and M. P. Singh [4] :

Theorem 1. From
G(sz—sz,Zyt—tz)zz > gnk (X y)s" t¢
n=0 k=0

it follows that aigok(x,y): 0,k > 0,%gn0(x,y)= 0,n>0,and forn,k>1,
o ,
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0 P
x&gn,k(x,y)— n gn,k(x,y)=&gn_1,k(x,y) (1.6)

y y

Adding (1.6) and (1.7), we obtain

o .0 0 0
LXG_X + y&} Gk (% y)=(+K)g, (X, y) T Gnai (X Y)+ 5 Onia (k0 y)  (1.8)

The differential recurrence relations (1.6), (1,7) and (1.8) are common to
all sets gnk (X, y) possessing generating function of the form

G(2x5—32,2yt—t2)=i i Ik (6 y)s" t (1.9)
n=0 k=0

In this paper we shall consider the polynomial g, (X, y) for the choice
Gu,v)=(1-u-v)™.

2. The Gegenbauer Polynomials of Two Variables

We define the Gegenbauer polynomials of two variables denoted by Cy , (x,y)
by the double generating relation
(1— 2Xs+5% — 2yt + tz)_v => > Cr (xy) (2.1)
n=0 k=0
in which (1 — 2xs + s° — 2yt + t%)™ denotes the particular branch which — 1 as

s —> 0andt— 0. We sha Il first show that C; , (x,y) is a polynomial of degree
precisely ninxand k iny.

0 0 n k
Since (1-u-v)*=> > M, we may write
h=0 k=0 n! k!

(1—2xs+s2 —2yt+t2)_v :i i (V) (ZXS—SZ)H (Zyt—tz)k
n=0 k=0 n! k!

IYTY (V)nuic (2x3)" (2y1)" (=), (-K), (iM t J"

n=0 k=0 r=0 =0 ntktrljl
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Y X i (V)i (%) (2y)7 (~2) T s g

n0 k=0 =0 j0 rtj! (n_r)! (k_j)!

k
E} (V)n+k—r—j (ZX)”—ZT (ZY)k_Zj (_ 1)r+j Sn tk
i e e rljt(n-2r) (k- 2j)!

(2.2)

from which it follows that C7 \ (x,y)is a polynomial in two variables x and y of

degree precisely ninx and kiny. Thus Cj , (x,y) is a polynomial in two variables

x and y of degree n + k. Equation (2.2) also yields

2n+k Xn k
Cri (. y)= (:),"Lk, Lon (2.3)

where = is a polynomial in two variables x and y of degree n + k — 2.
If in (2.1), we replace x by — x and s by — s, the left member does not
change. Hence

Cﬁ,k (_ X, y) = (_1)n C:,k (X' y) (2.4)
Similarly by replacing y by —y and t by —t in (2.1), we obtain

Cﬁ,k (X’ _y):(_l)K C:,k (X7 Y) (2.5)
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so that Cp (x,y)is an odd function of x for n odd, an even function of x for n

even. Similarly Cp , (x,y) is an odd function of y for k odd, an even function of y
for k even.

Similarly replacing x by — x, y by -y, shy —sand t by —t in (2.1), we obtain

Chi (% =) =(-1)" Ci () (2.6)
Putting t = 0 in (2.1), we get
Chro (x¥)=C; (x) (2.7)

where C; (x) is the well known Gegenbauer polynomial. Similarly by putting
s=0in(2.1), we get

Cox (% Y)=Ck (¥) (2.8)
From (2.1) with x =0 and y = 0, we get
(1+s +t ) =Z z « (0,0)s" t (2.9)
n=0 k=0
% o  1\n+k n 2k
But (1+52+t2)“’zz Z ( 1) (V)n+kS t
"0 koo n! k!

Hence

22 (0,0)=0,C31 51 (0,0)=0, C3.11 9111 (0,0)=0,

(2.10)
v — (_ 1)n+k (V)n+
onak (0, O)_T!k
Equation (2.2) yields
{;l} [E} HJ n-1-2r k-2j
a v : : n+k r-j 2(2X) (2y)
xS bey)= X 2 ” T (n 2! (2.11)
a $ IS 0 0 2
—Cﬁ,k (X’ Y): Z ! (2.12)

oy = = r!ji(n—2r)(k -1-2j)!

-
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0 )" 2(V)hin

_ CV , — N+K+: ,
_ax 2n+1,2k (X y)}x_oyy_o n | k'

0

—CJ : = 0,

| ox 2n,2k (X y):|x—0,y—0

(2.13)

0

A CVn + ()(’)/)} = 0’

_ax ol x=0,y=0

0

A Cvn+ + (X’ y)i| = Oa

{ax 2n+1,2k+1 oy
Similarly,

[0

P Cvn, (X’ y)} = 0,

_ay e x=0,y=0

[0

A Cvn+ y (X7 y)j| = Ol

_8y 2n+1,2k oy

(2.14)

0

~ Cvn+ 2K+ (X’ y):| = 0’

_8y 2n+1,2k+1 -

and

i 0 v -1 i 2(v n+k-+
E C2n,2k+1 (X, y):| = ( ) nl l((|) kel

L x=0,y=0 T
3. Differential Recurrence Relations
From Theorem 1, it is evident that the generating relation

(1—2xs+sz—2yt+t2)_vzi i Cr (X y)s (3.1)

n=0 k=0
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implies the differential recurrence relations

a v A% a v
X&Cn,k (X’ y) r]an (X y) Cn -1,k (X y) (32)
yicﬁk (X, y)_kcrvlk (X, y):ic;/l k-1 (X, Y)v (3.3)
oy ' oy

and

0 0 v . v _i v i v
[Xa—x+ y@yJ Cri (% y)=(n+k)C}, (%, y)= ox Cha (X y)+ oy Chia (%, Y),

(3.4)

From (3.1) it follows by the usual method (differentiation) that

2v(l-2xs+s® —2yt+t2) " :i i O (% y)s i (3.5)
"0 ko OX

2v (L—2xs + 52 —2yt+t2)_v_1 = i i %C;,k (x,y)s"t** (3.6)
n=0 k=0

nCy, (x,y)s"'t" (3.7)

M
M

2v(x—s)l-2xs+s% —2yt+1?)"" =

>
Il
o
=~
]
o

kCh (xy)s"ts  (38)

s

2v(y—tf1-2xs+s® —2yt+t?)"" i

n=0

=
1l

0

Since 1 — s> —t? = 25(x — S) — 2t(y — t) = 1 — 25X + 5% — 2yt + t*, we may
multiply the left member of (3.5) by 1 — s?, the left member of (3.6) by — t?, the
left member of (3.7) by — 2s, the left member of (3.8) by — 2t and add and obtain
the left member of (3.1). In this way we find that

~ ~ iv n—k_OO oo iv n+l k
> Z axC”" y) s>y 8xC”’k (%, y) s"

=0 k=0 n=0 k=0

=}

53

6
nk
n=0 k=0 ay n=0 k=0
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i Cre (x,y) st

k=

[Ms

—i i 2kC), (x,y) s"t“ =2v

n=0 k=0 n

Il
o
o

Z nvk y) s"t*

Ms
9<’|®)

nk _]tk z

M8
>°<)|0)

n=0 k=0 k=0
—i i ey C/\ skt = i i (2n +2k +2v)CY, (x,y)s"t*
n=0 k=0 ay n=0 k=0 ’

We thus obtain another differential recurrence relation

(2n+2k +2v)C), (X y)=

0 ~, 0 ~, 0 ~v
ox Cn+1k (X’ y)_a_XCn—l,k (X’ y)_ECn,k—l (X’ y) (39)

Similarly, we can get
(2n+2k +2v)C), (xy) =

0

v 8 y 0 .
ay Cn k +1 (X y) C n-1,k (X’ y)_acn,k—l (X’ y) (310)
Adding (3.9) successively to (3.2), (3.3) and (3.4), we get

0,
X&Cn’k (x,y)=

0 A, 0 A~y v

a_xC””‘k (x, y)_EC“’“ (X, y)=(n+2k +2v)C, (X, y) (3.11)
0 ~v

Y 5 Co (xy)=

0 0
a_xC”V”‘k (x, y)—a—XCnﬂlvk (%, y)—(2n+k +2v)C,, (X, y) (3.12)
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vty Lok menky) G

Adding (3.10) successively to (3.2), (3.3) and (3.4), we obtain

0 ~,
Xa_xC”’k (x,y) =

%c;ym (x, y)_%c,;k_l (%, y)—(n+2k +20)CZ, (x,Y) (3.14)

3
—Cr (X =
y oy Cn (X, y)

0 ~, 0 ., v
—C (% y)-—C (X, y)-(2n+k +2v)C), (X, Y) (3.15)
oy OX

xieri cy,(x, y):icvk (x,y)-(n+k+2v)C, (x,y) (3.16)
ox ay n, 8y n,k+1 n,

Shifting the index fromnton-1in (3.11) and using (3.2), we get
0 ~v
(x? _1)8_ch,k (xy)=
nxC . (X,Y) —%C Vaka(xy)=(n+2k +2v-1)C, (Xy) (3.17)

Similarly shifting the index from k to k — 1 in (3.15) and using (3.3), we get

@tﬂ%@huw=

Vv a Vv Vv
nxC, . (X,Y) _ECHM (xy)—(n+2k +2v-1)C,,, (xy) (3.18)

Adding (3.17) and (3.18) we obtain

{(x ’ —1)8%+(y i —l)%}cn”,k (xy)=



648 M. A. Khan and G. S. Kahmmash

0 0 |~y v v
(nx +ky )C —{&Jfa}cn-l,k-l(an,k (xy)-(n+2k +2v-1)C),, (xy)
—(2n+k +2v-1)C/, ., (xy) (3.19)

4. Partial differential Equation of C}, (x,y)

From (3.2) and (3.3), we have

a v a v %
a_X Cn—l,k(xv y) = XG_X Cn,k(xl Y)_ nCn,k(X' Y)
(4.1)
o° . 0% . 0 Ay
W Cn—l,k(x’ y) = XWCn,k (X’ Y)"‘ (1_ n)&cn,k (X’ Y)
a v a A% v
5Cn,k—l(xl y): ygcn,k(xl Y)— kcn,k(X’ y)
(4.2)
o° 0% . 0 Ay
W c:n,k—l(X’ y) = yWCn,k (X, y)+ (1_ k)a_ycnk (X’ y)

Shifting the index from n to n -1 in (3.11) and from k to k — 1 in (3.15), we get

0 ~v
X 8_XCn—l,k (X1y) =

a Vv Vv a 14
&Cn‘k (xy)-(n+2k +2v-1)C) (x,y)—acn_lyk_l(x,y) (4.3)

0 A~y
y gCn,H(x,y):

a Vv VvV a 14
ECM (xy)—(2n+k +2V—1)Cn,k—1(X’y)_&cn—l,k—l(x’y) (4.4)
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Differentiation (4.3) partially with respect to x and (4.4) with respect to y, we get

2

0" ~v
X _2Cn—l,k (X’y) =

OX

* L, 0 ~, o* L,

WC”* (xy)—(n+2k +2V)a_xcn'l’k (XN)—MCn_l,k_l(XN) (4.5)
0? ,

y ch,k—l(xvy):

0? 0 2

chv'k (xy)—(2n+k +2V)EC:,k—1(X7y) ooy ——=C, i a(xy) (4.6)

Using (4.1) in (4.5) and (4.2) in (4.6), we obtain
N 0
(l—x )ch,k (xy)—(2k +2v+1)x ™ —C, (xy)+n(n+2k +2v)C., (xy)
62

8X aycnvlk 1(XY):0 (4.7)

2
(1—y 2)%0,& (xy)-(2n+2v+1)y aa Cre(xy)+k(2n+k +2v)C,, (xy)
’ y
82
X oy
Subtracting (4.8) from (4.7), we obtain

——C, 4 (xy)=0 (4.8)

{(1—x2)£(—22—(1—y );j }C;k(x y)- {(2k+2v+1)x%—(2n+2v+1)y%}cka(x,y)

+(n=-K)(n+k+2v) Cj (x,y)=0 (4.9)
Here (4.9) is the partial differential equation satisfied by Cp , (x,y).

5. Additional double Generating Functions
The generating function (1 — 2xs + s* — 2yt + t°)™ used to define a polynomial

Cpk (x,y) in two variables x and y analogues to Gegenbauer polynomials C{ (x) in
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a single variable x can be expanded in powers of s and t in new ways, thus
yielding additional results. For instance

0

i Chi(x y)"t" =(1—2XS+S2 —2yt+t2)_V

n=0 k=0
= - xs -yt —s2(x? ~1)-t2(y? —1) - 2xyst]”

sz(xz—l) ~ tz(yz—l) _ 2xyst N
1-xs—yt)> (@Q-xs—ytf (1—xs—yt)

=(1-xs—yt)?|1-

= (V)jper 87 (x2 —1)j tzp(y2 —1)p (2xyst)'

Z )2j+2p+2r+2v

0 =0 p!ri(l—xs -yt

Il
™
s

—_
1l
o

p

z Z(V)j+p+r (2V + ZJ+ 2p + 2r)n+k

p= =0

1
s
[Ms

'Mg

=]
1l
o
=
1l
o
Il
[=]
o
-

Sn+2j+r (Xz_l)j tk+2p+r (y2_1)p 2an+ryk+r
jt pt rl n! k!

X

DI NI I (NI ¢ N

>
]
o
=
I
o
I
o
o°
I
o
-
]
o

Sn+2j+r (Xz—l)j tk+2p+r (yz_l)p 2'% n+ryk+r
jtptrintk! (2v)

2j+2p+2r

© E} [ﬂ min(n,k) (Zv)m-k (Xz _1)1' (yz _1)P Snthn—zjyk—Zp

N=0 K00 ps0 10 e (ZV +1) i'prri(n —r—2j)1(k —r —2p)!
2 )
jrp+r

Equating the coefficients of s"t, we obtain

WY o ) B

Cri(x,y)
=0 b0 221'*2P”(2V+1j jtptrt(n —r = 2j)1(k - r — 2p)!
J+p+r

2

Let us now employ (5.1) to discover new double generating function
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for C;  (x,y). Consider, for arbitrary c, the double sum

n=0 k=0 (Zv)n+k
© nik [%} [ﬂ min(n k) 2 if(,,2 P n-2j,,k-2p
- Z (C)M—St Y (Zv)mk (X _1) (y —1) X7y
A @ T8 = 22"*””(%;1) jtptrt(n—r—2j)1(k —r — 2p)!
JHp+r

:i i i i i (C)n+k+2j+2p+2r (XZ _1)j (yz _1)p Xn+ryk+rsn+2j+r tk+2p+r

n=0 k=0 =0 p=0 r=0 22iraptt (2”1) jlp!rint k!
2 JHp+r

_ i (€)aprzpear (x2 —1)j (y2 —1)p (xy) s2i* 2+ i Zw: (c+2j+2p+2r),,, (xs)(yt)*
j,p,r=0 2j+2p+r 2v+1 . n=0 k=0 nlk!
b ek 2 - © jtp!r!
2 jHp+r

:i i i (C)2j+2p+2r(X2 _1)j (yz _1)p (Xy)r52j+r tzpﬂ

0 p=0 =0 9 2j+2psr 2v+l i1 plr!
IR
2 jHp+r

2o
— i+7
2 JHp+r 2 2 JHp+r

j=0 p=0 r=0 (2V+1j J' p' r!
2 j+p+r

(1 —xt— yt)—c—zj—Zp—Zr

e

s?(x*-1)  t?(y*-1) 2xyst
(1-xs—yt) (L-xs—yt)’ (1—xs—yt)°

=@1-xs—yt)° F®

where F®[x,y,z] is a triple hypergeometric series [cf. Srivastava [2], p.428].
we have thus discovered the family of double generating functions
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cc 1
R P R
22 2
2 2 2 2
(1—xs—yt)° F® 5*(x _1)2’ t2(y —1)2, 2xyst :
(L-xs—yt)* (L-xs—yt)* (1—xs—yt)
v+l
L 2

i n+k C:k(x yk t

k=0 (Zv)n+k

Ms

Il
o

n

In which ¢ may be any complex number.

Let us now return to (5.1) and consider the double sum

n k

(5.2)

i Cz’k(x, y)sntk i [5} %J‘ min(n k) (X2 _1)1' (yz _1)9 anzjyk—Zp gtk

j iprrt(n—2j—r)(k -
J+p+r

g

n,k=0 (2\’)”+k k=0 j=0 p=0 =0 o2j+2p+r (2\""1
2

B o o 0 @ @ (X _1) (y _ ) Xn+ryk+r n+2j+r tk+2p+r
DIDIDII)

N=0 k=0 j=0 p=0 =0 H2j+Zpir (ZVHJ jlp!rlnl k!
2 JHp+r

e e -af (-1 fyst) s s () )
_JZ(; ; rZ(; 22j+2p+r[2\/+1j J' pl rl ; ; nlkl
2 JHp+r

:exs+yt F(a) 52(X2 —1) tz( 2 —1) XySt

2p—r1)!

(5.3)
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6. Triple Hypergeometric Forms ofC;, (x,y)

We return once more to the original definition of C7 \ (x,y):
(1—2xs+sz—2yt+t2)_vzz > Crixy)s (6.1)
n=0 k=0

This time we note that

(L-2xs+5s2 —2yt+t?)" = [(1—3—t)2 —Zs(x—l)—Zt(y—l)—Zst]fv

2s(x-1)  2t(y-1) 2st

Q-s—t} (@-s—tf (-s—t)

— (1—3 - t)ﬁ2v 1-

which permits us to write

i i cY X y)s tk —i o i 2]+p+r(v)j+p+r(x_1)i(y_1)psj+rtp+r
n,k i

- 2j+2p+2r+2
n=0 k=0 =0 p=0 =0 J!p!r!(l—S—t) freprareey

2 brper (V)j+p+r (X - l)J (y - l)p (ZV)2j+2p+2r+n+k Sn+j+rt P

Z(): j'lp!rintk!(2v)

i
o
T
o
—
Il
o
T
o

Il
s
s
M
NgE

2j+2p+2r

n i min(n k) 2 J+err( )]+p+r( - )j(y—l)p(ZV)n+k+J+pSntk
j p=0 r=0 J p|r| _J_r) (k p_r) ( )2]+2p+2r

Il
s
[Ms

=}
I
o
=~
I
o
—
I
o

min(n k) (Zv)n+k+j+p (X _1)j (y_l)ps”tk

j_ jtptr (n=j-r)t(k—p-r)

=}
]
o
x~
1l
o
—
Il
o
h=}
1l
o

Il
Ms
MS
M:
Mx

1
N
e
+
—
N
<
+
=

min(nk) (Zv)n+k (ZV +n+ k)j+p (_ n)j+r (_ k)FH-T (1_ X)j (1_ y)psntk
21‘+v+f(zv+1j jlptr! nt k!
JHp+r

Il
NgE
NgE
M-
M=~

=}
I
o
x~
I
o
—
1l
o
h=}
I
o
-
Il
o

2

Therefore
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[——ni—k2v+n+k:——— |
(2V) . (3) 1-x1-y 1 (6.2)
CcY Y)=—EF 22y 2 .
e (%) nt k! 2 272
v+l
L 2 J
Since C¥, (=x,-y) = (<1)™* C, (x,y), it follows from (6.2) that also
[——ni—k2v+n+k:———; |
n+k
C;]/ ) (X, y): (_1) (zv)n+k F(B) 1+Xx , 1+ y ,1 (63)
’ n! k! 2 2 2
2v+1
L 2 ]
Next, consider (2.2) again
[ﬂ E} r+j n-2r k-2j
cY (X y): (_ 1) (V)n+k—r—j (ZX) (Zy)
S~ = rjt (n—2r)(k - 2j)!
We may write it as
L
CV (X y): 2r 2j v n+k y
neml 4 o rtjtntk!(v—n-Kk),;
g (LN (on,1 _kj (_k 1} )
_2n+k(V)n+anyk {E} [ﬂ [ ZJr( 2+2Jr( 2); 2+2 j( )
- n! k! 5 5 i (v—n—k),., x*y?

or in terms of Kampe de Feriet’s double hypergeometric function, we have

n+ n . ’ 2
cY :Zk(v)n—+kxyk F 1 1 (6.4)
i n!k! x? y?
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7. A Special Property of C;, (x,y)

We now return to the original definition of C,(x,y)and for convenience use

p=(1 — 2xs + s — 2yt + t%)¥. We know that

> Crlxy)s"t =p™ (7.1)

n=0 k=0

In (7.1), we replace x by 2—> by y-t sby Landtby ¥ to get
p p p p

We may now write

= [1—2xs+57 = 2yt+t? - 2xu + 2us + u? — 2yv+ 2vt + V2|

—V

= [1—2x(s+ u)+(s+u) —ZY(t+V)+(t+V)2]

which by (7.1) yields

I e A YD SN R0 A B0}

0 k=0 P n=0 k=0

>

n

nIKICY (X, y)s"u™" tiv*]

rjt(n—r)i(k - j)!

I
s

Mx

o0
n 0 r= j

Il
o
H
Il
o

55 (n+ 1)k +J)IC .y (X, )8 tU"V"

2 52 4 rijintk!

Il
s
[Ms

=3
Il
o
=
Il
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Equation the coefficients of u" v¥ in the above, we find that

—n-k-2v v
p an

(x S y—tj i i (n+r)tk+j)ICy, 4, (xy)s"t! (7.2)

P =0 j=0 r‘j'ntk!

in which p = (1 - 2xs + s* - 2yt + t)".

8. More Generating Functions

As an example of the use of equation (7.2), we shall apply (7.2) to the generating
relation

exs+th(3) Sz(xz_l) tz(yz_l) XySt i i ) ntk (8 1)

4 ’ 4 n=0 k=0 (zv)n+k

In (8.1), we replace x by ﬁ, y by __t, s by —_suand t by .\ and

multiply each member by p™’ where p = (1 — 2xs + s° — 2yt + t?)", we obtain

o -2,

o uzsz(x2—1+2yt —tz) vztz(y2—1+2xs—sz) uvst (x —s) (y —t)
! 4p4 ' 2p4

(_1)n+kp—n k- ZVCXK[ ;S’y;tjsnuntkvk

n=0 k=0 (Zv)n+k

)"+ ) (k+)ICY., i (X, y)s™ Utk v

) w ® » 0 n+r.k+j
=222 X Ntk H2v),,.
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1)n+k r— Jn'k'C::k(X y) n-r k jS tk

=2 2 22 (=)t k=Dt @v),,,

k= r=0 j=0

>
I

o
o

(1) n1k!Cy  (x,y)u'vis"t*

rji(n—r)t(k—j)(2v),,

(=n). (=K);Cr(x y)u'v's"t"
rijt2v),

Il
[Ms
[Ms
M:
M=~

>
I
o
=~
I
o
=
I
o
—
I
o

Il
[Ms
[Ms

>
I
o
=~
I
o
=
I
o
I
o

= i i @, [-n,—k; 2v;u,v]Cy  (x,y)s"t*

n=0 k=0
where @, is one of the seven confluent forms of the four Appell series defined

by Humbert (see [3], pp. 45). This gives a bilinear double generating function.
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